1. AHAU3
1.1. ITocnnegoBaTeJILHOCTH.

1.1. JokaxkuTe, 94TO y BCAKOM MOC/IETOBATETBHOCTH JICHCTBUTE/IBHBIX YUCE] €CTh MOHOTOHHAS
IIOJIITOC/IEJIOBATETLHOCTb.

1.2. Ilycrs A — HecyéTHOE MHOXKECTBO JICHCTBUTE/ILHBIX duces. Jlokaxkure, 4TO CyIIEeCTByeT
CTPOTO BO3PACTAIOIIAs OCIE[0BATEILHOCTD (ay, ), BCE YIeHBl KOTOPOil mprHajexar A.

1.3. Ilycrb JaHa 10C/Ie[0BATEIbHOCTD JefiCTBUTENBHBIX Yucesl (I;,) 1 0Ka3aJ0Ch, YTO HOCJIe/I0-
BATEJIBHOCTD (3T,41 — 22,) cxopurcs. JJokaxkure, 94To (,) TOXKE CXOIAUTCH.

1.4. Jlokazkure, ITO MOCJIEI0BATEIBHOCTD a4y, = {an} (dburypusie ckobku 0603HAIAIOT JPOOHYIO
YaCTh) MPHU UPPAIKOHAIBLHOM (v IMEET MHOXKECTBOM YAaCTHYHBIX IIpe/esioB oTpe3ok [0, 1].

1.5. * JTokazKuTe, 9TO TIOCIEI0BATE/ILHOCTD G, = {an?} Ipu UPPalUOHAILHOM (¢ UMEET MHO-
JKECTBOM YaCTHYIHBIX MpeJIesioB orpe3ok [0, 1].

1.2. HemmpepbIBHOCTb.

1.6. Hoxaxkure, aro eciu pyuknus [ : R — R orpannvena n eé rpaduk 3aMKHYT KaK [TOJIMHO-
JKecTBO miockocTd R2, To GyHKIma f HempephIBHA.

1.7. Ilpueaure npumep dyuknun f : R — R ¢ 3aMKHYyTBIM rpadUKOM, KOTOpas He SBJISETCS
HeNpepbIBHOM.

1.8. CymecTByeT Jin HelpepbIBHAS HA OTpe3Ke (PYHKINS TaKasl, YTO €€ 3HAUCHNS B PAI[HOHA b
HBIX TOYKAX MUPPAIMOHABHBI, & B UPPAIMOHAIBHBIX TOIKAX PAITMOHABHBI!

1.9. Tlycrs f: [0,1] = R — nenpepsisaas dyukuus. JTokaxkure, 4To HAHJETCA MOIMHOKECTBO
X C [0,1] momuocTH KOHTUHYYM, Ha KOTOPOM (byHKIHMs f MOHOTOHHA.

1.10. CymectByet i crporo Bo3pactamomas f : R — R, Koropast npuHIMAaeT TOJIBKO UppaIu-
OHAJIbHBIE 3HATEHUsI!

1.11. Tlycrs f:[0,1] — [0, 1] — HenpepbiBHas dyukius. JJokaxKure, 4T0 MOC/IEJI0BATEIBHOCT
(), 3a/aHHAST COOTHOIIEHUSIMU

T € [07 1]7 Tpy1 = f(l’n)
CXOJIUTCsT TOTJIA W TOJIBKO TOTJA, KOTJIa limy, oo (Tpi1 — ) = 0.

1.12. Jna kakux « € (0,1) MoxkHO yTBepkKIaTh cienyioniee: eciau dbyukmus f : [0,1] — R
uenpepbiaa 1 f(0) = f(1), To naiinéres x € [0,1 — ] Takoit, uro f(x + a) = f(x)?

1.13. Jana orpanunventas u wenpepbiBHast dbyukims f : (0,+00) — R. Jlokaxkunre, ato st
aroboro T' > 0 HafiIETCs TTOCIIE0BATEBHOCTS (Ty, ), Takas 910 &, — +oo u f(x,+71)— f(z,) —
0 mpu n — oo.

1.14. Jdokaxkure, 9TO (PYHKIHUS OT &

f(z) = cos(x — 1) cos(x — x3) . .. cos(x — x,,)

i

JOCTUT'aCT MaKCUMYMa MO/YJid B TOYKE, HaXOILHHlefICH HE PaCCTOAHNUN HE MeHee on

U3 MHOXKeCTB cBoux mysneit {x; + /2 +nk | k € Z}.

OT KazKJI0I'0

1.15. Iycrs y dyaknun f: R — R B Kaxk10it TOUKe X CYIIECTBYET KOHEUHBIN IIPEIeT
= li :
9(wo) = lim f(x)

Hoxkaxkure, uro dbyHKIWA ¢(r) HEIPEPHIBHA.
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1.16. Ilycrs dynkmusa f: R — R TakoBa, uTo jyist j1060it Toukn xg € R
lim f(z) = 0.

T—T0

Hokaxkure, ato cymectByet g € R, Takoe aro f(xg) = 0.

1.17. Ipennosoxkum, uro pyuknus f : R — R B KaxK10if TOUKe UMeeT Ipejies CJieBa U mpeiest
cupaBa. MoxKeT Jin OHa UMeTh Hojiee YeM CIETHOE YHUCJIO TOYEK pa3pbiBa’

1.18. CymecrByer sm HempepbiBHas dyHKiug y = f(z), npuHEMAaONas KaxkJI0e 3HAYeHIe
y € R poBHO Tpu paza’

1.19. CymecrByer Jin HellpepbIBHAS (DYHKIINs, IPUHIMAOIIASA KaXKI0€ JIeHCTBUTE/TbHOe 3HATE-
HIEe 96THOE TOJIOKUTEIFHOE TUC/IO pa3?

1.20. @yukmusa f : R — R orobpaxkaer Besgkuii mHTEpBaJ HA WHTEpPBaJI. BepHo Jin, 91O OHA
HeIpepbIBHA!

1.21. Ilycre f: [1,400) — R paBHOMepHO HenpepbiBHa. BepHo i 4To
) )
x
f(z)

6) cymecrByer lim, o —

OTPAHUYEHA;

1.22. Ilycrh mocsenoBaTeIbHOCTD HElpepbIBHBIX dyuknuii f, : R — R morodedno cxomures K
f R — R, mpuuém nocienoBareabHoCTh (f,,(x)) yobiBaer mo n npu jobom . Jlokazkure, 910
f mostyHenpepbIBHA CBEPXY, TO €CTh JIJIst JIIOOOro T

fao) > T f(@)

1.23. Oyuxmus f(z,y), HenpepbiBaas Ha [0, 1] X [0, 1], obramaer TakKuM CBOHCTBOM: IIPU BCSIKOM
dbukcupoBarHOM x MuHEMYM f(Z,y) JOCTHraeTcsi pOBHO B ojHON Touke y = g(z). dokaxure,
9TO ToJTydeHHast Tak (yHKIMs ¢(x) HempepbIBHA.

1.24. Ilycre f: [0,1] — [0, 1] — HenpepbiBHAsT GDYHKIMS, TPHIEM TIOCTIEOBATEIBLHOCTD €€ UTe-

panuit fi(z) = f(x), fur1(x) = f(fu(x)) cxomuress moToUedHO K HENMPEPBIBHON (DYHKIWMN (.
Hokazxnre, aro f,(x) cxogures K g(x) paBromepro Ha [0, 1].

1.25. /lokaxkuTe, 94TO HENPEPLIBHAA Ha OTPE3Ke MOJOKUTETbHON JIJTMHBI (DYHKITUS JTUOO0 MOHO-
TOHHA Ha KAKOM-TO MHTEpBAaJIe, JIMOO NMPUHUMAET KaKOe-TO 3HaueHne OECKOHEYHO MHOI'O pa3.

1.26. CymectByer Jyin HenpepbiBHas ¢pyuknus f : R — R, takag aro B 1060t Touke o € R

BBITIOJIHACTCA
) = S )]

= +o0?
zozo |z — o

1.3. IIpousBoaHkbIe.

1.27. Ilyctb mutsa aBaxk bl guddepentmpyemoit dyuakiun f : R — R mpu sobom € R BbIoII-
usercs | f(x)| < A, |f"(z)| < B. Hokaxure, uro takxke Boinosnsercs |f'(x)] < v2AB.

1.28. Hoxkaxkwure, uro ecimu f : R — R Tpuxkabl HempepbiBHO audepeHmpyeMa n e€ TPeThs
MIPOM3BO/HAsT OIPAHUYIEHa 10 MO0 ducioM 12C', TO BBITIOJHSIETCS HEPABEHCTBO

(@) = fy)] < Clo =y’
npu yeaosuu f'(x) = f'(y) = 0.

1.29. Haiinre nponsBogHYIO /I HATYpPaJIbHOTO k:
2k

A2k (1+ z2)F1/2,
X
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1.30. Ilycrs mna muddepentupyemoit dyukmun f @ R — R okazamocs, aro f(x)f'(x) = 0 B
Joboit Touke x € R. JIokazxkuTe, 4T0 3TO MOCTOAHHASA (DYHKITHS.

1.31. Ilycre dyukims f: (a,b) — R He 006s13aTeIbHO HENPEPHIBHA, HO UMEET MepBOOOPA3HYIO.
Hokazkure, 9To ecsim f npuHUMaeT jBa 3Hadenns A < B, To oHa 00s3aTe/bHO MPUHUMAET W
moboe 3uadenne C' € (A, B).

1.32. CymectByer s pyuknus f : R — R, koTopas npunumaer HEHYyJIEBble 3HAUCHUS B Pa-
IMIOHAJILHBIX TOYKAX, HYJEBble 3HAUEHUs] B UPPAIMOHAJIBHBIX TOYKaX, U Jauddepennupyema B
UPPAIMOHAJIBHBIX TOYKAX !

1.33. Jlokazkure, 94TO HElpepbIBHAS Ha nHTEepBaje byHKIUA f BBIITYKJa TOTJA U TOJbKO TOI/IA,
KOIJIa B KaKJIOi TOYKe T MHTEpBaJja
— fx+h)+ flx—h) —2f(x
- f B+ S h) 2 (@)

h——+0 h?

= 0.

1.34. Ipeanonoxum, uro dynxmus f : R — R nmeer npoussomnyio f*)(z) aaa moboro k u
soboro x # 0. Takzke npemooxum, uto npu  — 0 (1 z = 0) oHa peICTaBIsAeTCS B BHJIE
f(@) =ap+arx + -+ apz” + o(z")

IIpH JIFIOOOM HATYypaJIbHOM K.

a) Obszana mm f mvers npoussomnyio f*)(0) mas moGoro k?

6) Tor e Bompoc npu yciouu, uTo Bee npoussompubie f*)(z) orpammuensl B HEKOTODPOi
IPOKOJOTON OKPECTHOCTHA HYJId.

1.35. /lokaxkure, 4TO JjIsi JIIOOONO TPUTOHOMETPUIECKOTO MHOTOUJIEHA CTEIEHU 7

T(x) =ap+ Z (ay cos kx + b sinkx) ,

k=1

C IHCTBUTE/ILHBIME Gy, by BBITIOJHAETCS HEPABEHCTBO
max{|T"(z)| | z € R} < nmax{|T(z)| | z € R}.

1.36. ﬂOK&)KHTG, 9TO AJId JIIOOOTO0 KOMIIJIEKCHO3HAYHOI'O TPUTOHOMETPUYIECKOT'O MHOI'OYJIEHAQ
CTeIIeHu N

T(x) = Z cpe't®
C KOMILIEKCHBIMHU Cj, BBIIOJIHSIETCS HEPABEHCTBO
max{|T"(z)| | x € R} < nmax{|T(z)| | z € R}.

1.37. Hokaxwure, uro dyuknusa f(r) = sin%, npojomkentas B Hyie kak f(0) = 0, mmeer
1epBoOOpa3HYIO.

1.38. Ilycts (a,)5, — mOCIeA0BATEILHOCTD JEHCTBATEIBHBIX 1nces. JlokaxKuTe, 9To Cyle-
crByer Geckoneuno uddepenmupyemas bynknus f : R — R, y koropoit f™(0) = a, nna
Beex n € Z7.

1.39. Hoxkaxwure, uro ecsm dyukiua f(x) muddepennupyema wa maTepBasie (a,b), To oHa
yaosserBopsier yciosuto Jlummma |f(z) — f(y)| < L|xr — y| ¢ Hekoropoit koncrantoit L Ha
HekoTopoM unTepBase (¢, d) C (a,b).

1.40. CymecrByer jn HenpepblBHO auddepeniupyemast GyHknnsg w3 R B R, mepeBojgdmas
panroHaJIbHbIE YNC/Ia B PAlMOHAJIbHBIE, & WPPAIMOHAJIbHBIE — B MPPAIMOHAIbLHBIE W CTPOIO
BBITTYKJIasl.
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1.41. Tlycre Geckoneuno riagkas f : R — R obiamaer TaKuM CBORCTBOM: /I BCSIKONH TOYKHI
r € R cymecrByer qmnciao n, € N, Takoe 4T0 JjIsI BCEX N > N, IPOU3BOIHA f(”)(:v) paBHa,
nyso. Jlokaxkure, 910 f ABJIsIETCST MHOTOWIEHOM.

1.4. Tonmosiorust Ha nipsgmoit n B R", PyHKIINN HECKOJIBKNX MEPEMEHHbBIX.

1.42. CymecTByeT Jin 3aMKHYTOE HECUIETHOE TOJMHOXKECTBO R, cocTosiIee TOJBKO U3 Uppali-
OHAJIbHBIX 9HCesT]

1.43. Jlokaxxkure, 4TO U3 JIIOOOI0O MOKPBHITUA WHTEpBaJIa OTPE3KaMU HEHYJIEeBOW JITUHBI MOYKHO
BBIOpATh He DoJiee YeM CUYETHOE TIOJIOKPBITHE.

1.44. JlokazkuTe, 9TO y CIETHONO YUCJIA OTKPBITHIX MHOYKECTB, IIOTHBIX B R™ (TO ecTh Takmx,
3aMbIKaHle KOTOPBIX COBIagaer ¢ R™), mepecedenne Beerjia HEIyCTo U MI0THO B R™.

1.45. Jlokaxkure, aro dpyakmusa f : R — R He MoxkeT OBITH HEIPEPBIBHOW BO BCEX PAIMOHAb-
HBIX TOYKAX M Pa3pbIBHOI BO BCEX MPPAIMOHAIBLHBIX TOUKAX.

1.46. Ilycrs A, B — mBa HemycThix moamHokecTa R, npuaém ANB =0 u BNA=( (uepra
o3HavYaeT 3aMblKanue). JlokaxKuTe, 9T0 HANIYTCs JBa HEMEPECEKAIOMINXCS OTKPBITHIX MHOXKE-
crea U,V C R, takue uro U D A, V D B.

1.47. Ilyctsb O o3HavaeT B3ATHE IPAHUIlbl MHOXKecTBa B R"™. BepHo ju, ato jis oboro X C R”
BBITIOJTHAETCS

9(0(0X)) = d(9X)?

1.48. Tloctpoiite kpuByio 7 : R — R?, KoTopas apaxbl Helpepbisio auddepennupyema,
nMeeT eIMHUYIHYI0 CKOPOCTH M OI'PAHMYEHHYIO0 KPUBHU3HY, HE HMEET CaMOIlepecedeHuil, n eIe
Tak, IYTOOBI JIOIOJTHEHHE K €€ 3aMBIKAHUIO OBLIO CBA3HO.

1.49. Moxuo jin unTepBas (a,b) npegcTaBuTh B BUJE O0bEJINHEHNs] CIETHOTO YUC/Ia, TIOMAPHO
HelrepeceKalonuxcsa orpe3koB? OjiHa ToUKa TOYKe CUUTACTCS OTPE3KOM.

1.50. MoxkHo st maTepBad (a, b) mpecTaBuTh B BUjie 00bEIMHEHUS KAKOTO-TH00 TNCJIa OIAPHO
HelepeceKamuxcest oTpe3koB? OaHa TOUKA HE CINTAETCS OTPE3KOM.

1.51. Jlokaxkute, uro 3aMKHyTOe MHO)KecTBO X C R, y KoTOporo kaxkjasi Touka xr € X JIeXKUT
B 3aMblkannn X \ {x}, ©IMeeT MONIHOCTH KOHTHHYYMA.

1.52. Ipeamosoxkum, aro ais pyukiun f : R — R Bemosasiercs ciempytoriee. s groboro & >
0 cymecryer dyukius g : R — (0, 00) Takasi, 9T0 it BCIKON napsl (,y) AefCTBUTETbHBIX
qHCET

ccmn |z —y| <min{g(z),g9(y)}, 1o |f(z)—f(y)| <e.

Jlokaxkure, 910 f ABJISIETCS MIOTOYEUHBIM IIPEIEIOM IIOCIEI0BATEILHOCTH HEIIPEPBIBHBIX (DyHK-
mit R — R.

1.53. CyrmmecTByeT Jin HelpepbIBHAs Ha BCEH IJIOCKOCTH (DYHKIUS JBYX MEPEMEHHDBIX, UMEIO-
asl POBHO JBa JIOKAJILHBIX 9KCTPEMyMa, TaKad 9TO 3HaYeHUe B TOYKe JIOKAJILHOI'O MUHUMYMa
OoJibllle, YeM B TOYKE JIOKAJBLHOI'O MAaKCUMyMa?!

1.54. Tlycrs rnagkas dbyskmus f @ R" — R umeer mynesoit auddepenruan (rpajuent) B
KazKJI0i TOYKe CBA3HOI0 KOMIakTHOro MHOXKecTBa X C R™. JlokaxkuTe, 9TO OHA IMOCTOSHHA Ha

X.



1.5. InTerpasbl u psjibl.

1.55. CKOJIbKO ecTh CIIocO00B (B CMBICJIE MOIHOCTH) TIPEJICTABUTL YUCJIO | B BHJE KOHEIHOMN
nin OECKOHEIHO CYMMBI HEKOTOPOTO TOJIMHOYKECTBA MHOXKECTBa,

{o™" IneZ™}?

31ech o = 1+2f — 30JI0TOE CeueHue.

ot

1.56. Ilycrs dynkuus f uarerpupyema no Pumany wa orpeske [a,b] u f(z) > 0 mia aroboro
x € [a,b]. Jokaxkure, 9410

/abf(x) dx > 0.

1.57. IlycTh B yCTIOBHO CXOSIIEMCS PSITY

9]
> an
n=1

epecraBujin cjaaracMbl€ U I1OJIyIUJIN

Z ag(n).
n=1

Jlokaxkure, 4TO cyMMa psjia He TIOMeHseTcs, ecjin Haiijérces M Takoe, 9TO Jijis JIIOOOTO N
lo(n) —n| < M.

1.58. lokazKuTe, 9TO €CJM PsIIL Y o | G, CyMMupyercs B cpeareM (o Hesapo), To mocsienosa-
-00. ) bAan -1 0n CY by pel po), ot
TeJIbHOCTD (@) CTPEMUTCS B CPEJTHEM K HYJIIO.

1.59. O6o3uaunM 09(n) YUCIO €IUHUI] B JBOUIHOM IIPEICTABICHUN HATYDPAJIbHOIO YUCA N.
HalIUTEe CYMMY PAaa

5
“—~n(n+1)
1.60. Paccmorpum dynkmuio f(r) = 22, JlokaxKuTe, 4TO JIJIs JTI0OOTO HOJOKHTETLHOTO T 1

HaTypPaJIbHOI'O 7y BBIIIOJIHAECTCA
1

n+1

[f" ()] <

1.61. Jlokaxkute, uTo ecju y Oeckoneuno jauddepeHnupyeMoii Ha WHTEpBajge (PYyHKINUU BCe
[IPOU3BO/HBIE HEOTPUIATE/IbHBIC, TO (DYHKIUS aHATUTHICCKAS.

1.62. lokazkuTe, 4T0 €CJIH 1 @, CyMMHpyeTcs B cpeateM (1o Jesapo), To dbyHKIHIO

flx) = Z a,x"
n=0

MOYKHO HEIPEPbIBHO MPOJIOIKUTE ¢ nosynHTepBaia [0,1) B Touky 1.

T ginx
dz.
o shx

1.63. Haiiiure 3HadeHne nHTErpasa
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1.6. Pager ®ypbe u nmpeodbpaszoBanue Pypbe.

1.64. Ilycts HenpepbiBHAS (PYHKIUA ITPEICTABICHA CXOAAIIIMC psijioM Pypbe:

o0

flx) = Z (a, cosnz + by, sinnx) ,

n=N
rae N > 1. Jlokaxure, 9ro oHa uMeer He MeHee 2N Hyeil Ha nepuoje [0, 27).

1.65. Ilycrb xq, ..., TN — pas3jiduHble Yucja Ha nojayuHrepBase (—m, 7|, a ai,...,ay € C ne
BCe paBHBI Hy/II0. /loKazkuTe, 9TO MOC/Ie10BATETHHOCTD

¢, = &16111:1:1 + aQemxg 4ot aNemzN
He MOXKET CTPEMUTHCA K HYJIIO IIpU 12 — OQ.

1.66. Ilycts f : R — R — 27-nepuoguyeckas Oeckonedno mguddepenniupyemas HyHKITHS.

Totoxkum
27
= ([ 1) o)
0

1 o o
ZLOK&)KI/ITG, 9TO II0CJgIeJ0BaTe/JIbHOCTD <mn/n> nMeeT KOHEYHBII 1 OeCKOHEYHBIN peaeJ.

1/2

1.67. /lokaxkure, 4TO eciu (DyHKIIHA yJIOBJIETBOpPAET ycjaoBuio 1 €ibiepa

[f(z) = f(y)] < Clo —y[*

Ha [—7, 7|, T0 eé KoapbduimenTHr Pyphe MOKHO OINEHUTH KaK
T —Q
elNl<C (%)
n
1.68. Haiitu mopsiiok yowiBanusi kodddurmenro Oypve dyukimm f(r) = \/m Ha [—7, ],
PA3JIOZKEHHOM 110 TPUTOHOMETPUYIECKON CucTeMe.

1.69. Ilpeamnosoxkum, 4To HerpepbiBHas 27-niepuojnynas dyukmnud [ : R — R obianaer Takum
CBOMCTBOM: MHOXKECTBO €€ ¢iBUTOB { f(x +t) };cr MOPOXKIQ€T KOHETHOMEPHOE MO/ IIPOCTPAHCTBO
B npocrpancrse HenpepbiBHbX byHKnuit C(R). Jokaxkure, ar0 f — TPUrOHOMETPUYECKUIL
MHOT'OYJIEH.

1.70. Paccmorpum dyskimio f € Li[—m, 7] u eé gacruunbie cymmbl psaa Oypee T,(f, x).
Hokazkure, 910 Jj1s1 JIIOOBIX a,b € [—7, 7]

/aan(f,x) dr — /abf(:v) dx

pu n — 00. Bostee mpoctoit BapuanT — mokazkure 310 171 f € Lo[—m, m].

1.71. CymecrByer jin HenyJieBas beckonedno juddepenimpyemas dyukiusg f : R — R Takas,
YTO JIJISI BCSIKOT'O MHOTOYJIEHA P MHTETPaJI

+oo
| @) ao
CXOJIUTCA W paBeH HYJI0?

1.72. IlycThb mocae1oBaTeIbHOCTD (A, )02 ) TIOJIOKUTE/ILHBIX 9UCENT yOBIBAET, CTPEMUTCS K HYJTIO
U BBIYKJIA (B CMBICTE (py1 — 20y + Gpy1 = 0 ipu n > 1). Jlokazkure, 910 cymMma

o

Qg

5 + E a,, COSNT
n=1

HeoTpuUulaTe/IibHa B TEX TOYKaX, B KOTOPbIX OHa CXOJAUTCHA.
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1.73. Hokaxure, uro dyuknus f(x) = Y 2 27" cos 2"z ne auddepeHnupyeMa HI B OJHON
TOYKe.

1.74. ITycts X — KoHedHOe IIOMHOKECTBO PeméTKN Z2, cocTosee n3 6ojiee YeM 0/IHOH TOYKN.

[Tpe ook, uto casuramu X Ha [EJI0YUCIEHHbIE BEKTOPBI MOXKHO 0e3 1epeceueHuii (B ouH
cJoit) okpwITh Z2. Jokaxkute, uro dynxuua P: R* — C

Plg)= 30 enerin
(n,m)eX
obparmaercst B HyJIb B HEKOTOPOii Touke (z,y) € R?.

1.75. Ilycrs f HempepbIBHA U 27-NEPHOINYHA, & (/T WppannoHaJbHO. JlokazxKuTe, 9T0 BbIpa-
JKeHne
f@)+ fa+ )+ + fz 4 (= Do)
n
DU N — 0O CTPEMUTCA K CPEJIHEMY I10 MEPHOJLy 3HAYEHUIO f.

1.76. Ilycts oo/ mppalgionaIbuo 1 Ha OKpY»KHOCTH |z| = 1 gan orpesok [ jymust {(1). [Tocuan-

TaeM cpejim Todek 1,e'™, ... , /"D KoYecTBO TAKHUX, KOTOpBIe Toraan B I, 0603HAINM 3TO
KOJIMYIECTBO a,,. Jlokaxkure, 910
. a, ()
lim — = —=.
k—oo N 2

1.77. * Tlycth o/ uppalioHa bHO 1 Ha OKpy:KHOCTH |z| = 1 man orpesok [ jymabt £(1). Tlocn-
TaeM cpejm Todek 1, e, et ciln—1)%a

9TO KOJIN4IecTBO b,. Jlokaxkure, 14T0

KOJIMYECTBO TaKUX, KOTOPLIE IIO0IIaJIN B I, 0003HAYNM

lim b—” = @
k—oo N 2T

1.78. Tlycts aj, = 2'7%. HaiiauTe 3Hadenme mHTErpasa

n .
oo sin axx
[T o
—oo iy ORT

B 3aBUCHMOCTH OT 1L = 2.
1.7. ®yHKIMOHAJIbHBIE MIPOCTPAHCTBA.

1.79. TlocmemoBareibHOCTH paBHOMEPHO HenpepbiBHBIX dyHKmit f, : R — R paBrHOMEpHO
cxomures K yuknun f @ R — R. Moxk#o 1 yTBepK1aTh, 910 f paBHOMEPHO HelpepbIBHA !

1.80. Ilycrs (f,) — paBHOMEPHO OTrpaHMYEHHAs MOCJIEI0BATEILHOCTH MOHOTOHHBIX (DYHKITHI
Ha orpeske [a,b]. Jlokaxkure, 9TO M3 HEE MOXKHO BBIODATH MOTOYETHO CXOJSAILYIOCS IIOJIIOCTIE
JIOBATEJIbHOCTD.

1.81. TIpemnomoxkum, sureiinoe orobpaxkenne T : C°(R) — C*(R) kommyrtupyer ¢ jud-
depenrupoBanneM n ymMHoxKenneMm yuknuu Ha x. Jlokaxkurte, uTro T' — 3TO yMHOXKEHUE HA
KOHCTAaHTY, TO ecThb 1'(f) = ¢f mas nekoropoit KoncranTsl ¢ u yoboit f € C°(R).

1.82. PaccmorpuM GecKOHEYHBIE B 00€ CTOPOHBI MOCIEI0BATE/THLHOCT KOMILIEKCHBIX YUCET ¢ =
(ck), k € Z, ¢ xoneunoit mopmoit ||c|| = /D>, |ck|? Iycts T, — 91O omeparms casura moce-
noBaresibHoctd HA M, (T,¢)x = Cp_pm. JlOKaxkuTe, 94TO JIJI BCAKOM MOCJIEIO0BATEIBHOCTH € C
KOHEYIHOI HOPMOII HOpMa, ITOCJIe0BaATE/ILHOCTH

TOC+T16—|— s +Tn_1C
n

CTPEMUTCS K HYJIIO IIpU 12 — OQ. Cioxenne n YMHOXKeHHNEe I10CJIeI0BATCJIbHOCTU Ha YUCJIO OIIpe-
JeJIEeHbI IIOKOMIIOHEHTHO.




8

1.83. Ilycts dyukmusa f : R™ — R orpanudena m HelpepbIBHA, a TakK:Ke OKa3aJI0Ch, 9TO B
KaK/I0M TOUYKe X €€ 3HAUYeHUe PABHO €€ CpeIHeMy 3HAYCHUIO Ha €JUHUTHON cdepe ¢ MeHTPOM B
x. Jlokaxkure, uTo f paBHa KOHCTaHTE.

1.84. Ilycre U : H — H — yuutapublii onepaTop B rmjibbepToBoM mpocTpancTse. lokaxkure,
qT0 I Ja0boro x € H mocienoBaTeIbHOCTD

L~

cxomuTed K Px, riae P — opTOroHa/IbHBIN ITPOEKTOP Ha IIPOCTPAHCTBO MHBAPUAHTHBIX OTHOCH-
TesbHO U BEKTOPOB.

1.85. IIpemmosnoxum, ato (f,,)>° ;| — paBHOMEPHO OrpAHUYEHHAs TOCJIEI0BATETLHOCTD (DYHKIIMI
Ha orpeske [0, 1], siBJistioniasicss OPTOHOPMUPOBAHHON B CMBICJIE

/01 (@) frn(x) dz = Opypyr.

MozkeT Jiu mocJieoBaTeIbHOCTh f, () UMETh HOTOYEUHBIH Mpee?

1.86. PaccMoTprM BO3PACTAIOILYIO ITOCIEI0BATENBHOCTD MEJBbIX dnces (1), ¢ ng = 0. Joka-

xure, uTo cucrema dynkuuii (7)) nosma B C[0, 1] Torjaa u ToJabKO TOr/a, Korja psi
o
1
n
p—1 'k

PACXOJIUTCH.
Vraszanue. PaccMorpuTe cHadasia MmojHOTY B HOpME Lio.

1.87. Tlpuaymaiite kakoii-uubynb 6asuc B npocrparctse C[0, 1], To ecth cucremy byHKIMi
(pn)22,, Takyio uTo Jrobast jpyras wenpepbiBHas dyukuus f : [0, 1] — R packiajbiBaercs B
PABHOMEPHO CXOJAIIUNACS PsI

o0
f(:E) = E anclpn(x)'
n=1
Vrazanue. Cradasa 3aMeTbre, 9TO JIOOYIO HElIPEpLIBHYIO (DYHKIIUIO JIETKO PABHOMEPHO IIPH-

OJIMBUTH KYCOUHO-JINHEHBIMH.

1.88. Bepno ju, 9o eciin aBa JuHeHBbIX moAnpocrpancTBa V u W rnisbeproBa mpocTpaHcTBa
BaMKHYTBI, TO X cymma V + W Toxke 3amkHyTa?’

1.89. Hokaxkwure, uro Besgkas obobménnas dyakimus A € D'(R) nmeer nepsoobpasHyio, TO eCTh
takyio p € D'(R), 1aro

p=A
B cMbIcse uddepeniupoBanus 0000MmEHHbIX DyHKIMi. JlokaxKuTe, 910 JII00ObIEe JIBe EPBOOO-
pasHble OJHON U TOM Ke 000OIIEHHOM (DYHKIINH OTJINIAIOTCH HA KOHCTAHTY.

1.90. O6o6mennas dyukuus A € D'(R) HasbiBaeTcst neompuyamenvrot, eciu
M) = 0 s Besikoit Betogty Heorpunaresibaoit ¢ € D(R).

JlokazkuTte, 9TO y HEOTPHUIATE/IHLHON 0000IMEHHO (DYHKIIMK €CTh Pery/sgpHas mepBoodpasHas.

1
1.91. Ilycrs f € L?[0, 1] — BemecTenno3Haunas GpyHkuus, u a, = [ 2" f(z) dr — eé MOMEHTBL
0

HokazaTb, 9TO

1
Zafl < 7T/f2(x) dx.
n=0 0



1.8. KoMnJjieKCHBIIT aHa/In3.

1.92. Haiiiure mHTErpas mo Kpyry

/ e’ cosy dxdy.
r24y2<1

1.93. Tlycrs nenpepsisnas pyukmusa f : C — C Takosa, uto eé kpajgpar f(z)? okazajcg MHO-
roujIeHoM OT z. BepHo jmm, 9To cama f — MHOro4aeH?

1.94. Iycrs dyuruust f(z) = D> @,2" B3aUMHO OJHO3HAYHO OTOOPaXKAET eAMHUIHLIN JICK
D C C na orkpsityio obnacts U C C. /lokaxkure, uro 1mwiomaab U paBHA

o
an|an\2.
n=1

1.95. ITycrs dynkmnus f(z) ananurudeckas npu 0 < |z| < 2 u unTerpas

/ F()P dedy
0<]z|<1

cxomurest (3mech © = Re z, y = Im 2). Jlokaxkure, uro ocobeHHOCTH f(z) B HyJIe yCTpaHuMa.

1.96. Jlokaxkure, 4To (CyMMUPOBAHKE B CMBICJIE TJIABHOTO 3HAYEHU )

+o00 1

Cth: Z m

n=—oo

1.97. /lokaxkure, 4TO
2

x
. z
smz:zH 1—ﬁ
m™n

n=1

1.98. Ilycrs dyukiun f u g ananurudeckue B obsactu U. Okazasioch, 9To

1f )+ lg(z) =1
BO Bceit obnactu. /lokaxkure, 4T0 00€ (DYHKIIUU — KOHCTAHTHI.

1.99. Ilycrs f(z) amajmuTudeckasi B OKPECTHOCTH €IMHUIHOIO Kpyra, a p(z) — MHOTOYJIEH CO
craprM kKodddurnmentom 1. /lokazkuTe, 9TO BBIIOJHAECTCA HEPABEHCTBO
7(0)] < max | f(2)p(=)].
zZl=
1.100. ILyctb P(21, 22) — OJHOPOHBII MHOTOWIEH OT JIBYX KOMILJIEKCHBIX TIEPEMEHHBIX CTEIICHN

n. Jlokaxure, 4to Jirobas TOYKa, B KOTOPOil |P| mpuHIMaeT MAKCUMyM Ha €JMHUIHOIN cepe
3 2 o . 1
S? C C?, maxomurcs Ha pacCTOsHUU (BO BHYTpeHHel mMerpuke cdepbl) He MeHee arcsin 5 or

epecedenns MHOYKeCTBa HyJ1eil Muorousena P co cdepoit S°.

1.101. Ilycrs koHdOpMHOE 0TOOparkKeHne MEePEBOJUT KOJIbIO T < |z| < R B Jpyroe KoJblo Ha
KOMILJIEKCHOM IIJIOCKOCTH U TIPOJIOJIZKAETCS JI0 HEIIPEPBIBHOI'O 0TOOparKeHHsI IPaHUIIbI KOJIbIA B
IPAHUILy HOBOIO KoJjiblia. /okaxkure, uro oTHOImIEHHEe R /T IpU TAKOM OTOOPasKEHUH COXPaHSs-
eTCs.

1.102. Ilycts npu xoudopmuoMm orobpaxkenun f : () — C obpas egmHUIHOTO KBajpata ()
uMeeT IIoma b S, u nyctb I m J — JBe ero MpOTUBOIOJIOKHBIE CTOPOHBI. JloKaxkure, 9TO

dist(f (1), f(J)) < V'S
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1.103. TlpemarmoioxKum, 9T0 TOUKHU 21, . .., 2, € D (OTKPBITBIA €JIUHUYHBIA JIUCK) MOXKHO OTOO-
pasuTh B TOYKU Wi,...,W, € [ cooTBercTBeHHO aHajuTHYeckoit dyukmumeir f : D — D.

Jlokaxkure, 4To SpMHUTOBA (hOpMa
(1 — WiWy ) "
1— 2.2 oy f=1

1.104. Tlycts A u B — npsiMOyroJIbHUKHU Ha T1ockocth, a f : A — B — HempepbIBHOE 0TOO-
pazkeHne, Koropoe KoH(OPMHO Ha BHyTpeHHOCTH A, oroOparkaer rpanuity A romeoMopdHO B
rpanuiy B, orobpazkasi CTOPOHBI IPSIMOYTOJIbHIKA A B COOTBETCTBYIOIIME CTOPOHBI IIPSIMO-
yrojbuuka B. Jlokaxkure, uro f sBjsercs mpeodpasoBaHueM I0I00MS.

IIOJIO2KHUTEJILHO IIOJIyOIIpedesICHA.

1.105. Ilycrs f — anmanuTudeckast PyHKIUA Ha € IMHIIHOM KpyTe. JlokaxKuTe, 9TO JI/IMHA KPHU-

Boit I', = { f(re’?) }2, MonOTOHHO BO3pacTaer ¢ pocrom 7 € [0,1).

1.106. Ilycrs f(z) anamurn4amna B obnactu r < |z| < R. Jokaxknure, 9ro DyHKIMS JeHCTBUTEb-
HOT'O apryMeHTa

g(x) =In sup [f(z)]

|z|=e=
BBIIyK/Ia BHu3 Ha (Inr, In R).
1.107. Ilycre dbynknus f(z) amammrudeckas B mojoce a < Rez < b, HempepblBHA BILIOTH
o m
JI0 TPAHHTIBI TOi MOJIOCH W orpaHmdena Ha Geckomeunoctn kax O(el™™) mpum mexoropom

HaTypasbHoM m. Jlokaxkure, uyro u3 orpanndensoctu f(z) npu Rez = a u Rez = b caeayer
orpanuyeHHOCTb f(z) (Toil yKe KOHCTAHTOI) BO BCeil moJioce.

1.108. JlokakuTe, 9TO B YCJIOBUAX TPEILILIYIICH 3a1a9n (DyHKINA

M(z) = sup |f(z)]

Rez=x
JorapuMIIeCKn BBIIYKJIa HA OTpe3Ke |a, b].
1.109. Ha30oBéM 1epecTaHoBKY ai, Gz, ..., Ap GUCET 1, 2, ..., N NUL000pa3HoTl, eCIIh
(a; —a;1)(a; —a;41) >0 npusBcex i=2,...,n—1.

O6o3HaunM depe3 A, KOJIMIECTBO TAKUX MIJIOOOPA3HBIX MEPECTaHOBOK JIHMHBI N. IlycTh & —
qucsio Mexry 0 u 7/2. Jfokazkure, 9T0 IPU BCEX JOCTATOYHO OOJIBIIUX 7 BEPHO HEPABEHCTBO

n!
(/2 — &)

1.110. Jlokazxkute, ato n3era-dynknusa Pumana

((s)=) n~*

npoJio/izKaeTcd 10 MepoMopdHoit dyuknun npu Res > 0 ¢ TpoCTBIM IOJIOCOM TOJIBKO NPH
s=1.

Ap <

1.111. JlokaxkuTe, 9TO CyMMa IO IIPOCTBIM YUCTIAM
1
fs) =Y p

peP

nmMeeT 1opsAIoK In(s — 1) mpu s — 1+ 0.



1.112. IlycTh @ m m — B3aMMHO IIPOCTHIe HATYpaJbHble Ync/ia. Jlokaxkure, 910 cymMma
1
f(s) = > ~
pS
peP p=a (mod m)

TOXKe MMeeT mopsAIoK In(s — 1) mpu s — 1+ 0.

11
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2. BEPOATHOCTU

2.1. Haitnnre 06bEM MHOXKECTBA T€X TOYEK (T1, T, . . . , L) N-MepHOTO Kyba [0, 1], 17151 KOTOPBhIX
JIFOOBIE JIBe U3 KOOP/IMHAT OTINYatoTcs OoJiee uem Ha d, rie d > 0.

2.2. IlycTh Ha OKpPYZKHOCTH PAaBHOMEPHO M HE3aBUCUMO B COBOKYITHOCTH BBIOMPAIOTCS 1 TOYEK.
Haiijiute BepogATHOCTD TOrO, 9TO UX BBIMYKJIasi 000JI0UKA ITOKPOET IEHTP OKPYKHOCTH.

2.3. B kpyre Ha IJIOCKOCTH paBHOMEDHO W HE3aBUCHUMO B COBOKYIIHOCTH BbIOMpaioTcsd n > 7
To4ueK. BeposiTHOCTH KaKoro m3 JBYX COOBITHI OOJIbINE: «BBIIYKJas 000JIOUKA TOYEK OyJieT
TPEYTOJIbHUKOM» UJIU «BBIIYKJas 000J09Ka TOUYEK OYIET YeThIPEXYTOJIHLHIKOM» 7

2.4. B HEKOTOPBIX IEJIBIX TOYKAX HEOTPHIATEbHON deTBepTH (Z, )? B HaUaILHbBINH MOMEHT Bpe-
MeHn KuBET nndeknus (oboznadnm 310 MHokectso M ). Ha KazkmoMm TakTe BpeMeHu mponcxo-
T carepytoree: ey Touku (x+1,y) u (x, y+1) 3aparkeHbl, TO B CJIeLy 0NNl MOMEHT BDEMEHI
Oyser 3apaxkeHa u Todka (z,y) (M crapble KJIETKH OCTAHYTCs 3aparKeHHbIMU). V3BecTHO, UTO
HOJIb OKA3aJICA 3aParkEH 110 UCTEYEHUH HEKOTOPOro BpeMenn. Jlokaxkure, 4To

1
2 Trary 2!

(z,y)eM
2.5. Jlokaxkurte, 9TO 1IpA N — 0O
LA il
1 2 n! 2

2.6. Ilers u Baca urpator B Takyto urpy. llers mpuaymbiBaeT HEOTPUIATEIBHYIO CIYIalHYIO
BeJIMYUHY & ¢ MaTeMaTHIecKuM oxkujjanneMm EE = 1, mocste sroro Bacs, 3nag paciipejiesienne Be-
JIMIUHBI £, TPUJIyMBIBAET CBOIO HE 3aBUCAIILYIO OT & HEOTPUIATE/IbHYIO CIyIalHYI0 BeJIMIIHY 1)
¢ MmaTemMaTudecknM oxujganneMm En = 1. Jls kakoro muanmabHOro p [lets Mmoxker mpuaymars
BesimauHy & Tak, 9ToObI IIpH JIF0OOM BbIOOpE BeJIMYnHbBI 1) Baceil BbIOIHAIOCH ObI HEPABEHCTBO

P(n>¢) <p?
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3. JIMHEMHAST AJITEBPA
3.1. Marpunpbl, JleTepMUHAHTHI U JINHEITHbIE TPOCTPAHCTBA.

3.1. ¥V MaTpuiisl n X n CyMMBI YHCE]T B JIIO0OOI CTPOKE U B JIIOOOM CTOJIONE paBHBI Hyst0. Jloka-
JKUTe, 9T0 Bee €€ MUHOpHI (n — 1) X (n — 1) paBHbI 110 aGCOIOTHON BeJIUMIHHE.

3.2. JlokaxkuTe 9TO JJist OJIOYHON MaTpHUIIbI, Y KOTOPOIl JnaroHaJbHbie O6JI0KM KBaJpaTHbie 1 A
HEBBIPOXKIeHHAasI, BepHa (hopMmyJia

A B _
det =det A-det(D — CA™'B).
C D
3.3. Ilyctp B JimHeitHOM TIpocTpaHcTBe V' PasMepHOCTH N JJAHO CEMEMCTBO JIMHEMHBIX TOJIIPO-
crparcTB F. Jlokaxkure, aro Haiigérca mojacemeiictBo G C F u3 He OoJiee n MOAIPOCTPAHCTB,

nepecevueHne KOTOporo COBIAJIAET ¢ mepecedeHueM F.

3.4. IlycTb B BEKTOPHOM IIPpOCTpaHCTBE V' JaHbl KOHEIHBIE MHOXKECTBA, ST, . . . , Sy, CO CIACTYIONTAM
CBO#iCTBOM: JIjIs1 JIIOOOr0 Habopa MHIEKCOB 1 < i1 < iy < --- < i < n (BKJIOYasd HAGOPHI U3
OJIHOI'O MHJIEKCA) JINHeHHas 060JI0IKa

(S, US,U---US;)

nMeeT pa3MepHOCTh He Menee k. Jlokaxkure, uTo HaiiAETCs cucTeMa IpejcTraBuTesieit s; € S;,
KOTOPAad ABJIACTCA JIUHEHHO HE3aBUCUMON.

3.5. B R" nano k-mepnoe adpdunnoe muoroobpasme A. okaxkure, 910 B A ecTh BEKTOD, ¥
KOTOPOT'O He MeHee k KOOPJMHAT HYJIEBBIE.

3.6. Kakoit MozkeT ObITh MUHIUMAJIBHBII DAHT MATPUIBI A pa3Mepa 1. Xn ¢ HyJIsIMU HA JTUATOHAJIN
U TI0JIO’KUTE/IbHBIMU YHC/IAMU 38, IIPEJIe/IAMU JIMArOHAIH !

3.7. Jlano natypaJyibHoe 4ucjio n. [Ipm KakoM MakCUMaJbHOM Ak MOYKHO NPHIYMATb MaTPHILY
pa3mepa k X n ¢ anementamu +1, Tak uTO mpum Jir0OOI paccraHoBKe BMecTO +1 m —1 coot-
BETCTBEHHO IOJIOYKUTEJBHBIX W OTPUIATETBHBIX YUCEJ B 9Ty MATPHUILy €€ paHr Oy/eT paBeH

k?

3.8. JlokaxkuTe, 9TO €CJU MATPHUIILI C JeHCTBUTEIbHBIME djieMeHTaMu A u B 1mogo0HBI ¢ 110-
MOIIBIO BO3MOXKHO KOMILIeKcHo# Marpunpl S, A = S™1BS, To onu HOIOGHLI U C IIOMOIIBIO
JefiICTBUTEJIbHOI MaTpPUIbL.

3.9. Kowmrmutekcaoe BekTopHOe mmpocTtparcTBO C" MOXKHO paccMaTpUBATh TaKyKe KaK BeIleCTBeH-
HOE BEKTOPHOE IPOCTPAHCTBO pa3dMepHocTH 2n. Jlokaxkurte, 4To J11000€ BEIeCTBEHHOE TOJIIPO-
crpanctBo L C C" BerecTBeHHONH pa3MepHOCTH 21 — 1 COIAEPXKUT POBHO OJHO KOMILIEKCHOE
noupocrpancTso L' C C™ KoMILIeKCHOI pasMepHOcTH 1 — 1.

3.10. Ilycts A — maTpuria n X n u3 JeficTBUTEIbHBIX Yuces. Haiiure MakcuMaIbHOE 3HAUCHUE
det A mpu ycyioBum, 9TO cyMMa KBaJIpaTOB 3jieMeHTOB MaTpuiibl A pasha 1.

3.11. Jlokaxkure, 9TO BCAKYIO, He 00s13aTEIbHO KBaPATHYIO, MATPUILY A MOYXKHO IIPE/ICTABUTH
B BHJIE

A=UPV,
rje matputisl U 1 V' KBaJpaTHbIe HEBBIPOKIEHHBIE BEPXHETPEYTOJIbHbIE, & MaTpuiia P cocTouT
u3 HyJIell U €JIMHUI], TPUIEM B KaXKJIOW €€ CTPOKe M B KaXKJIOM CTOJIOIE CTOUT He 0oJjiee OTHOIM
exunuiibl. Jlokaxkure, 4To MaTpuiia P B 9TOM Pa3JIOzKEHUH OIpe/Ie/IeHa OHO3HAYHO.

3.12. IlycTh B BEKTOPHOM IIPOCTPAHCTBE JIaHbI JIBa Oa3uca Ty, ...,Tn U Y1, ..., Y,. JlOKaKHUTE,
YTO BEKTOPHI ¥J; MOYKHO IIEPEHYMEPOBAThH TaK, 9To s jroboro k = 1,...,n— 1 mocaegoBareib-
HOCTD 1, ..., Ty Ykils- - -, Yn TOXKE OyIET OAZUCOM.
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3.13. B R" gansr gBa 6asuca X = {z1,...,2,} u Y = {y1,...,yn}, UpUIEM HEPBBIil U3 HUX
pa3our Ha Herryctble mogHadopbl X = X U- - - Xg. lokaxkure, uro Y ToKe MOXKHO PazOUTH HA
O/THA0OPBI COOTBETCTBYOMEro pasmepa Y = YiU- - LY} rak, aro kaxpiii Habop (X \ X;)UY;
(1=1,...,k) 6ymer 6asucom.

3.2. JIluneiinble onepaTopshl.

3.14. Jlokaxkute, ato eciu A m B — juHeitHbIe OTIepaTOPhI B OJHOM U TOM K€ IPOCTPAHCTBE,
TO XapaKTEPUCTUICCKNE MHOTOUICHDI pou3se/iennit AB u BA oguHakoBbIE.

3.15. IlycTs 11 MATPHII 7 X 1 OKazaaock, uro tr A¥ = 0 mpm k = 1,...,n. JlokazknTe, 9TO

A" = 0.
3.16. Ilyctb A mu B — marpunp! 2 X 2 ¢ KOMIUIEKCHBIMUI 3jieMeHTaMu. JloKaxKure, 910

tr AAABBABAABBB =tr BBBAABABBAAA.

3.17. Jlokaxkute, 9TO COOCTBEHHBIE 3HAYEHUS JIIOOOH JIEHCTBUTEILHON KOCOCHMMETPUYIECKO
marpuisl (AT = —A) uncTo MHMMBIE U OHa JMArOHAU3YeMa HaJl T10JIeM KOMILIEKCHBIX YHCeT.

3.18. JlokaxkuTe, 9TO ecju JUHEHHbIe omepaTopsl Ay, ..., Ar : V — V B KOHEYHOMEPHOM BeK-
TOPHOM HpocTpaicTBe V' HaJ HEKOTOPBIM IOJIeM IomapHo KommytupyioT (A;A; = Aj;A; s
JIOOBIX 7, j) W KaXKJIblil U3 HUX MOYKET ObITh JMArOHATM3UPOBAH, TO B HEKOTOPOM Oa3uce OHU
OJIHOBPEMEHHO UMEIOT JUArOHAJILHBIA BHI,.

3.19. JlokaxkuTe, 9TO €CJIM CAMOCOIPsKEHHBbIE JInHelHble omeparopbl Ay, ..., Ay : V. — V
B KOHEYHOMEDHOM 3PMUTOBOM IIpocTpaHcTBe V mnomapuo xommyrupyior (A;A; = A;A;, s
JIFOOBIX 7, j ), TO B HEKOTOPOM OPTOIOHAJIBLHOM 0Oa3uce OHU OJIHOBPEMEHHO UMEIOT JIHarOHAIbLHBII
BUI.

3.20. Jlokaxkute, 91O ecju JUHEHHBIE omepaTopbl Ay, ..., Ax : V — V B KOHEYHOMEPHOM BEK-
TOPHOM IIPOCTPAHCTBe V' HaJI I0JIeM KOMIIJIEKCHBIX HHCeJT MOIapHo KoMMyTupyior (A4;A; = A;A;
JUIst JIFOOBIX 7, j), TO B HEKOTOPOM 0a3nce OHH OJHOBPEMEHHO MMEIOT BEPXHETPEYTOJIbHBIN BUI.

3.21. Hoxraxwure, aro ecau oneparop A : V — V B HEKOTOPOM KOHEYHOMEPHOM SPMUTOBOM
IpOCTpaHCcTBe V' KOMMYTHUPYET CO CBOUM CONPsizKEHHbIM (AA* = A*A), 10 B HEKOTOPOM OPTO-
rOHAJILHOM Oas3uce OH OyJIeT JuaroOHaJIbHBIM.

3.22. Jlokaxkure, uro ecau omeparop A : V — V B HEKOTOPOM KOHEYHOMEDPHOM €BKJIMIOBOM
npocrpanctse V. kKoMMmyTupyer co csoum TpancrnonnposannbiM (AAT = AT A) u umeer Tosbko
NieficTBUTEIbHBIC cOOCTBEHHBIC 3HaYeHusd, T0 A = AT,

3.23. Bepno s, aro ecau omneparop A : V. — V B HEKOTOPOM KOHEUYHOMEPHOM €BKJIMJIOBOM
npocrpancTse V' KoMMyTHpyer co couM Tpancrnonnposanubim (AAT = AT A), ro A = AT?

3.24. JlokakuTe, 4TO €CJIM JIJIT KOMILJIEKCHOW MaTpPHUIIBI N X N M HEKOTOPOI'o HATYpPaJIbHOI'O
qucya m BeinosHgeTcss A™ = id,, To maTpurna A auaroHamnzyema.

3.25. JlokaxkuTe, 9TO JTIOOYIO KBaJIPATHYIO MATPUILY U3 JICHCTBUTEILHBIX YUCETT MOYXKHO ITPEJI-
CTABUTDH B BHUJE CYMMBI JBYX KOMMYTHPYIOIIUX MKy COOOM JIeHCTBUTEILHBIX MATPUIL, OJHA
I3 KOTOPBIX JAUaroHaIn3yeMa HaJ KOMILICKCHBIMHU YHACJIaMU, & Apyrasd HAJIBIOTCHTHA.

3.26. Jlokaxkute, aTo J11000it ormepatop A : V' — V B KOHETHOMEPHOM PMUTOBOM IIPOCTPAHCTBE
V' B HEKOTOPOM OpPTOrOHAJILHOM Oa3uce UMeeT BEPXHETPEYTOJIbHbBIN BUI.

3.27. JlokaxkuTe, 9TO /I BCIKOTO 0OpATUMOTO JIMHEeIHOTo onteparopa A : V' — V' B eBKIII0BOM
POCTPaHCTBe V HalIEéTCss OPTOrOHAJIBHBIN Oasuc eq, . .., e, Takoi, 9T0 BeKTOphl Aeq, ..., Ae,
TOYXKe 00pa3yIoT OPTOrOHAJIBHBIN Ha3uc.
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3.28. Ilycts marpuiia P IpejicTaBigeT OPTOroHAJbHOE IMPOEKTUPOBAHUE HA IOIPOCTPAHCTBO
pasmeproctu k. s mabopa mumekcoB I = {iy,...,i;} obo3HakumM Py TIaBHBI MHHOD Ha
nepeceveHnu CTPOK U CTOJIONOB ¢ uHjekcamu u3 [. /lokaxkure dhopmysty st MHOXKecTBa [ U3

¢ < k manexcos
Pr= Y P

JDI:|J|=k

3.29. Jlokaxkure, 9TO HEeHyJIeBas KOMILIEKCHast MaTpuiia A pasmepa 2 X 2 sBJIsIeTCS KBaIPATOM
(A = B?) Torga u Tosbko Torja, Korga A% # 0.

3.30. Ilycrs xBamparnas marpuia A = (a;;) umeer cobcrBennoe suadenne A € C. Jokaxure,

9TO JI71sT HEKOTOPOTO 1
A —ai| < lag].
J#i
3.31. Ilyctb n — meuérHOe uncio, a A = (a;;) — MaTpHIA N X N, y KOTOPOH @;; 3aBUCAT TOJIBKO

OT Pa3HOCTHU ¢ — j IO MOJIYJIIO N U CyMMa B IIEpBOIl CTpOKe HeoTpuliaTe/bHa. /okaxKure, 91O

det A > 0.

3.32. Ompezenmm mocsie10BaTeIbHOCTD (t,(q)) caemayromum obpa3om

0@ =0, twnle) = 7=

Haiitn nus xazxjgoro n > 1 MuHUMAJIbHOE JEHCTBUTEILHOE IIOJIOXKUTEILHOE ¢, JJIs KOTOPOIO
t,(q) ompemesneno u paBHoO 1.

, aan 2 0.

3.33. Ilycre nuneitnoe npeobpasoBanme f : R” — R™ Ttakoe, 9TO JjIsT HEKOTOPOT'O BBIIYKJIOTO
reta K C R™ okazanocy f(K) C K. Jlokaxkure, 9T0 BCe COOCTBEHHbIe 3HAUEHUS [, BKJIFOUYAsT
KOMILJICKCHBIE, TI0 MOJLYJIIO He OoJbIie 1.

3.34. Ilycts Ay, ..., Ax, B — KBaJipaTHbIE MATPHUIILI OJTHOTO pa3Mepa, ITPUIEM
Ao+ AB+ AyB* + -+ A BF = 0.
PaccmoTpum MHOTOYJIEH € JIEHCTBUTEILHBIMU KO PUITHECHTAME, 38 IaHHbINH (hDOPMYJIOif
g(A) = det (Ag + AjA + AN + -+ + AN .

Hokazkure, aro g(B) = 0, To ecThb IIPH MOJICTAHOBKE MATPHUIILI B B 9TOT MHOTOUJIEH [OJTY 9aeTCsI
HYyJIEBas MaTPUIA.

3.35. Ilyctp L — cuérHOMepHOE JIMHEelHOe TpocTpancTBo, a A: L — [ — jmmHeliHOe oTOOpaske-
ane. O6osnaunym depes M mepecedenue JmHERHbIX nognpoctpancTs NS A™(L). ObsszaTenbro
JI BBINOJIHSIETCsT paBeHcTBO A(M) = M?

3.36. IlycTs maTpuna S oproronajbHa, a MaTpuiia [ —S obpatuma, rie I — eJuHAIHAS MATPHUIA
Toro ke pazmepa, uro S. JlokazkuTe, 4To 3HaueHne Bbipazkenus x (I — S) "'z ne saBucur or
JeACTBUTEILHOTO €IMHIIHOIO BEKTOpa T M HallIuTe 9TO 3HAUYEHUE.

3.3. KBagparundubie OpMBI 1 CAMOCOIIPSI>KEHHBIE ONIEPATOPHI.

3.37. Hokaxkure, ato ecau marpuiia A xKococummerpudHas, a B — cUMMeTpUYIHAS TOJIOXKH-
TEJILHO OIpe/ie/ieHHast, TO AB MOXKeT 0Ka3aTbCs CUMMETPUIHON TOIbKO ecu A = (.

3.38. JlokazkuTe, UTO IIOJIOXKUTEJbHbIE YUCAa @,b,C ABJIAIOTCSA CTOPOHAMH HEKOTOPOI'O Tpe-
YIroJIibHUKa TOT'Jla W TOJIBKO TOTI'/la, KOIJIa

1+2chachbche > ch?a+ ch?b+ ch?e.
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3.39. Obosnaunm

E(@) =l +a3+-+a5,_,
cTaHJapTHYIO KBaapaTudanyio dopmy na R**~1. Tlycrs Q(Z) — npyras kBajgparuunas (opma
na R?"~!. Jlokazkure, 4To HailéTCs n-MepHOe JauHeitHoe noanpocrpancTso L C R*~! i yucio
a € R, Takue 9ro st jirod6oro T € L

Q) = aFE(T).

3.40. B eBkimmoom npocrpancrse F ganbl asa noamnpocrpancrsa U u V. Oueparop A : U — U
JleficTByeT Tak: Beakuit BekTop x € U cHavaa OpTOroHAJILHO Ipoenupyercs Ha V', a moTom
[IOJIYI€HHBIN BEKTOP OPTOTrOHAJIBHO mpoerupyercs Ha U. /lokaxkure, 910 A caMOCOIPSIKEH.

3.41. JlokakuTe, 9YTO BEKTOP-CTPOKH U1, ...,V JJIUHBI 7 TMOPOKIAIOT BCE mpocTpancTtBo R™
TOTJIa ¥ TOJIBKO TOTJIa, KOTJIa MaTpHUIla

T T T
B:U101+U2U2+"'+Ukvk
HEBBIPOXKICHHA.

3.42. B oproronaJibHoil MaTpuiie A BLIOpa/IN ABe B3aUMHO JOIOJHATEIbHBIX KBaIPATHBIX IO/
marpurpl B u C' (T.e. cymma pasmepos Marpuil B u C' paBHa pa3mepy MaTpuilbl A, u Kaxjaas
CTPOKa M KaxKJIplii cTosiber; A comep:xkut jubo siementsl B, 6o snementsr C'). [lokaxkure,
aro det B = 0 Torma u ToybKo Tora, Kormga det C' = 0.

3.43. B oproronasnbHoii MaTpuie A BEIOPAJIH J[Be B3AUMHO JOMOTHUTEIbHBIX KBAIPATHBIX MO/I-
marpuisl B u C. Jokaxkure, uro |det B| = | det C|.

3.44. Jlokaxkure, UTO JIEHCTBUTE/IbHAST CUMMETPUYIHAST MaTpUIla A HEOTPHUIATE/HHO OIpeIesie-
Ha TOrJIAa U TOJIBKO TOIJIAa, KOIJIA JIJIA JIIOOOW CUMMETPUYHON HEOTPHUIATEIbHO OIPeIeIEHHOM
MaTpuIlbl B BBITTOJTHEHO HepaBeHCTBO tr AB > 0.

3.45. Ilycte A u B — JeficTBuTe/IbHBIE CUMMETPUYHBIE MATPUITHI OJTHOIO U TOTO YKe pa3Mepa,
BCe COOCTBEHHbBIE 3HAYEHUS KOTOPBIX cTporo 6osibire 1. /lokaxkuTe, 4TO BCe JIEHCTBUTETbHBIE
coOCTBEHHBIE 3HAYEeHUsT MATPUILI AB 110 MO/yJit0 ¢Tporo 6ostbire 1.

3.46. Ilyctb A u B — TOJIOKUTEILHO OIPEJIC/IEHHBIE CUMMETPUYHbBIE MATPHUIIBI OJHOTO U TOT'O
ke pasmepa. Jlokaxkure, 9T0 Bce COOCTBEHHBbIE 3HAYUEHUST MATPUILI AB eiicTBUTE/IbHBIE.

3.47. Ilycrs Ay, ..., A, — KoHeunble MHOKecTBa. OOO3HAYNM Yepe3 a;; KOJIUIECTBO SJIEMEHTOB
n
B MHOXKecTBe A; N A;. Jlokazkure, 4T0 MaTpUIa (aij)i,j:1 TTOJIOXKUTEJIHHO TIOJTyOIIpeie/IeHa.

3.48. ITycts Ha R™ (n > 2) 3ajambl 1Be KBajgpaTudHbe hopMbl Q1 1 (), COCTABIISIIONINE OTOO-
parkeHue

Q:R" = R
Jlokaxkure, 9T0 00pa3 eIMHUIHON chephbl ITPU ITOM OTOOPaYKEHUU SBJIAETCH BBIYKJION (ury-
poii.

3.49. Iyt ABYX MOJIOKUTEIHLHO OIPEJIEIEHHBIX CUMMETPUYHBIX MATPUIL JOKAYKUTE TOXKJECTBO:

VAVVATBVATVA = VBYVBTAVEVE,

rIe KBaJIPATHBIM KOPHEM IIOJIOKHUTEJIbHO OIPEeNeIEHHON CUMMETPUYIHON MATPHUIILI HA3bIBACTCH
€JIMHCTBEHHAS TIOJIOKUTEJILHO OIpeJIeJIEHHAas CUMMETPUYHAsl MaTpHIlla, KOTOpas B KBaJIpaTe
JAET UCXOTHYIO.

3.50. [lokaxkure, 4TO JI/Isd JIIOOBIX JIBYX JIMHEHHBIX rognpocTpancts V, W C R™ oaunakoBoii

pasMepHOCTH HailjIéTcst OpToroHaabHoe npeobpasosanue A : R™ — R™, takoe uro A(V) = W
u A(W)="V.
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3.51. Ilycrs cummerpuunele mMarpunsl A = (a;;) 1 B = (b;;) HOJIOXKUTEILHO OLIPEIEIEHEL.
Hoxkazxure, 1aro marpuna C' = Ao B = (a;;b;;) (mosnemenrioe npoussegenue marpuiy A u B)
TOZKE TIOJIOZKUTEJILHO OIPEIeTIeHA.

3.52. Ilycth B HAGOPE eMHUIHBIX BEKTOPOB {¢€;} B R" 3 1106bIX TPEX BEKTOPOB KAKHE-TO JIBA
HePIEeHTIKY/ISPHBL. KaKoBO MaKCUMAJIbLHOE KOJIUIECTBO BEKTOPOB B TAKOM Habope?

3.53. Ilycto {v; };”:1 C R™ — HEKOTOPBIi HAOOD €IMHUIHBIX BEKTOPOB. JloKaxkuTe, 9T0 MaTpuIiia

m I o
¢ komnonerTamu (n(v; - v;)* — 1); j—; ABJIAETCS HOJIOKUTEIBHO HOJLYOIDE/IeIEHHOL.

=1

3.54. Ilyctp A = (a;;) — cuMMeTpudYHAas MATPUNA U3 JefiCTBUTEIbHBIX dncesl. JJoKaxKuTe Hepa-

BEHCTBO

E e < tred.

i
3.55. Ilyctb A\ > Ay > ... > )\, — HEKOTOpBIE JeiicTBUTEIbHBIE Unc/ia. JlokaxkuTe, YTo ducsia
a1l = Q22 2 ... 2= Gpp MOTYT BCTPETUTHCA Ha JMATOHAJIN CUMMETPUYHOI BEIIECTBEHHOI MaT-

PHUIBI ¢ COOCTBEHHBIMU 3HAYEHUAME (A;) TODJIa M TOJBKO TOTJIA, KOTJIA BBIOJHAIOTCS YCIOBUS
(n — 1 HEepaBEHCTBO U OJIHO PABEHCTBO)

ar KA ccan e apg KA F o N an e G = A A

3.56. Ilyctb Ay > Ay > ... > )\, — HEKOTOpBIE JeficTBUTEIbHBIE Uncia. JlokaxkuTe, YTo ducsa
a1l = G2 2 ... 2 Gpp MOTYT BCTPETUTHCA Ha JUArOHAJIN CUMMETPUYHON 3PMUTOBOI MaTPUIIHI
¢ cOOCTBEHHBIMU 3HAYECHUAMHE (\;) TOTJA ¥ TOJBKO TOI/IA, KOTJIA BBIIOJHAIOTCS yeaoBus (n — 1
HEPAaBEHCTBO ¥ OJIHO PABEHCTBO)

i KAt KA+ A an e G = AL A

3.57. JlokaxkuTe HEPABEHCTBO

n

n
o T
Z (T — Tp_1)” > 4sin’ o in
k=0

k=1
JIJ1s1 10001 T10C/Ie/10BaTeIbHOCTH JIEHCTBUTEIbHBIX YUCe]T Xy, . . ., Ty, B KOTOPO xg = x, = 0.
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4. JIN®OOEPEHIIMAIBHBIE YPABHEHU A
4.1. Ipennonoxum, nuddepeHimanbHoe YpaBHEHHE
y' = f(z,y)

MMeeT eJIMHCTBeHHOe pertierne y(x) 1/is JIoObIX Hada bHbIX YCJIOBUil Y(Tg) = Yo, ONpPeIeJEHHOe
Ha Beeil uncsioBoit mpsimoii. Bepro sin, uro f(x,y) obs3ana ObITH HENPEPBIBHO?

4.2. Jlokaxxure, 4TO ypaBHEHUE
2y +y=0 (x>0)
HMeeT pelleHne, crpeMdireecd K +00 IIpu £ — +00.
4.3. Ilycrs f(x) — HenpepoiBao juddepennupyemas va (a, b) dyHKINS, TPUIEM

iy fle) = oo, lim, fla) = —oo,

u 11 Beex © € (a, b)
fl(@) + fAz) = ~1.
Joxkazkure, 910 b — a > .
4.4. IMycrs f: R — R — mBaxaer muddepentmpyemast dbyukiws, f(0) =1, f/(0) =0 u
f'(@) =5f"(x) +6f(x) 20
st Beex x> 0. Jlokaxkure, 910
f(z) > 3e** — 2

st Beex x = 0.

4.5. Haitnure Bce nuddepenrupyembre dyuxnuu f : R — R, KoTOpbIe YIOBIETBOPSAIOT ypaB-
HEHUIO

f(a)—f(b):(a_b)f/(a—zkb)

Jtst 006X a, b € R.

4.6. Haiiaure Bee muddepennupyembie dyukimuu f : (0,400) — R, KoTOpbIE yI0BIETBOPSIOT
YPaBHEHUIO

f(@) = f) = (a—b)f' (Vab)
JJTS JTIOOBIX TTOJIOZKUTEILHBIX @ U b.
4.7. Joxaxkure, 9T0 JJIst JTI000# KBaIpaTHO! KOMILIEKCHOH MaTpuilbl A
det e = e 4.
4.8. /lokaxknuTe, 9TO pelrreHne OITHOPOTHON CUCTEMBI JIMHEWHBIX YpaBHEHMT
i(t) = A(t)z(t)

¢ HenpepbiBHOI MaTpureit A(t) n nadanbubiM yesoueM (0) = x¢ MOXKHO HaiTH 10 GOpMyIIe

[e.e]

w(t) =z0+ Y / A(sp)A(sp_1) ... A(s1)x0 dsydssy . . . dsy.
0<s1<s2<...<sp <t

n=1



19

4.9. Ilycrb nuneiinast oJlTHOPO/IHAA CHUCTEMa YpaBHEHUI
B(t) = At)z(t)

¢ cumMmeTpuuHOl Marputeit A(t) He uMmeer pemenuil, JBa pasa OOPAIIAIONIUXCS B HYJIb HA OT-
peske [0, 7]. JlokaxkuTe, 9T0 BBIpazKeHIE

F(z,x) = /OT (,2) — (z, Az)) dt

HOJIOKUTEJILHO JIJId HeHyJieBbiX Juddepenimpyembix BekTop-pyukimii x : [0, 7] — R™, obpa-
IMAIONIMXCA B HYJIb Ha KOHIAX orpeska [0, 7).

4.10. Tlyers B C R™ — 3amMKHYTHI m1ap pajuyca 1 ¢ meHTpoM B HyJe, a B — map 6oJibinero
pajuyca ¢ tem ke 1enTpoM. Oyukiusa f : B’ — R wHenpepoiBHO quddepennupyema, u Jijis
moboro x € B Bemosnnserca nepaserctso |V f(x)| > 1. Jokaxkure, 410

max f(x) —min f(z) > 2.

4.11. IlycTh y aBTOHOMHOI cucTeMbl JiudepeHIma bubX ypapaenuii B R”

&= [(z)
npaBagd 9acTh ABJIE€TCH HEIIPEPLIBHO JnddepeHimpyeMoii n yJI0BIeTBOPAET yCI0BUIO Jlummmua
|f(z1) — f(z2)| < Llxy — 29|. Jokaxknre, 910 ecin TpaekTopus z(t) HEMOCTOSHHA U IEPUO/TH-
geckas ¢ mepuojgom T, o T > 2m /L.

4.12. Ilycrs dynknus v : R™ — R jiBaxK 161 HellpepbIBHO JinddepeHImpyemMa u CTPOro BhIITyK/Ia,
To ectb u((1 —t)z +ty) < (1 —t)u(x) + tu(y) musa mobbix © #y € R" nu 0 < t < 1. lokaxknre,
9TO Kpaesas 3adada i ¢ : [0, 1] — R”

&= Vu(z), z(0) =a, (1) =0

uMeeT He DoJiee OJIHOrO PellleHus IpH JIIoObIX a,b € R™.
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5. OCHOBBI AJITEBPHI

5.1. JIuueitnas anreopa II.

5.1. Ilycts y KBagparHOil MATpuibl A 3/I€MEHTBI SABJSIOTCH MEJIbIMUA YHCIAMH U B KaXKIOi
e€ CTpOKe CyMMa 3JIEMEHTOB JIEJIMTCsS Ha HaTypajgbHoe umciao k. dokaxkure, uro det A Toxke
nesuTed na k.

5.2. Ilycrb A — KBajparTHas MaTpPUIla U3 IEJIbIX YKUCE/I C JeTePMUHAHTOM, PABHLIM 1, pa3mepa
He MeHee 2 X 2. Jlokaxkurte, ITO €€ MOXKHO IPEJICTABUThH B BHUJIE TIPOU3BEJICHUS SJIEMEHTAPHBIX
MaTpury ¢ neabiMu Kodddunmentamu (y KOTOPBIX HA JMATOHAIN €JIMHUIBI M 34 MpeJeaMi
JIMATOHAJIN TOJILKO OJINH HEHYJIEBOW 9JIEMEHT).

5.3. Ilycth memounciaennas marpuiia A pasmepa n X n TaKOBa, UTO BCe €€ MHUHOPBI pasMepa
(k+1) x (k + 1) gensarca na npocroe p. Jloxkazkure, uro det A nemmres na p™~*.

5.4. Ilycrb KBajgpaTHasa MaTpuia A KococuMMmerpudHa, To ecTh Al = —A. JJokazkure, 9TO BCe
e€ cOOCTBEHHbBIE 3HAYEHUS — MHHUMbBIE YHCJIA.

5.5. Ilycrs kBajgparHas KococumMMeTpudHast Marpuiia A cocrout u3s nesbix dncen. Jlokaxkure,
yro det A sBJIsieTcs KBaJIpaToM IIEJIOT0 YKC/Ia.

5.6. [okaxkure, 9T0 BCSAKYIO MOJIOYKUTEIBHO OIPEJIEICHHYIO KBajparudnyio dopmy f(z) =
ax® + 2bxy + cy? ¢ nenabIMu a, b, ¢ MOXKHO TIPEJICTABATL B BUJE CYMMBI KBaJIPATOB JIHHEHHBIX
dop™m Buga ex + dy ¢ nenbivu e, d.

5.7. Ilycts Ay, ..., Ay — HaOOD S5HIOMOPGMU3MOB KOHETHOMEPHOTO BEKTOPHOI'O IPOCTPAHCTBA
V', npuaém 3T0oT HAOOP HENPUBOIUM, TO €CTh HE CYIIECTBYET HEHYJIEBOTO COOCTBEHHOT'O TIOITPO-
crpancrBa W C V|, mHBapuaHTHOrO OTHOCHTENBHO Beex A;. JlokaxkuTe, 9T0 BCIKUT HEHYJIEBOI
sHAoMOpdu3M V| KoMMyTUpyOmui ¢ KaxkabiM A;, obpatum. lokaxkure, 9TO ecjii OCHOBHOE
roJie aaredpanvdecKn 3aMKHYTO, TO KazK/Iblil Takoi 9H10MOpGhU3M CKaJIspHbIil (paBer Aidy ).

5.8. IlycTs peméTka Z? pasbuta Ha moaMHOKecTBa Fi, ..., F,,. IIpn 3ToM 11 KasKI0ro i =
1,2,...,m cymecTByeT BEKTOp v; Takoii, 9To F; + v; = E;, 1 BEKTOPHI v; MOIMapHO HEKOJIINHE-
apubl. Jlokaxkute, 9T0 HalIETCA BEKTOP U, HE KOJUIMHEAPHBIH v M Takoil, yro Ky +u = Fj.

5.2. MHoOrou4jieHsl.

5.9. Jlina ancen x1 < x9 < ... < T, M OTJIMYHOIO OT HUX YUCIa T JIOKAXKUTE TOXKJIECTBO
1 B z”: 1 1T 1
(x—z)(x—29)...(x — 1) el T —x;
5.10. Jlokazkure, uTo ecjim y MHOrowiena P(x) Bce KOpHU T, . . ., T, JEHCTBUTEIbHBI U UMEIOT

kpatHocTh 1, To ipu 0 < k£ < n — 2 nosryvaercs

> =0
= P'l=)
5.11. Ilyctb a1 < as < --- < a, u by < by < -+ < b, — 1ABa HabOpa pPAIMOHAJBHBIX UHUCEJI.
Jlokaxkure, 4TO ypaBHEHUE
ea1x+ea22 4. +€anx — eb1x+eb2x+ _|_ebn:p
nMeeT He OoJiee N JIeHCTBUTEIbHBIX KOPHEIi.

5.12. Tlycrs muorowien P(x) crenenu n umeer teble kKodbduimentsl. Jokaxure, 4To s
nekotoporo x € [0, 1] 6yaer

1
P > —.
P@) >
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5.13. Muorowien P(x,y) ¢ BeriecTBeHHbIMI KO3 bUIIMeHTaMI IpUHUMAaeT 3HaueHne () POBHO
B D TOYKAX BEIEeCTBEHHON II0cKocTH. KaKyro HAMMEHBIIYIO CTEIeHb OH MOXKET UMETh?

5.14. Ilycts n > 3 — nesoe umcio. Haiiinre MuHUMAIbHYIO CTEEHb OJHOIO aJiredpamnde-
CKOro (IIOJIMHOMUAIBLHOTO) YPABHEHUsI, KOTOPOE 3aJIaéT MHOYKECTBO BEPIIUH PABUJILHOTO 7
YTOJIBHIKA Ha IJI0cKocTn R2,

5.15. Tlpuaymaiite muorowien P(z,y) ¢ geficrsurenbubivmu Kodhdunuentamu, 06/1acTh 3HATE-
uuit Koroporo pasna (0, 400).

5.3. Teopusi uucesr.

5.16. IlycTh momapHO paz3judHbIE TEJIble YUCIa X1, ..., T CPABHUMBI C €JIUHUAIEH IO MOJLYJIIO

[IPOCTOTO P, a HEOTPUIATEeIbHbIE IeJble YUCIa N4, . .., Nk JAIOT IOMapPHO Pa3JIUYHbIE OCTATKU
o

1o Moysto p. JlokaxkuTe, 9TO JeTepMUHAHT MaTpUIbl (x,’ )f j—1 HE PaBeH HyJIIO.

27

5.17. Ilycte w = e » s HEKOTOPOro mpocroro p. Jlokazkure, 4TO BCe MHHODBI MATPHUIIBI
i—1)(j—1)\P
(wO=DE=P .| nenynesore.

5.18. Jlokaxkure, 9T0 J7Is1 JTI060r0 KOHEIHOrO HAbopa TOUeK Ha I0cKocT { (24, ;) }, B KOTOpOM
KOOP/IMHATDHI KaXKJI0W TOYKHU Ie/Ible U B3aUMHO IIPOCTBIC, HAWJIETCH OJIHOPOJIHBIA MHOTOYJICH
P € Z[x,y], rakoii uro mias Beex sTux Touek P(x;,y;) = 1.

5.19. MoxkHo Jin tipejictaBuTh arctg 16 B Bujie JIMHEHON KOMOMHAIIIN
15
arctg 16 = Z my, arctg k
k=1
¢ TeabIMu Koy puimeHTaMmu my,?

5.20. lokaxkute, 4TO JIT0O0H1 MHOTOYJIEH C TEJIBIMU KOI(DDUIIMEHTAMI TPUHIMAET B HEKOTOPOIA
1eJI0l TOUKe HEHYJIeBOe 3HaUeHHe, JlesIeecs Ha IpocToe duciao Bujga 4k + 1.

5.21. Ilycrh Bce (KOMILIEKCHBIE) KOPHM MHOTOUWJIEHA C TEJIBIMU KOI(DMUIMEHTAMI 1 CTaPIITIM
kodddurmerTom 1 UMEOT eMHUIHBIH MO/TyJib. JloKaXKuTe, 4TO BCe OHU SIBJISIOTCS KOPHIMU U3
€JINHUIIBI.

5.22. IlycTb Aj1s1 HEKOTOPOTO JAEHCTBATE/IHLHOTO YUCIa £ 0Ka3ajaoch, 9Tto £ +x ™ n 2" + ™"

panmuoHaJIbHBI JIJIS1 HEKOTOPBIX B3aMMHO IIPOCTBIX HATYPaJIbHBIX 11 U T1. ,ZLOK&)KI/ITG, q9T0 T + CCil
TO2KE pallMOHAJIBHO.

5.23. Jlokaxkute, 9T0 I JIFOOOTO PAIIMOHAJIBHOIO ¢ U HATYPAJIHHOTO N MHOT'OYJICH
n n
P(x)=2"(z+a)* +1
HEIIPUBOINM HAJ PAIMOHAIBHBIMUA THCIAMUT.
5.24. Ilycrb p < ¢ — upocTble 4ncjia. PaccMOTpUM BBINVKJIBIA PQ-YLOJAbHUK C PABHBIMU YI-
Yy y y y

JlaMI ¥ CTOPOHAMU IIOIAPHO PA3/IMYHBIX IEJbIX JIUH A1, . .., 0pg, 3AHYMEPOBAHHbLIX 110 KPYTY.
Jlokaxkure, 4TO JIJIsi BCeX HATYPAJIbHBIX k < P BBIIOJIHACTCH

B+ k
5

5.25. Jlana apo0Ob % = % + % + % + -+ %, rie n = 1000, p, q € N. /lokaxkuTe, 9TO p JAEIUTCA
Ha 2lnt1-logy(n+1)]

a1+a2+---—|—ak>

5.26. Haiiyiure XoTa ObI TP PA3/IMYHBIX PENICHUs yPaBHEHUS
s +1°=9

B pallMOHaJIbHBIX YUCJIaX.
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5.27. Haiture perenne ypaBHEHUsI B HATYPAJIbHBIX YUCIAX:
z Y z 1
+ + =-.
y+z z4+zxz x4+y 4
[Toackazka: mojgbepuTe JijId HAYaIa EI0€ PelleHne ¢ OTPHUIATEIbHBIMU YUCIAMMU.

5.28. Hokazkure, 94T0 y 110J1s1 R HET HETPUBHAIBHBIX aBTOMOP(MU3MOB, TO €CTh IIPEOOPA30BaHNIA,
COXPAHLIONINX CJA0XKEHNE U YMHOYKEHUE.

5.4. I'pynnsl u 10J1s.

5.29. Ilycts MmynbTUIIMKATUBHAS rpynna F* noxa F' okazajsach KOHEYHO TTOPOXKIEHHOI. BepHo
s, 910 F™* mukimaeckast?

5.30. Ilycte y rpynmnsr G ects noarpymmna H ungekca n. lokaxkure, ato y G ecTh HOpMaIbHAS
noarpynmna N C H unaekca, nensiiero n!. B wacraoctn, ecm n = 2, to N = H.

5.31. Jlokaxkute, 9TO y BCAKOW I'PYIIIbI TOpsiKa 4k + 2 ecTh mojrpyima mnopsijka 2k + 1.

5.32. Hana rpynna G u 1mejoe 9ucjao n > 2, oKasajaoch, 9ro nogrpymmusl Hy C G u Hy C G
VJIOBJETBOPSAIOT YCJIOBHIO

Hokaxkute, uro Hy u Hy conpsizkernl B (.

5.33. Hokazkute, 94TO €CJiu p, ¢, 7 — TPU PA3IUIHBIX ITPOCTHIX YHUCJIA, TO BCAKas IPYIIA MTOPIIKA
pqr paspelmMa.

5.34. Bepno sin cieytoriee yTBep:kienue: ecu rpyimna G uzomopdHa moarpyimne rpymmnsl H
u rpymna H wsomopdua moarpytime rpynnsl G, to H nzomopdua G?

5.35. Ilycrb p — mpocroe wucio, GLy(Z/pZ) — rpymma obpaTuMbix MaTpuIL 2 X 2 U3 0OCTATKOB
10 MO/JIYJIIO P, U IycTh &, — IPyIIIa IepecTaHOBOK P 37eMeHTOB. Jlokazkure, ITO He CYIIeCTBYeT
monoMopdusma rpymi ¢ @ GLy(Z/pZ) — 6,,.

5.36. PaccmoTpuMm Ipyliy nepectaHoBok Y., muoxkectsa [n] = {1,...,n}. Ilpu kakux n HEKO-
Topag 2-CuI0BCcKag noArpymna S C 3, IepecTaB/sgeT 3JIeMEeHThI [n| TpaH3uTUBHO?

5.37. Jokaxkure, 910 TpyIlily COOCTBEHHBIX OPTOIOHAJIBHBIX IpeobpazoBanuii SO(4) MOXKHO
npesacTaBuTh Kak daxkroprpymmy SU(2) x SU(2) mo moarpymie u3 aByx snementoB (E, E) u
(—E,—F). 3aecs SU(2) yao6HO canuTaTh IPYIHOi € IMHIYHBI KBATEPHUOHOB.

5.38. Jlokaxkure, YTO CBA3HYIO YacThb I'pynnbl Jlopenia SO+(1,3) MOXKHO IIPEeJICTaBUTh KakK
dakroprpynmy SL(2,C) mo moarpyrme u3 ayx siemeHtoB £ u —F.

5.39. IIpeanosoxKumM, 9To HenpepbiBHad dyHKIM Ha ejuangnoii chepe f : S™ 1 — R obiagaer
TakuM coiicTBoM: MHOXKecTBO byHkiwmit {f,(r) = f(02)}secs0(n) HOPOKIAET KOHEUHOMEPHOE
HOJIIIPOCTPAHCTBO B MPOCTPAHCTBE HenpepbiBHbIX dyukiumit C'(S™). Jokaxkure, uto f — orpa-
HUYEHHEe HEKOTOPOr0 MHOTOYJICHA OT 7 MePEeMEeHHBIX Ha eJUHUYIHYIO cdepy.

5.40. Ilycrs rpynma G sBjsieTcst TOATPYIIIOi ¢cBOOOHOI TpyIibl ' Ha n 00pa3yomux nHIeKca
(F : G) = m. Jdokaxure, aro G cBOGOJHA U HANMTE KOIMIECTBO 0Opa3yIoluii B Hell Kak B
CBODOJTHOI T'pYIIIIE.

5.41. okaxkure, 9T0 rpymnmna apobro-iuHeiinbix dyukmumit PSL(2,R) = SL(2,R)/(£F) coaep-
JKAT CBOBOJHYIO TIOAIPYIIILY, HOPOXKJIEHHYIO JIBYMsl SJI€MEHTaM.

5.42. JlokazkuTe, 9TO I'pyIIia cOOCTBEHHBIX BpAaIleHul TpéxmepHoro mpocrpanctsa SO(3) co-
JIEPZKUT CBOOOTHYIO TOJATPYIITY, TOPOXKIEHHYIO JIBYMsI dJI€MEHTAMMU.
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6. HEPABEHCTBA
6.1. Kimaccmuyeckue HepaBeHCTBA.
6.1. Yo Gosbime, €™ uan w7

6.2. Ilycrs a, b, ¢, d — BekTopet B R™, (-, -) — cranmaprHoe cKaJspHOe pou3seierne. Jlokaxkure,
970
2 2 2 | 12 2 | g2
((a,¢) + (b,d))" + ((a,d) = (b, ¢))” < (a” +b7) - (" + 7).
6.3. Jokaxkure, 4o Besikuii MHOro4sien crernenu n € N co crapmmm Kosddurmentom 1 npu-
HuMaeT Ha orpeske [—1, 1] snauenue, o MoyI0 He MeHbIee 27T

6.4. Iycts muorousen P(x) = ap,a™ +a,_ 12" 1+ - - - +ag ©MeeT TOIbKO JeiicTBUTeIbHBIEC OTPH-
HaTe/JbHbIe KOpHHU. JIoKasKuTe, 9To IOCIeI0BATEILHOCTE by = (aT’“) JlorapuMUIECKH BOTHYTA,
TO €CTb g

by > by_1bgs

mpu k=1,...,n— 1.

6.5. O6o3HAYNM IEMEHTAPHYI0 CUMMETPUIECKYI0 (DYHKITUIO

oz, ..., x,) = Z Tiy Tiy . . . Ty .

1<i1<io << <n
Joxkazkure, ato juid J00bix 1 < k < [ < n U HeOTpHUIATEJIbHBIX JIEHCTBUTENBHBIX L1, ..., T,
NMEeeT MECTO HEPABEHCTBO

1/k 1/

or(T1, ..., Ty) < o(T1,...,Tp)
(%) - (7)

6.6. [Iycto P — omnopojubiii Muorousien cremnexnu m #a R”, obrajaoniuit cjie Iy oM cBO-
cTBOM: JIjIst HEKoToporo v, P(v) > 0, u mst yoboro € R™ MHOTOUIEH OT OJHON 1epeMeHHOi
Q(t) = P(z + vt) mMeer TOJBKO BeIIECTBEHHBbIE KOPHU. JIOKayKUTe, 9TO KOMIIOHEHTA, CBSI3HOCTH
muoxecrsa {z : P(x) > 0}, comepkarmas v, BLITYKJIA U Ha Heil BHIIOJIHACTCH HEPABEHCTBO

P(z+y)"™ > P(z)"/™ + P(y)/™.

6.7. lana moc/ie1oBaTe/IbHOCTD g, 41, A2, - . . ¥ HaTypaJbHoe uucyo d > 2. 3BectHO, UTO
ag =a; =+ =aq =1,
unpu k > d
Qk—d
a1 2 A —
4d

Jlokaxkure, 4TO BCE YUC/IA A TOJIOKUTETbHBIE.
6.2. CuMMeTpUYHbIE MATPHUIIHI.
6.8. IIpemmosoxkum, st Tpéx [aucesn a, b, ¢ u3 orpeska [—1, 1] okazamocn
2 12, 2

1+ 2abe > a* + b + ¢°.

Jlokaxkure, 4TO JIjIs1 JIIOOOTO HATYPAJIBHOTO YHUCIa 1 OYJIET BBIIOJIHATHCSA HEPABEHCTBO
1 +2anbncn 2 a2n +b2n _}_CQn'

6.9. Ilycrb A — cummerpudHast MaTpuiia, P — MaTpuila OpTOrOHAJbHON mpoekmuu, a f —
BBINTyKJIasd GpyHKIud. JJokaxkute, 910

tr Pf(PAP)P < tr Pf(A)P,

rje QYHKIMIO OT CUMMETPUYHON MATPHIILI MOXKHO OIPEJIEJIUTh KaK OIepaTop C TEMHU Ke COob-
CTBEHHBIMHU BEKTODAMU 1 COOCTBEHHbIME 3HadeHusIME f(\) BMecTO .
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6.10. IIycrh cobcTBeHHBIE 3HAYEHUS] CUMMETPUIHON MaTpHUIbl A yIOpsIOUeHbl 110 yOBIBAHUIO

AL = ... 2 A, Jokaxknre, 910 (BHEITHUI MAKCHMYM I10 JIMHEHHBIM MTOJITPOCTPAHCTBAM )
A = max min(z, Azx).
dim L=k z€L
|z|=1

6.11. [dna aByxX m-3JeMEHTHBIX MYJIbLTUMHOYXKECTB ACHCTBUTENBHBIX 4mces X W Y Hammmem
X =% Y, ecsm nocie coprupoBku 1o yobsauuio X = (x1,...,2,) 0 Y = (y1,...,y,) g

Besikoro k = 1,...,n BBINOJHAETCS
k k

Z T < Z Yi
i=1 i=1
wemg Yo, T =D, i
a) [dokaxkure, 910 1111 BCIKON SPMUTOBOI MATPUIBI A €6 MyJIBTUMHOXKECTBO JINArOHAJIBHBIX
971eMeHTOB [ 1 MyJIbTUMHOYKECTBO COOCTBEHHBIX 3HadYeHuil A cBsa3anbl cooTHomenneM D < A.
b) Hokaxkure, 9410 JJIst BCIKUX JBYX N-3JIEMEHTHBIX MYJbTUMHO)KECTB D < A MOXKHO HaiiTu
SPMUTOBY MaTpuily A ¢ MyJIbTHUMHOKECTBOM JIHATOHAJIBHBIX 3JIEMEHTOB [) M MYyJIBTUMHOMKE-
CTBOM COOCTBEHHBIX 3Ha4ICHUN A.

6.12. Jlokaxkure, 9T0 ecim cummerpudeckast dbyHkimst f(z1, Tg, ..., Z,) YIAOBIETBOPSIET YCIO-

)= 2 > ]
(l‘l IJ) <81‘Z a{L‘]> = 07 v7'7.]7

X Y = f(X) < f(Y).

TO

k]
v

_ o (1 2 [n]
md(Ay, ..., A,) = Z (=17 (=1)7 5 1) (1) (2)r@) - - T (n)r(n)»
o,7€G,
npu 5roM md (A4, ..., A) = nldet A.
JlokazkuTe, ITO JIJIsI MOJIOKUTEIHHO OIIPEIETIEHHBIX CUMMETPUIHBIX MaTpult Aq, ..., A, nume-

€T MEeCTO HEPaBCHCTBO:

md(Al,AQ,A:;, PN ,An)2 = md(Al,Al,Ag, PN ,An) : md(AQ,AQ,Ag, ce ,An>

6.13. Oupenermum cmewannvit duckpumunarm st n marpui Ax = (a,; ) pasMepa n X n Kak

6.3. O0BbEMBI U M30NIEpUMETPUYECKNE HEPABEHCTBA.
6.14. okakuTe, 9TO IJIOMALL PUTYPHI AMaMeTpa 2 Ha IIJIOCKOCTH He Oojiee 7.

6.15. Jlokaxkute, 9T0 M3 BCEX IJIOCKMX MHOIOYTOJILHUKOB C 3aJIAHHBIM HAOOPOM JIJIUH CTOPOH
MaKCAMAJILHYIO ILJIOINA/Ib UMEET TOT, KOTOPBIA BINCAH B OKPYKHOCTD.

6.16. Ilycts Terpasap 1" comepxurcsa B Terpasape T. JlokazaTs, 4To mepumeTp (CymMMa JUIHH
pébep) T" me npeBocxomut 4/3 ot cymmbl s pédep 1.

6.17. Toxaxkute, uTo eciu (He 0bA3aTe/bHO MPAMOYTO/IBHBIH) Tapasietenunes P C R co-
JIEPKUT JPYTOil He 00sI3aTesIbHO MPSIMOYTOJIBHBIH Tapasutesenune]; Py, 1o nepumerp (cymma
e pébep) P He Menee nepumerpa Ps.

6.18. [okazkuTe, 9TO BCAKOE MOJIyIIPOCTPAHCTBO [, comeprkaliee IEHTP MaceC BBIIYKJIOIO TeJIa
K C R", conepxkut ne metee 1/e or oobéma K.

6.19. Ilycre mast mHenpepbiBEbIX byHKIWI f,g,h : R — [0, +00) ¢ KOMIAKTHBIMA HOCHTEJISIME
u Hekoroporo t € (0, 1) BeimoHsIETCS

h((1 =tz +ty) > f(x)'gly)™
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pu Ji06bix x,y € R. Jlokaxkure, 910

/Rh(x) iz > (/R (@) dx)t </Rg(x) dm)lt.

6.20. [okazkure 1O Ke yTBepKjienue jis dbyskimit f, g, h : R™ — [0, +00) unmpykiueit o n.

6.21. /lokaxkuTe, 9TO JJIsd JIBYX KOMIAKTHBIX MOJAMHOXKeCcTB X, Y C R”™ BhInoIHSETCA
vol(X + Y)V/" > vol X'/" 4 vol Y/,
e X +Y ={zx+y:2 € X, y € Y}, avolX obosuagaer mepy Jlebera X. Vau mepy
2Kopnana, eciin Mmepa Jlebera Bac cMymiaer, Torja MHOXKECTBA HAJIO TOXKE CIUTATH U3MEPUMBIMU
o zZKopnamny.
6.22. Onpezesum mIIoMMAIb MoBepXHOCTH (110 MUHKOBCKOMY) Kak
(X + B(t)) —vol X
oX — Tim vol(X + B(t)) — vo |
t—+0 t

KOIJIa Ipejiest cyrecTByet, rie B(t) — eBkauI0B map pajuyca t. Jlokaykure, 9T0 JJIsi MHOKECTB
X C R"™, umeronux I0ma b MOBEPXHOCTH, BBITOIHAETCS

VT
((n/2)1)/m

[IpoBepbTe, 9TO /151 MMAPOB B 9TOM HEPABEHCTBE BBITIOJTHIETCSA PABEHCTBO.

n—1
cX =>n vol X .

6.23. Hokaxkure, 1To 06bEM MHOKeCTBa jiameTpa 2 B R™ He 60s1ee 00bEMA €IMHIIHOTO IaPa.

6.24. lokazkute, 4TO JjId MEHTPATbHO CUMMETPUYHBIX BBITYK/ILIX Tea K, L C R”
volKNL >volKN(L+t)
pu Jirobom t € R™.

6.25. Hokazxkute g jr060ro BhITyKI0r0o Tejaa K C R™ HepaBeHCTBO
2n
vol(K — K) < ( )volK.
n
Jltst KaKuX Tesl JIOCTUTAETCA PABEHCTBO?!

6.26. Paccmorpum st smoboro Beiiykiaoro Tena K C R™ teqo CK C R™™, gpusiomeecs
BeIyKJI0i obostoukoit X x {0} m —K x {1}. Jokaxwure, aTo

n

vol CK < 1 vol K.

n -+

6.27. Ilycte £ — KOoHEUHOMEPHOE HOPMHUPOBAHHOE MPOCTPAHCTBO, A m B — /MHeliHbIe orepa-

Topsl B HEM. OKazanoch, dro s joboro © € E nonygaerca ||Az|| < ||Bz|. dokaxwure, 1To
|det A| < |det B|.
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7. KOMBUHATOPUKA
7.1. MHuo>»kecTBa 1 oTOOparkeHusl.

7.1. JlokazKuTe, B IIOCJIEOBATEILHOCTH U3 N2 + 1 pasiaudaHbIX Ynces HailIéTcs MOHOTOHHAS
IIOJIIIOCJIEIOBATE/ILHOCTD U3 1 + 1-ro 3j1eMeHTa.

7.2. JlokaxKuTe, 9TO HE CYIIECTBYeT OMEKIIMU MKy MHOXKECTBOM X M MHOXKECTBOM €ro I0JI-
MHOMXKeCTB 2% .

7.3. Jokaxkure, 910 ecym cyinectBytor uabekiun f : X — Y ug: Y — X (Mex/y HeKOTOPBbIME
JIByMsI MHOYKECTBAMM), TO cyIiecTByer u 6uekims h: X — Y.

7.4. TlpemmonoxxuM, cemeiicTso oavmuozkects C narypasabubix amncesn, C C 2V, okazamoch Takm,
qro jjs J1ioobix X, Y € C Bomosnsiercs aubo X C Y, muoo Y C X. Bepno s, uro C ne 6oJee
geM CIETHO?

7.5. JlokaxKure, 9TO CyIIECTBYET CeMeHCTBO MOAMHOXKECTB F MHOXKECTBA HATYDPAJILHBIX THCEIT
N co cremyronmmu coiicTBaMu:

i) F He COAEPKUT KOHCUHBIX MHOMKCCTB;

ii) A,Be F=ANBecF;

i) AcF, BDA= BeF:

iv) VACNmwm Ae F,um N\ AeF.

7.6. [lokaxkure, uTo JIr0OOE ceMeiicTBO 1mojMHOXKecTB N co cBoicTBaMu i—-iv U3 IpeIbLIyIei
381491 TI03BOJIAET COMIOCTABUTD BCSKOI OMpaHMYeHHOI Toc/e10BaTeIbHOCTH (ay,) wncio L(ay,)
CO CJICAYIOIUMU CBOMCTBAMU:

i) L(a,) siBjIsieTcsi 4aCTUIHBIM TIPEIESIOM (ay, );

ii) L(aa,) = aL(a,) 1 1efcTBUTEIbHBIX

iii) L(an + by) = L(ayn) + L(by).

7.7. JlanHo MHOXKeCTBO U3 05,;_24 + 1 pasJmYHBIX JIeHCTBUTENBHBIX uncen. /lokaxkure, 4TO M3
STOTO MHOJKECTBA MOYKHO BBIODATh MOHOTOHHYIO MOC/IeI0BaTebHOCTD ()X | Takyto, aro

|Tip1 — 21| = 2|2 — 24
st Bcex 1 =2, ..., k— 1.

7.8. Ilycrh man nabop nocaenosatenbuocreit A us myneit u equnun u dynkmua f @ {0, 1}¢ —
{0,1}. UsBecTHO, 4TO BCsIKas TOCIEI0BATEHLHOCTD (ay,) € A yI0BIETBOPSAET COOTHOIIEHUIO

ap = f(@n+1» ey Onyk)

npu Beex n € N. KakoBo MakcnMasbaoe (B 3aBHCHMOCTH OT k) KOJIMYECTBO 9JIEMEHTOB B A7

7.9. Ilycrp mana nocseoBaTesibHOCTh OYyKB A (GecKOHETHOE BIIPABO CJIOBO) U3 HEKOTOPOTO KO-
HegHOro ajdasura. Jlokaxkure, 9T0 CcyIecTByeT 6€CKOHETHOE BIIPABO CJIOBO B ¢ TakuM CBOii-
CTBOM: KazKJi0e HadaJbHOe 110/1c/I0B0 B’ cioBa B 6eCKOHEYHO MHOIO Pa3 BCTPEYACTCHd Kak B A,
Tak 1 B B.

7.10. Tlycrb F — ceMelcTBO KOHEYHBIX MHOXKecTB. Jlokakure, uTo Haiingrca He Mmenee |F|
KOHEYHBIX MHOXKECTB X €O CJIEJIYIOIIUM CBOWCTBOM: Jii000Oe MOAMHO)KecTBO Y C X MOXKHO
HOJIyYUTh Kak 1epecederne X NZ, rjue Z € F (3aMeTbTe, 94T0O 3T0 CBONCTBO UMEETCs y MyCTOTO
muoxecTBa X = ().

7.11. Ilycth n 1 m — B3aMMHO IIPOCTbIE HATYpaJbHbIe Yuca. JJoKaxKuTe, 9T0 KOJIUIECTBO CIIO-

coOOB IIOCTABUTh YUCJIA N U —MM B CTPOKY JIJIMHON 1+ M TakK, YTOOBI CyMMa CTPOKH OblLiTa HyJle-

BO#1, a CyMMa JIIO6OFO Ha4daJIbHOI'O OTPE3Ka CTPOKHU 6bIJIa HeOTpHHaTeﬂbHOﬁ PaBHO 1L (ntm .
’ ’ n+m n
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7.12. Jlokaxkure, 9TO KOJHMYIECTBO CIIOCOOOB ITOCTABUTH 4UmMCia 1 U —1 B CTPOKY JJIMHON 21
TakK, YTOOBI CyMMa CTPOKHU ObLIO HYJIEBOM, & CyMMa JII0OOI0 HAaYaJJIbHOTO OTPEe3Ka CTPOKU ObLiIa

o 1 2n+1\ 1 2n
HEOTPUIIATE/ILHON, PABHO - +1( . ) =— +1(n)'

7.2. KyObI u mapajijiesaenureabl.

7.13. Ha miockocTu JJaHo ceMeificTBO TPAMOYTOJIbHUKOB J CO CTOPOHAMMU, TIapaJsIIe/IbHBIMUA OCSM
KOOD/IMHAT, TPU 3TOM IPSAMOYTOJBHIKY ITOTIAPHO He TepeKpbiBatoTcd. [Ipeanomoxkmm, /171s1 HEKO-
topbix A, B > 0 BbInoJiHsieTcs cieytoriee. st roboro nogcemeiicrea G C F

1) ecyin IPOEKIMU IPSIMOYTOJILHUKOB U3 G Ha 0 He MepeKpPbIBAIOTCA, TO CyMMa IupuH G He
6ostee A;

2) ecyi TPOEKIIUY MPSIMOYTOJILHUKOB u3 G Ha Oy He MepeKpbIBAIOTCs, TO CyMMa BBICOT G He
6ostee B.

JlokakuTe, YTO NPSIMOYTOJHHUKA MOYKHO IMEPEMECTUTH MapaJiIebHBIMU MEPEHOCAMU TaK,
9TO OHM OKaxKyTcst B mpsimoyrosbauke [0, A] X [0, B] 6e3 mepekpoiTuii.

7.14. Ha mrockocTn HApUCOBAHO HECKOJIBKO MIPSIMOYTOJIBHUKOB CO CTOPOHAMH, TIapaJlJIe/IbHBIMA
ocsIM KoopauHAT. /okaxkuTe, 9TO ecjin KaxKJible JIBa IPAMOYTOJIbHIKA MOXKHO Iepecedb BEPTH-
KaJIbHOH MJIM IOPU30HTAJIBbHON IPAMOil, TO UX BCE MOXKHO Ilepecedb I1apoil U3 BePTUKAJIbHON 1
POPU30HTAJILHON IIPAMOIA.

7.15. Ha mrockocTu HApUCOBAHO HECKOJIBKO MPSAMOYTOJIBHUKOB CO CTOPOHAMH, TIapa/I/Ie/IbHBIMU
ocsiM KoopuHaT. Jlokaxkute, 9To MO0 BCE NMPSIMOYTOJBHUKNA MOXKHO Tepecedb JIByMsl BEPTHU-
KaJIbHBIMH U JIByMsl TOPU30HTAJIbHBIMU HMPSIMBIME, JTUO0 HAWTYTCA TPU HPIMOYTOJbHUKA, ITPO-
eKIINI KOTOPBIX Ha JIFOOYI0 KOOPAUHATHYIO OCh HE IIePEeCeKar0TCsI.

7.16. Byjem paccMmarpuBaTh euHuYHbIe KyObl B R™ €O cTOpOHAMHE, MapaJIeTIbHBIMUA OCAM KO-
OPJMHAT, 1 HA3BIBATL UX IPOCTO «KYOb». IIycTh BoIOpanb 27 1+ 1 nonapHo HellepeceKalonxcst
Ky0OoB. Jlokaxkurte, 910 JIMOO HE CYIIECTBYET KyOa, MepeceKaroNerocs ¢ KaxK/IbIM U3 BHIOPAHHBIX,
JnbO0 Bce KyObl, IIEPeceKaommuecs ¢ KaXKIbIM U3 BHIOpAHHBIX, HUMEIOT OOIIYI0 TOYKY.

7.17. Ilycts B R™ pacrioyiokenbl e uHuYHbIe KYyObl, KazK/Ible JIBa 13 KOTOPBIX IE€PECEKAIOTCs 110
MHOKeCTBY pasmepHocTu n — 1. Jlokaxkurte, 9T0 UX KOJIm4IecTBO He Oosee n + 1.

7.3. IlokpbITe M NPOTHIKAHUE.

7.18. Ilycrs k,n > 2 — warypajbHble dncia. byjieMm roBoputhb, 4ro adduHHag TUnepIioc-
kocth H C R"™ k-comepxkut KoHeuHoe MHO)KecTBO X, ecan | X \ H| < k. [Tokaxkure, 910 BCsIKOe
MHO>KECTBO Y, KOTOpO€ He k-COJIEPYKUTCHA HU B KAKON T'HMIIEPILIOCKOCTH, COJIEPIKUT TOIMHOKE-
crBo Z C Y u3 He Oojee dem kn 3JIeMEHTOB, KOTOPOe TOxKe He k-COMepKUTCS HU B OJIHOM
TUTEPITIOCKOCTH.

7.19. Ilycth Ha IJIOCKOCTH HAPUCOBAHO HECKOJIBKO OKPYXKHOCTEMH, KaxKjble 4 WM MeHee U3
KOTOPBIX UMEIOT ODOIyI0 TOUKY. JloKaxKuTe, 4TO BCe OHU UMEIOT OOIIYI0 TOUKY.

7.20. Bynem ToBOpPUTBH, YTO CEMENCTBO MHOXKECTB J MOYKHO NMPOTKHYTbH t-3JI€MEHTHBIM MHO-
JKECTBOM, €CJIN CYIIECTBYeT t-3JIeMeHTHOe MHOXKeCcTBO 1', KOTopoe Iepecekaer Kaxkjoe S € F.
Jokaxkure, aro ecau B R" mgaHo cemeiicTBO cdep, KazKible (tffjjl) WM MeHee U3 KOTOPBIX
MO2KHO IIDOTKHYTb t-371eMEeHTHBIM MHO2KECTBOM, TO HX BCE MO2KHO IIDOTKHYTb t-3J1eMEeHTHBIM

MHOXKECTBOM.

7.21. PaccmoTpum MHOXKecTBO X TOUYEK B Z" ¢ KoopJuHATaMH B jauarnaszone ot 1 jgo m. Ilycts
o0bemHeHne MHOYKEeCTBa rutiepiiockocreit HyU- - -U Hy cojiep:KuT Bce TOUKn X KpoMe OJTHOI,
u 9Ty onHy He cogepxkut. [Jokaxkure, uro N = n(m — 1).
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7.22. IlycTh Ha IJIOCKOCTH JIAHBI 7 KPACHBIX W 7 CUHUX IPSAMBIX, TPUYEM KOJMIECTBO TOYEK
KPaCHO-CUHETO TIepecedeHns 0Ka3aJI0Ch POBHO MM, IyCTh 9TO MHOXKeCTBO TodeK X . Jlokaxkure,
4TO ecau X, KPOME POBHO OJIHON TOYKHU, MOKPBITO MHOXKECTBOM 3€JIEHBIX IMTPAMBIX, TO KOJIUYE-
CTBO 3€JIEHBIX MPSIMBIX HE MeHee m + n — 2.

7.23. Ilycte G — abesneBa rpyiira MomHocT ab, a B C G — e€ 10JIMHOYKECTBO MOIIHOCTH b;
a,b > 1 — mennie umncia. Jlokaxkure, 9T0 HEKOTOPBHIE ¢ CABUI'OB MHOXKECTBa B IOKPOIOT He
menee 60% ssemenToB rpymib G.

7.24. Ilyctp B maTpuiie A pasmepa n X n CTOAT HEOTPUIATEIbHBIE YUC/IA, & CYMMbI YUCET BO
BCEX CTOJIONAX 1 CTPOKaxX paBHbI 1. Jlokaxkure, 9T0 MOYKHO BBIOPATH 7 3JIEMEHTOB MATPHUIIHI A,
HUKAKHUe JIBa U3 KOTOPBIX HE JIeXKAaT B OJIHOI CTPOKE WJIM B OJTHOM CTOJIOIE TakK, YTO BCE OHU
OyIyT He MeHee «v,, TJle 3HaAYeHNe (v, ONpeJIeTIeHO KaK

1 1
« = ——— Ao 1 = —.
2 T 2 1T 2

rZLOK&)KI/ITG, 9TO 49uCjla Yy OIITHMAJIBHBI U UX HEJIb3d YMEHbBIIUTD.

7.4. JIBom4HBIl KyO.

7.25. Jlokaxkure, 9TO 3a 15 BOIIPOCOB C OTBETAMU TOJIKO «JIa» U «HET» MOXKHO YraJIaTh IUCTIO
ot 1 no 2014, naxke ecm OTBEYAIONINI Ha BOIPOCHI MOXKET OJIMH Pa3 COBPATD.

7.26. Hokaxkure, 94TO 32 15 BOIIPOCOB € OTBETAMHU TOJIBKO «Jla» M «HET» HEJIb3s rapaHTUPOBAHHO
y3HaTh 4ncao oT 1 g0 2100, ecoim oTBevaronnii Ha BOIIPOCHI MOXKET OJIUH pa3 COBPATh.

7.27. Hekoropsie Bepuinabt Kyba {0, 1}" coe/lMHEHbI € IMHUYIHBIMI OTPE3KAME TaK, ITO OT JIHO-
60t TOUKHU JI0 JIIOOOM JIPYTOil CYIIECTBYET €JIMHCTBEHHBIN TyTh 110 9TUM oTpe3kaM. Jlokaxkure,
YTO OJINH N3 TaKUX IIyTeil mMeeT JUINHY, He MeHbIIyIo 2n — 1.

7.28. Tlycrs muneiinoe otobpazxkenue A : R™ — R* npespamaer ky6 @, = {0,1}" B MHOXkKecTBO
u3 N snementon. IIycrh Taxske npu BeskoMm y € RF ypasnenne A(z) = y umeer ne 6osee M
pertiennit B Kybe (), & Ipu KakoM-TO y umeeT poBHo M perenuii B kKybe. Jlokaxkure, 910

"< NM < 3™,

7.29. Jlan MHOrO4JIeH CcTeleHu d OT N nepeMeHHbIX. /lokaxkuTe, 9T0 JIMOO OH NPUHUMAET HEHY-
JIeBBIC 3HAMEHNS KaK MUHUMYM B 2"~ % Bepmmmax Kyb6a {—1,1}", mubo OH NPUHUMAET TOJHKO
HyJIEBbIE 3HAYEHUs B BEPIINHAX ITOTO KyOa.

7.30. lokakure, 9TO I JIIOOOTO TEJIOT0 1. > 2 CyIIECTBYET MHOTOYJIEH CTeleHu He 6ojee n ¢
o n
kosdburmenramu 3 {—1,0, 1}, mveroruit Koperb 1 KpaTHOCTH He MeHee | /m

7.31. B ky6e {0, 1}" ormedensl 6osiee MOTOBUHBI BEPIIHH U APl OTMEYEHHBIX BEPIIUH COEJIU-
HEHBI peOPOM, €CJI OHU OTJIMYAIOTCA TOJBKO B OJIHON KoopauHate. /loKaXkuTe, UTO B MOJTYUUB-
menMces rpade Kakag-To BepHIMHA COCMHEHA He MEHEE 9eM C /7t COCEISMU.

7.5. Anrebpanvyeckue MeTObl U 3ada4M.

7.32. Ilyctb B MHOXKecTBe S U3 N 9JIEMEHTOB JIaHO ceMeicTBO F u3 n + 1 HEelycToro mojMHO-
»kecTBa. JlokaxKure, 94TO 3TO ceMeiicTBO MOKHO pas3burh Ha Tpu F = A LI B LIC Tak, uro A u
B HemycThl, 1 UX 00beMHEHUsT COBIIAIAIOT,

Ja=Us

7.33. /lanbl JiBe pas/IMIHbIe TOC/IE/I0BATEILHOCTA U3 HYJIEH U e IMHUIL JTUHBL n. JloKaxKkuTe, 910
Hali [y TCs HATypaJbHOE IUCI0 M < Hy/T U OCTATOK @ MO MOJLYJIIO 11 TAKHE, UTO TTOCTEI0BATE b
HOCTHU OTJIMIAIOTCS 110 KOJIMYECTBY €JINHUIL, CTOSIINX Ha MeCTaX, HOMepPa KOTOPhIX CPABHUMBI C
@ 10 MOJLYJIIO M.
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7.34. ITycte A u B — HemycTble HOAMHOXKECTBa KOHeIHOTo 11014 [F)), a C' — MHOXKeCTBO UX CyMM
C=A+B={a+b:ac A, be B}. Jlokaxknure HEPABEHCTBO IIPO MOITHOCTb STUX MHOYKECTB:

C] > min{|A| + |B| - 1,p}.

7.35. Ilycthb ay,...,ar — TMONAPHO pa3JIMYHbIE TOJIOKUTE/IbHDbIE JIEHCTBUTEIbHBIC Yncya. Pac-
CMOTDHM BCEBO3MOXKHbIC CyMMBbI » ., a; 110 nojmuoxecrsam I C {1,..., k}, mycraa cymma
cauTaeTcst paBHO Hyso. JlokayKkuTe, 9T0 cpein 3TUX CyMM Haiimyrcsa ne menee k(k 4+ 1)/2 4 1
MOMTAPHO PA3INIHBIX YHUCEI.

7.36. Ilycte A = {ay,...,a,,} — KOHEUHOE MHOXKECTBO HATypaJbHbIX unces. O6oznadum Ay
MHOYKECTBO CYMM C TIeJIBIMH HEOTPHUIATEIbHBIMI KO3 puImenTaMu

T1a1 + To0g + -+ TGy, T A Xy, <KL

Jlokaxkure, UTO HalIyTcsd Takue Iejble dncia kg, a,b, aro s awodoro k > ky nmeer MecTo
PaBEHCTBO JIJIsi MOIMHOCTH MHOXKecTBa: |Ag| = ak + b.

7.37. Ilyctb HaTypaJibHBIE YHCJIa pACKPAIeHbl B KOHEYHOE YKUC/I0 IIBETOB. JloKaxKuTe, 9TO JjIs
BCSIKOT'O HATYPAJIBLHOTO ¢ HAlIETCsI TOC/Ie0BATEIbHOCTh HATYPAJIbHBIX TUCET N < No < ... <
Ny W YUCJIO0 t CO CJIEAYIONINM CBOMCTBOM: BCE CIABUHYTHIE Ha t CyMMBI BCeX €€ HEIyCTBIX ITOJIIIO-
ciaejosarebHocTei, t + n; + ng, + -+ - + N, IMEIOT OJIMH U TOT 2KE IIBET.

7.38. Ilycte A — KOHEUTHOE TIOJIMHOXKECTBO HEKOTOPOit abesieBoil rpyibl (7, 1171t KoToporo |A +
Al < ¢|A| npu HekoTopoM JieficTBuTebHOM ¢ > 1. JloKaxkuTe, 9To0 JiJIs BCIKOIO HATYDPAJBLHOTO
k moJsryanTcs
A+ + Al <Al
k

7.39. Ilycrs muorownen f(xy, T, ..., x,) C Flay, ..., z,] nmeer crenenn we 6osee ¢+ co+ -+ -+
Cn, TIE ¢; — HEOTpUNATEbHBIE Tieble ducia. [lycts C' — 1o koaddunuent upn 27 ...z B f.
[Iycrts Ay, A, ..., A, — HekoTOpBIe IOnMHO)KecTBa F pasmepos |A;| = ¢; + 1 cooTBeTcTBEHHO.
O6osnaunm Tarcke ©;(z) = [ eq, (@ — ).

Jlokakurte, 9TO
f Ofl, .. )
C=
a% Spn(an)

B uacruocru, ecm C' # 0, To JJIst HEKOTOPOIl cUCTEMBI IpejcTaBuTeneil o; € A; okaxkercs
flag,ae,...,ap) # 0. N maobopor, eciim f(ay, s, ..., ) # 0 POBHO Jjist ONHON CHCTEMBI
upejcrasuresieit, o C # 0.

7.40. Ilycts ay,...,a, — HaTypasjbHble udncia. Jlokaxure, 910 CBOOOIHBIN KOdMDUIMEHT B

MHOrowwieHe Jlopana
a;
i#] J

paBeH MYJILTUHOMHUAJILHOMY KOIMDMUITUEHTY
a+ -t a (a1 4+ - +ay)!

n
ay as ... ap [T, a!

7.41. Ilycts aq, ..., a, — HaTypajbHbIe YHCIa, & b; = (Zg aj) — a;. Jlokazkure, 910 KO3(DDhu-

b
UEHT IIpu MOHOME 1711 .. J]?L" B MHOI'O4JICHE

a;—1 a;

T T s = @) [ [ (i = ')

i<j \ s=0 t=1
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C ImapaMeTpoM ¢ PaBeH ¢-MyJIbTHHOMHUAJIbHOMY KO3bduiimenTy

<a1 + e+ an) _ Hglz_;l_..--l-an(l _ qs>
ap az ... Gn/, [T IS (= a)
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8. 'EOMETPUA
8.1. Pa3ubie 3agavu.

8.1. Ilycrh cMemaHnoe TPOU3BEeHIe TPEX BEKTOPOB a, b, ¢ € R? mo momymo ne menee 1. Jo-

KaXXuTe, 9TO BEKTOPHOE IIPOU3BEICHUIEC KaKOI-TO ITapbl U3 9TUX BEKTOPOB II0 MOJ/YJ/IIO HE MEHEe
1.

8.2. Ilycth B R? nanbl n npaMbix. JJoKasKuTe, 4TO CyIIecTBYeT HeHyJIeBOil MHOIOYJICH CTeleH:
< 34/n, KOTODbIii O0HYJIAETCA HA BCEX MPSIMbIX.

8.3. [lokakuTe HepaBEHCTBO I MOJIOKUTEJIBHBIX a, b, ¢, d:

Va2 + b2 +2/3ab\/c® + d? + 2/3cd + /a2 + d2 + 2/3ad\/b? + 2 + 2/3bc >
> /a2 + 2 + 2/3ac\/b% + d? + 2/3bd.

8.4. Tlyctn cevenue xonyca x2 + y* = 22 (z > 0) WIOCKOCTBIO ABJIIETCs JLTHIICOM. JloKazxKuTe,
9TO Y HPOEKITUH 9TOTO 3JLANIICA Ha IJIOCKOCTh )Xy Hauaso KOOPAMHAT ABIAETCH (DOKYCOM.

8.5. Ha mpoBonounyio e MHIYIHYIO OKPYXKHOCTb MayK HATIHYT mayTuHy. [layTmHa mpesacras-
JseT u3 cebd miaockuil rpad ¢ mpAMBIME pEOpaMu B KpyTe, OTPAHUYEHHOM JIAHHOW OKPY2K-
HOCTBIO; W3 BepINUH rpada, JexKalmx Ha OKPYKHOCTH, peOpPO BBIXOJIUT BHYTPb OKPYZKHOCTU
HEPHEHUKY/IAPHO eif; a B KaxKJI0il BepIuHe rpada BHYTPU KPyra CyMMa €JIMHUYHBIX HUCXOs-
X KacaTe/JIbHbIX BEKTOPOB K pédbpaM rpada mysesas. /Jokaxkure, 9To JIUMHA ITayTUHBI PABHA
KOJIMYECTBY €€ BEePIIUH Ha OKPYKHOCTH.

8.6. Paccmorpum addurnoe mpeodbpazoanne A : R" — R". Jlokaxute, 910 cyriecTByeT ad-
dunnrag runeprutockocts H C R™ co ciaemyrommm cBoiicTBoM: mpu JjiodoMm x € R"™ oTpesok
[z, Az| mepecekaer H.

8.7. Ilycrs K — KOMITAKTHOE IIOJIMHOYKECTBO €BKJIMJIOBa IpocTpaHcTBa, a f : K — K —
orobpazxkenue, Takoe uto |f(z) — f(y)| = |z — y| mua mobbix x,y € K. Jlokaxure, uro f Ha
CaMOM JIeJIe COXPAHSET PACCTOSHMUS.

8.8. Ha kaxjom pebpe TpéxrpanHoro yria c¢ Beprmuoii O ormerwin 1o mape Todek: (Aj,
AQ), (Bl7 Bg) n (Cla CQ) Toukn Ag, Bg n Cg — CcepeauHbl OTPE3KOB AlAQ, BlBQ n 0102
cooTBeTcTBeHHO. lokaxkure, uro nepecederne TerpadapoB OA; B1CT u OA;ByCy comep:kurcs
BHYTpH TeTpadapa OAs3Bs3Cs.

8.9. B CpemmseMHOM MOpe eCTh 9eThbIpe OCTPOBa «, 3, Y U 0, Ha KOTOPBIX KUBYT MaTeMaTHKN
A, B, I'u A. Kak-T0 yTpoMm, OHM Pemnin, 9T0 KaxKIblii 000HIET CBOIl OCTPOB OJMH pa3 IPOTHB
JaCOBOM CTPEJIKM, NPUIEM TakK, 9TO BCE BpeMs UX IOJIOXKEHHs Oy/yT 0Opa30BBbIBATH KBaJIpaT
ABT'A. VauBurebHO, HO UM 3TO yaajock. Haiiaure miomaib ocTpoBa ¢, €CIi U3BECTHBI I1JI0-
a1 OCTPOBOB (v, 3 U 7.

8.10. B mpoctpancTse R? pactosnoKeHbl HOMAPHO PA3INIHBIE TOUKA T1, . . . , T, Y1, - - - s Yn, TPH-
qém d < 2n — 2. Oka3aioch, 9TO PACCTOSTHUSA

|$1—y1|=|mz—y2|=---=|xn—yn|Za,

a OCTaJIbHbIE PACCTOAHUS MEKJIy TTapaMK PA3HBIX TOYEK U3 HAIlero Habopa paBHbI HEKOTOPOMY
qucity b. Jlokaxkure, 9TO BCe TOYKH JIEKAT B HEKOTOPOM N-MepHOM adOUHHOM MOITPOCTPaH-
ctee A C R4

8.11. IlycTh Ha"Ya/I0 KOOPIMHAT JIEXKUT CTPOTO BHYTpHU cuMILiekca B R™ ¢ BepmmmHamu vy, . . . , Uy,.
okazknre, 9TO CymecTByeT He MeHee n nmap ¢ < j Takux, 9To Zv;0v; > 90°.
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8.12. Ilpearonokum, B € IMHIIHOM IIape HEKOTOPOI'O €BKJIMIOBA ITPOCTPAHCTBA HAXOJAATCI 21m
TOYEK X1, ..., Tom,. JJOKaxKHATE, 9TO UX MOKHO pa3dUTH Ha JIBA MHOXKECTBA U3 1M TOYEK KayKJI0e
TaKUM 00Pa30M, 4TO IEHTPHI MACC ITUX JIBYX MHOXKECTB OKaXKyTCsd Ha PACCTOAHUM He Hojiee \/Q—E

JIPYT OT JIpyTa.

8.13. Ha mrockoctn HapucoBaH cBsa3HbIH rpad G oTpe3kaMmu, MepeceKatoninMUCs TOJBKO 110
kouraM. [Ipesmooxkum, 9o J1o0bIe JIBe TOYKU X, Y B BEPIIUHAX WK PEOPax rpada, pacCTosiHIe

T
MeZKJTy KOTOPBIMU Ha IIJIOCKOCTH |Ty|, coepuHseT myTh B rpade JIIMHBI MEHBINeld, dem §|$y]

Hokazxkure, aTo B 3T0M ciaydae G — JIepeBo.

8.14. Paccmorpum nabop {hi,...,h,} abdunnbx runepmiockocreit B R? u oproronaibhbie
HPOEKIUN T, ..., T, HA COOTBETCTBYIOIINE THIIEPILIOCKOCTH. JloKaxKuTe,9To CymecTByeT KOH-
cranta C Takasi, 9T0 Jiisi JIEOOOil I0C/Ie/I0BATEILHOCTH UHIAEKCOB o = (i1, 19, . . . , i,y ) U3 MHOXKE-
cra {1,2,...,n} KoMIosurust

Tq = Tjy O Ty O+ O Ty,
umeer cBoiicTBo: |7, (0)| < C.

8.2. BeimykJjiasi reomeTpusi.

8.15. Bryrpu ocrporo Beimykiaoro kouyca C' C R"™ gana Touka m. JokazknuTe, 9TO CyIIeCTBYeT
eJINHCTBEHHAsI THIEPILIOCKOCTh H , KoTopas oTpe3aeT or C' MUpaMuIy ¢ IEHTPOM Macc m.

8.16. TpéxmepHbIil BBITYKJIbIII MHOIOTPAHHUK KOMOMHATOPHO SKBUBAJIEHTEH TPABUJILHOMY OK-
Tadv APy, TO €CTh MMEET 8 BEPIINH, U3 KaXKJO0W BBIXOJUT 10 4 pedpa, W T'PaHU SBISAIOTCS Tpe-
yrojbuuKamMu. Ero rpanu packparieHbl B YEPHBINA U OeJIbIil I[BeTa TaK, 9TO COCeIHUE 10 pedpy
rpaiu pa3HorBeTHbl. OKa3a/10Ch, 9TO TIPHU KazK/I0# BEPIITMHE CyMMa I6PHBIX YIJIOB PABHA CYMMe
Oesbrx. JlokaxknuTe, 9TO CyMMa MO el YEPHBIX I'PaHell paBHa CyMMe ILJIONa el OeJIbIX.

8.17. Hokaxkwure, uro Jroboe ceuernne kyba Q = [—1,1]" C R™ guneiiHbIM k-MEPHBIM TIO/IIPO-
crparcreom L C R™ mveer guamerp He Menee 2v/k.

8.18. Haiiiure MakcHMaJIbHO BO3MOXKHBINA (17 — 1)-MepHBIH 00BEM OPTOrOHATIBLHOM IIPOEKIINH
IIPaBUJILHOI'O KPOCCIOJINTOIIA,

Ha T'MIIEPIIJIOCKOCTD.

8.19. Ilycrs cummieke S C R™ comepkut cranmaptHblii exuanaabii Ky6 [0, 1), Jokaxkure, aro
S COmepKUT OTPE30K JJINHBI 1, MapaJIeIbHBI OMHOM N3 KOOPAUHATHBIX OCEl.

8.20. Duumuricony, E comep:kutcs B cuminiekce A, KOTOPbIl HAXOAUTCS B €IUHUYHOM Iape B
npoctpanctBa R". Jlokaxkute, 9T0 cCyMMa IVIABHLIX TI0JIyoceil 3jumiicon;ia F' ne 6oJiee e IMHUTIBI.

8.21. Ilycrh slomaHast v, HaXO/SAIIAsACH Ha TOBEPXHOCTH €MHUIHOTO Kyba [—1, 1], coemunser
HEKOTOPBIE JIBE TPOTUBOIIOJIOXKHBIE TOUKH Ha TIOBEPXHOCTH 3TOr0 KyOa. /lokaxkure, 94T0 €€ JmHa
He MeHee 4.

8.22. oxkaxkure, aro ecau MHOKecTBO X C S" 3aHuMaeT OOJIbIe MOJIOBUHBI PUMAaHOBA 00bEMA
eIMHUIHON chephl S™, TO MHOYKECTBO BCEBO3MOYKHBIX T'€0/Ie3NIEeCKUX OTPE3KOB JIJIMHBI MeHee T
¢ KOHIIAMU B MHOXKeCcTBe X TMOKpPBIBaeT BCio cdepy. [eodesuueckasn na chepe S™ — 910 KpuBasi,
JieKalas Ha HeKOTOPOH OKPYZKHOCTH Iiepecedenus ccepbl S” C R npymepHbIM mHeiHbIM
noapocrpancrsom L C R

8.23. Haiiure MUHUMATBHOE YUCIIO ¢, (3aBUCSINEE OT HATYPAILHOTO 1) CO CJEYIOIIIM CBOM-
crBoM. ljist siro6oro BeIyKIoro (3amMkHyToro) resia K C R™ ¢ meHTpoM cuMMeTpun B Hadase
KOOP/IMHAT, KOTOPOE COAEP>KUT POBHO 1M TOYEK C IeJIBIMA KOOPIUHATAMHU, JIFOOOH IMapaJiieib-
HBIIT TIepeHoc Tesia K cojiepKuT He DoJiee ¢, M TOUeK C IEeJbIMUA KOOPIUHATAMHU.
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8.24. Hns Bbimykjioro kommnakra K C R™ mazopém Touky x € 0K cuavno kpatinet, eciu
Haiiéres map B O K, takoit uro x € 0B. [okaxkure, uro K paBHO 3aMBIKAHUIO BBIITYKJION
000JIOYKH CBOUX CUJILHO KPallHUX TOYEK.

8.25. Ilycts K C R"™ — 1ieHTpaibHO CHMMETPUIHOE BBIITYKJIOE TeJI0. JloKazKuTe, 9T0 SJIIUIICONT
MakcuMaJbHOTO 00béMa F, conepxkauiics B K, e uHCTBeHHBIN 1 00J1a/1aeT cBofictBom F C

K C \/nE.

8.26. B mpocrpancTtBe R" ¢ HeKOTOpOil HOPMOI JaHbI HECKOJIBKO BEKTOPOB U1, . .., Uy, HOPMA
Kaxkgoro ne 6osee 1. /lokazkure, ITO MOXKHO BHIOPATh 3HAKHU TaK, 9TO BhIParKeHUE

’Ulii:’UQ:l:"':l:'UN
Oy/ieT BEKTOPOM HOPMBI He 0oJiee n.

8.27. B eBkmumoBom mpoctpancTBe R” 1aHbl HECKOJIBKO BEKTOPOB U1, . . ., Uy, JJIAHA KaZKJIOTO
He 6oJiee 1. [lokarkuTe, 9TO MOYKHO BBIOpATh 3HAKH TaK, 9TO BbIParKeHHE

’Uli’Ugﬂ:"'ﬂ:UN
Oy/leT BEKTOPOM JJIMHBI He GoJiee /N

8.28. B mpoctpancrtee R" jmano konednoe MHoxKecTBO TodeK X. M3BecTHO, 4TO 1 JTIOOOTO
noaMuoxkecTBa Y C X u3 He Oojiee n + 1 TOUKHM HalaéTcs eIUHWYHBIN 1map By, comepxka-
muit Y u He cojeprkaiiuii Havas0 Koopauuat. Jlokaxkure, 9To HaflIéTCsa e uHUYHbIN map By,
cofep:Kamuii X 1 He cojiepKallluii Hav9aJI0 KOOPIMHAT.

8.29. CymectByer Jin Takoe Boilykjoe Tejio K C R™, 4T0 BesgKoe BBITYKJI0€ TEJIO Ha IIOCKOCTH
R? apnserca ero cedernnmem A N K nsymepabiM adgduaEbIM mogmpocTpanctsom A C R” ¢
TOYHOCTBIO 110 adbdurHOro peodbpazoBanus? (CedeHne 06s3aHO MEPECEKATh BHYTPEHHOCTD K )

8.3. Tpuanrynsmum n 6JIM3KUe BOMPOCHI.

8.30. lokaxkuTe, IYTO €CIU N-YTOJHbHUK MOYKHO TPUAHTY/JIMPOBATH TaK, UTO CTEIEHW BCEX BEp-
IIUH TPUAHTYJIAIUK (BKJIIOYasi MCXOHbIE BEPIIUHBI N-yTOJBHUKA) Oy/yT YETHBIMU, TO 1 JIJIUT-
cd Ha 3.

8.31. Ilycth aHo MHOXKECTBO TOYEK Ha IJIOCKOCTH X , cojiepxKailiee n Todek. /lokaxkure, ato X
MOXKHO MOKpacuTh B 10Inn 1[BETOB ¢ BBINIOJHEHUEM CJIEIYIONIErO YC/IOBUA: JIJId JTIOOOr0 Kpyra
D, nepecekaroriero X, Haii€Tcs 1BET ¢ TaKOi, 9T0 [ COAEPKHUT POBHO OJHY TOUYKY IIBETA C.

8.32. /lokaxkure, 9TO y BCSIKOI'O BBIMYKJIOTO MHOTOyrosbuuka P = Ay, ..., A,, A; Ha miocko-
CTH HANJAETC KaK MHUHUMYM JIB€ BepIUHLI A; CO CJEIYyIONUM CBOHCTBOM: ONMUCAHHBIA KPYT
tpeyroipunka AA; 1 A;A; 1 (MHIEKCHI IO KPYTY) He COAepKUT BepinH A; BHyTpH cebst.

8.33. JlokaxkuTe, 9YTO y BCAKOTO BBIYKJIONO MHOTOyrojbHuKa P = Ay, ..., A,, A] Ha ILJIOCKO-
CTH HaNAETCS KaK MUHHMYM JIB€ BEPIIUHBI A; CO ClegyommM cBoicTBOM: P CONepKUTCS B
OIMCaHHOM Kpyre Tpeyrojbauka AA; 1 A;A;11 (MHIEKCH TI0 KPYTY).

8.34. JlokaxkuTe, 9TO Y BCAKON 3aMKHYTON JIBaXK/ bl JUdOepeHnnpyeMoil BBITYKIOH KPUBOIT HA
IIJIOCKOCTU €CTh He MeHee JIBYX MUHUMYMOB U HE MeHee JIBYX MaKCUMYMOB KPUBU3HBI.

8.35. Ha mmockocTn JaHbI YETHOE YUCJIO KpPpaCHBIX TOYEK 1 O/IHa CUHAA TOYIKaA B O6HJ,€M IIOJIOZKE-
HH (HI/IKaKI/Ie TpHU U3 JJaHHBIX TOYEK HE JIezKaT Ha O,ZLHOI'?'I HpHMOﬁ). rHOKa}KI/ITe, 9TO KOJINYIECTBO
TPpEeYroJIbHUKOB C BEPIIMHAMU B TpéX KpPpaCHBIX TOYKaX, ITIOKPbIBAOIIUX CUHIOIO TOYKY, 9ETHO.

8.36. lokaxkuTe, 9TO MapaJsuiesienuIie]] ¢ OCHOBaHueM B IiockocTn 0ry Helb3d pa3pe3aTh Ha
TeTPas/Iphl, KaXK/IbIIf N3 KOTOPHIX UMeeT I'paHb, MapaJiebayio 0xy.
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8.37. JlokazknTe, 9TO ecyu y MHororpananka P C R? Gosee 12 rpamneit, To HeKOTOpas ero rpaHb
nMeeT He MeHee 6 CTOPOH.

8.38. Jloxkaxkure, uro MHororpanuuk P C R? ¢ n BepmumHaMu Heslb3s paspes3aTh MeHee 4eM Ha
n — 3 TeTpas’Ipa.

8.39. Broinykiiblit MmHOrorpanuuk M ¢ TPEyroJbHBIMU IpaHAMU pa3pe3aH Ha TeTPasJIpbl; Bce
BEPIUHBI TETPAIPOB SBJIAIOTCS BEPIINHAMUA MHOTOIDAHHUKA, U JIIOOBIE JIBa TeTpasdjipa JinoOo
HE IIepeceKaroTcs, 0O IepeceKaroTcs Mo oOIeil BepIruHe, o0IeMy pedpy Wind ODIei TpaHu.
JlokaxkuTe, 9TO He MOXKET OKa3aThCs, YTO Y KaxKJ0r0 TeTpadapa POBHO OJIHA I'PAHb JIEXKUT Ha,
nopepxuoctu M.

8.40. MoyKHO JIM pacIOJOXKHUTh B IPOCTPaHCTBe R3 ThIcAYy IOHAPHO HE NepeKPbIBAIOIIIXCS
MHOTOI'DAHHUKOB, KOTOPBIE OY/IyT MOMAPHO KacaThCsl (TO €CTh MMETh ODIILYI0 YacTh TPAHU I10-
JIOXKUTEJIbHOMN 110111 ) ? MOXKHO Ju ¢/ie1aTh 9T0 Tak, YTOObI MHOTOIPDAHHUKHU OKA3AJIUCh PAB-
HBIME?

8.41. Ilycrs muoroyroabauk P C R? pasébur na tpeyronbuuxu 14, . .., Ty. Jinsa Kaxaoro tpe-
YTOJIBHIKA PACCMOTPHM €ro IeHTp omucannoit okpyzxuoctu ¢(7;) u ero mwiomass vol T;. loka-
JKUTE, ITO BEKTOP

>, vol Ty - o(T:)
> volT;

3aBUCHUT TOJILKO OT P U He 3aBUCUT OT ero pa30ueHus HA TPEYrOJIbHUKH.

c(P) =

8.42. JlokaxKuTe aHAJOTHYHOE YTBEpK/leHne Jiid pa3buenus muororpannuka P C R™ na cum-
ILJIEKCHI.

8.4. IloKpbITHS U yIaKOBKH.

8.43. IIpm kakux n npocTpancTso R" MOKHO pazOUTH Ha €JIMHUYHBIE N-MepHbIE KYObl U ITOKpa-
cuTh KyObl B .+ 1 1iBer Tak, 9To0bl (3aMKHYTHIE) KyObI OJTHOIO ¥ TOTO Ke IIBeTa He IepeceKa-
JIACH?!

8.44. Ilyctp muororpanuuk P C R" ¢ runeprpansamvu Fy, . .., F, cOlIEep:KAT Ha9aJI0 KOOPIUHAT,
a xonycel C',...,C,, ¢ BepmuHO# B HyJe MOCTPOEHBI TaK, 9T0 KoHyc C; COCTOUT U3 JIydUei,
POXOAININX Yepe3 TUIeprpanb F; n3 Hadasa KoopawHat. Jlokaxkure, 910 11000 HAOOP TOUEK
T, .., Ty € R™ MOXKHO IIEpEHYMEpPOBAThH TaK, YTO CABUHYTbIe KOHyChl {z; + C;} monapuo He
[EPEKPHIBAIOTCS.

8.45. Ilyctp muororpannuk P C R" ¢ runeprpanamu Fi, ..., F), conepKuT HaYaI0 KOOP/IMHAT,
a konycol C',...,C), Cc BepHUIMHOI B HYyJe IMOCTPOEHBI TaK, 4T0 KOHyC (; COCTOUT U3 JIyd4ei,
IPOXOJIAIINX Yepe3 rutieprpanb F; u3 Hadasa koopaunat. JJokaxkure, 9To J11000it HAOOP TOUEK
T, ..., Ty € R™ MOXKHO TIEpEHYMEPOBATH TaK, YTO CABUHYTHIE KOHYCHI {z; + C;} MOKpBIBaOT
BCE mipocTpanHcTBO R™.

8.46. JokazkuTe, 9o R3 MOKHO Pa3bUTh Ha HATH KOHYCOB C BEPIIMHON B HYyJIE TaK, UTO IPE/IbI-
JIYIIHAE YTBEPKICHUs He OyJIyT BEPHBI /Il 9TOI CHCTEMBI KOHYCOB M HEKOTOPOT'O HAOOpa U3 IIATH
TOYEK T1,...,Ts5.

8.47. Ha miockoctn R? 0603HaMEH0 HECKOIBKO KBAIPATOB CO CTOPOHAMH 1 X 1, Iapasiae bHbIME
KOOPJMHATHBIM OCAM, U UX KOJUYIECTBO HEYETHO. /loKaxKuTe, 9T0 MHOKECTBO TOYEK ILJIOCKOCTH,
KOTOpbI€ HAKPBHITHI HEYETHBIM KOJTUIECTBOM 0003HAYUEHHBIX KBAIPATOB, HMEET ILIONIA b HE Me-
Hee 1.
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8.48. Ilycrs kpusag I' C R? zayana napamerpudecku kak 7 : [0, 1] — R?, npuuém napamerpu-
3arusi yJ0BJIeTBOpsieT ycyoBuio [éiibiepa

7(t) = 7(s)] < Clt — |
¢ C' > 0 u nmokazaresiem « > 1/2. Jlokaxure, aro [ He MoxKeT 3aMecTy eIMHUIHBIA KBAIpAT.

8.49. Ilycth Ha 1IOCKOCTH JaH NMPaBUIBHBIA TpeyroJbHuK K. /lokaxkuTe, 9TO JIJIT BCAKOTO
noJiozKuTeabHoro P maitiérca € > (0 ¢ TakKUM CBOMCTBOM: €CJIM B TPEYTOJIbLHUK [ TOMEIEeHbI
HECKOJILKO HEIepEKPBIBAIOIINXCSA TPEYTOJIbHUKOB K1, . . ., Ky, OTpUIIATEeIbHO TOMOTETUIHBIX K,
[TOIIAPHO HE IEePEKPBIBAIOIINXCs, U OCTABIAIONINX HEIOKPBITON He 6ojiee € mrommaan K, To ux
CyMMapHBIl TIepuMeTp He MeHee P.

8.50. Ilyctp B R™ ecTh KOHEUHOE ceMeiicTBO MmapoB By, ..., By, BO3MOXKHO pPa3HbIX PaJInyCOB.
JlokaxkuTe, 9TO MOYKHO BBIOPATh IOJICEMENCTBO B, ..., B;,, IONapHO HEIepeCceKaIoNUXC s IIa-
POB TakK, 4TO

M

M N
vol U Bij Z 37" vol U Bz
j=1 i=1

8.51. B TpéxmepHoM Kybe eIMHUTIHOrO pasMepa JaHbl 2n Touek. JlokaxKuTe, 9TO TOYKH MOXKHO
pas3buTh Ha Iapbl TakK, 9TO cyMMa KyOOB paccTosinmii B mapax oyjer ne 6osee 200.

8.52. Paccmorpun HenpepbIBHO 3aBucamiee or napamerpa ¢ € [0, 1] cemeiicrso mapos { By, (1) Hey,
y KOTOPBIX I[EHTPBI MEHSIOTCH TaK, IT0 |7;(t) — 2;(t)| (me 06s3aTe/IbHO CTPOrO) BO3pACTAET ISt
JHOOBIX § U J, & PaJyChl OCTAIOTC OCTOSIHHBIME. JIoKazKuTe, 910

N
vol U By, w)(14)

=1

(He 06s3aTEIBHO CTPOrO) BO3PACTAET.

8.53. Jlokaxkure, uro B R"™ HeJIb3s PACIOIOKUTH O0JIbIINE N+ 1 €IMHUTIHOIO BEKTOPA C TYIBIMA
yIJIaMHu MeKJLy JIF000i 1apoii BEKTOPOB.

8.54. [lokaxkure, uTo B R" HENb3s pacioioKuTh 60JIbIINE 21 € TMHUYHBIX BEKTOPOB ¢ HEOCTPBIMU
yIJIaMHu MEKJTy JTI0O0i Tapoii BEKTOPOB.

8.55. Ilycrb vy, ..., v, — €IMHUYHBIE BEKTOPA B €BKJIMI0BOM TpocTpancTBe R™. /lokaxkure, 910
HallIeTCsT TaKoi eIMHUYIHBIN BEKTOP U, UTO s Joboro ¢ = 1,...,n Oyuer
1
|(u, v3)| < —=.

~
NG
8.56. MozkHo Jin HafiTu Takoe HaTypasbHoe unciao N u MHOxKecTBO TodeK X C R? co cieryio-

UM CBOICTBOM: JIJIA BCAKOT'O BBINTYKJIOTO MHOTOyTOJIbHUKA I mtomaau 1 nepecevenue K N X
comepkutT ot 1 10 N Touek?

8.57. Ilycrp K C R™ — neHTpaJbHO CUMMETPUYIHOE BBIMYKJI0e Teso. JlokaxkuTe, 9T0 B IIPO-
crparcTBe R™ MOXKHO pa3MeCcTUTh HElEePEKPBLIBAIOIINECS MTapaJlie/IbHbIe TIePeHOChl K Tak, 9To
IUIOTHOCTL YIaKOBKK Oyier ne Menee 2~ "1 Tlociemnee oszmHauaeT, 4TO Jis BCAKOIO IMapa
By(R) mounst o6béma mmapa, TOKPBITOro STUME MapasliebHBIME tepeHocamu K, Oyier He MeHee
27" 4 0o(1) npu R — +o0.

8.58. JlaHo mneHTpasbHO-cHMMeTpudHOe BbimyKaoe Teo K C R"™ u gano uuciao € € (0,1).
JToKazKuTe, 4TO HailJéTca MHOrOrpaHHUK L ¢ He Gosiee dem 3"c'™" BepIIMHaAMHU, TaKoil UTO
(1—-e)K CLCK.
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8.59. /lokazkuTe, 9TO Ha IJIOCKOCTU HEJIb3s PA3MECTUTH apaJslie/IbHbIE IEPEHOCHI OJTHOTO U TOTO
7K€ TPEeyTOJIbHUKA TaK, 9TO0bI IIOTHOCTh YIIAKOBKH (CM. OIIpejiesienne Bhie) 6blia 6osbie 2/3.

8.60. IIpemmoiozKuM, 4TO B €BKJIMJIOBOM IpocTpancTBe R MoxkHO pasmecTuTb N €IMHUTHBIX
IApOB TaK, 9TO OHU He MePEKPHIBAIOTCs (He [epeceKatoTesl 10 BHY TPEHHOCTSIM) 1 BCe KaCarTCs
eIlé OJHOI0 eIMHIIHOrO Iapa ¢ IeHTPOM B HadaJe KoopawHar. /lokaykuTe, 9To 171 JTH060T0
BoIyKJjI0ro Tefa K C R™ MoxkHO pasmectuth N HenepekpbiBaloIuxcs Kouii K (pasperaiorcs
OPTOTOHAJIbHBIE IPe0OPA30BaHUS U HapaJlie/bHble TIEPEHOCHI) TaK, YTO OHU BCe OyIyT KacarbCs
ncxoaHoro K.

8.61. Jlokaxkure, uTo B mpocrpancTBe R™, mpu J0CTATOYHO OOJIBIIIOM 7, HEIb3d Pa3MeCTHTD
IIOIIAPHO HeIePEeKPHIBAIOIINECS Iapbl €JIMHUIHOIO pPaJinyca C IIOTHOCTHIO YIIAKOBKU OoJiee,
gem 0.717".

8.62. Ilpennonoxum, ynanoch HajiTu HenpepbiBHYIO hyHKImO f @ R" — R takyio, aro f(x) < 0
npu |z| > 2 u npeobpazosanue Oypbe [ Besne HeoTpuiaTeabHo. JlokaxKuTe, 9TO TOI/IA HEJIb3s
YIAKOBATh OJMHAKOBBIE Mapbl B R™ ¢ IJIOTHOCTBIO Hojtee, 4emM

)
(n/2)V [on f(x) dy .. day,
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