1. AHAU3
1.1. ITocnnegoBaTeJILHOCTH.

1.1. JokaxkuTe, 94TO y BCAKOM MOC/IETOBATETBHOCTH JICHCTBUTE/IBHBIX YUCE] €CTh MOHOTOHHAS
IIOJIITOC/IEJIOBATETLHOCTb.

1.2. Ilycrs A — HecyéTHOE MHOXKECTBO JICHCTBUTE/ILHBIX duces. Jlokaxkure, 4TO CyIIEeCTByeT
CTPOTO BO3PACTAIOIIAs OCIE[0BATEILHOCTD (ay, ), BCE YIeHBl KOTOPOil mprHajexar A.

1.3. Ilycrb JaHa 10C/Ie[0BATEIbHOCTD JefiCTBUTENBHBIX Yucesl (I;,) 1 0Ka3aJ0Ch, YTO HOCJIe/I0-
BATEJIBHOCTD (3T,41 — 22,) cxopurcs. JJokaxkure, 94To (,) TOXKE CXOIAUTCH.

1.4. Jlokazkure, ITO MOCJIEI0BATEIBHOCTD a4y, = {an} (dburypusie ckobku 0603HAIAIOT JPOOHYIO
YaCTh) MPHU UPPAIKOHAIBLHOM (v IMEET MHOXKECTBOM YAaCTHYHBIX IIpe/esioB oTpe3ok [0, 1].

1.5. * JTokazKuTe, 9TO TIOCIEI0BATE/ILHOCTD G, = {an?} Ipu UPPalUOHAILHOM (¢ UMEET MHO-
JKECTBOM YaCTHYIHBIX MpeJIesioB orpe3ok [0, 1].

1.2. HemmpepbIBHOCTb.

1.6. Hoxaxkure, aro eciu pyuknus [ : R — R orpannvena n eé rpaduk 3aMKHYT KaK [TOJIMHO-
JKecTBO miockocTd R2, To GyHKIma f HempephIBHA.

1.7. Ilpueaure npumep dyuknun f : R — R ¢ 3aMKHYyTBIM rpadUKOM, KOTOpas He SBJISETCS
HeNpepbIBHOM.

1.8. CymecTByeT Jin HelpepbIBHAS HA OTpe3Ke (PYHKINS TaKasl, YTO €€ 3HAUCHNS B PAI[HOHA b
HBIX TOYKAX MUPPAIMOHABHBI, & B UPPAIMOHAIBHBIX TOIKAX PAITMOHABHBI!

1.9. Tlycrs f: [0,1] = R — nenpepsisaas dyukuus. JTokaxkure, 4To HAHJETCA MOIMHOKECTBO
X C [0,1] momuocTH KOHTUHYYM, Ha KOTOPOM (byHKIHMs f MOHOTOHHA.

1.10. CymectByet i crporo Bo3pactamomas f : R — R, Koropast npuHIMAaeT TOJIBKO UppaIu-
OHAJIbHBIE 3HATEHUsI!

1.11. Tlycrs f:[0,1] — [0, 1] — HenpepbiBHas dyukius. JJokaxKure, 4T0 MOC/IEJI0BATEIBHOCT
(), 3a/aHHAST COOTHOIIEHUSIMU

T € [07 1]7 Tpy1 = f(l’n)
CXOJIUTCsT TOTJIA W TOJIBKO TOTJA, KOTJIa limy, oo (Tpi1 — ) = 0.

1.12. Jna kakux « € (0,1) MoxkHO yTBepkKIaTh cienyioniee: eciau dbyukmus f : [0,1] — R
uenpepbiaa 1 f(0) = f(1), To naiinéres x € [0,1 — ] Takoit, uro f(x + a) = f(x)?

1.13. Jana orpanunventas u wenpepbiBHast dbyukims f : (0,+00) — R. Jlokaxkunre, ato st
aroboro T' > 0 HafiIETCs TTOCIIE0BATEBHOCTS (Ty, ), Takas 910 &, — +oo u f(x,+71)— f(z,) —
0 mpu n — oo.

1.14. Jdokaxkure, 9TO (PYHKIHUS OT &

f(z) = cos(x — 1) cos(x — x3) . .. cos(x — x,,)

i

JOCTUT'aCT MaKCUMYMa MO/YJid B TOYKE, HaXOILHHlefICH HE PaCCTOAHNUN HE MeHee on

U3 MHOXKeCTB cBoux mysneit {x; + /2 +nk | k € Z}.

OT KazKJI0I'0

1.15. Iycrs y dyaknun f: R — R B Kaxk10it TOUKe X CYIIECTBYET KOHEUHBIN IIPEIeT
= li :
9(wo) = lim f(x)

Hoxkaxkure, uro dbyHKIWA ¢(r) HEIPEPHIBHA.
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1.16. Ilycrs dynkmusa f: R — R TakoBa, uTo jyist j1060it Toukn xg € R
lim f(z) = 0.

T—T0

Hokaxkure, ato cymectByet g € R, Takoe aro f(xg) = 0.

1.17. Tlpeamomoxkum, uro ¢yaknus f : R — R B KaxK10if TOUKe MMeeT MpejiesT CJieBa U IpeIest
cupaBa. MoxKer Jin OHa UMeTh Hojiee YeM CUETHOE YHCJIO TOYEK pa3pbiBa’

1.18. CymecrByer s HempepbiBHas dyHKiug y = f(z), npuHEMaONas KaxkJJI0e 3HAYeHHe
y € R poBHO Tpu paza’

1.19. CymecrByer Jin HelpepbIBHAS (DYHKIINs, IPUHIMAIOINIAS KaXKI0€ JIeHCTBUTE/IbHOe 3HATE-
HIEe 96THOE TIOJIOKUTEIFHOE TUC/IO pa3?

1.20. @yukmusa f : R — R orobpaxkaer Besgkuil mHTEpBaJ HA WHTEpBaJ. BepHo jin, 910 OHA
HeIpepbIBHA!

1.21. Ilycre f:[1,400) — R paBHOMepHO HenpepbiBHa. Bepho s 4To
f(x)
a)
x
f (=)

6) cymecrByer lim, o —

OTPAHUYEHA;

1.22. Ilycrs moc/ieoBaTeIbHOCTh HelpepblBHbIX GyHKIMiA f, : R — R morogeuno cxoaurcs K
f: R — R, npuuém nocienosarenbuocts (f,(z)) yosiBaer no n npu jgobom . Jlokaxkure, 4ro
f mosyHenpepbiBHA CBEPXY, TO €CTh JIJIsi JIIOOOTO I

o) > T f(@)

1.23. Oyuxmusa f(z,y), HeupepbiBaas Ha [0, 1] X [0, 1], ob1amaer TaKuM CBOFCTBOM: IIPH BCIKOM
dbukcupoBarHoM x MuHEMYM f(Z,y) JOCTHraeTcsi pOBHO B ojHON Touke y = g(z). Jokaxure,
9TO TOoJTydeHHast Tak (byHKIMs ¢(x) HempepbIBHA.

1.24. Ilycrs f: [0,1] — [0, 1] — HenpepbIBHAsT GDYHKIMS, TPHIEM TIOCTIEIOBATEIBLHOCTD €€ UTe-

panuit fi(z) = f(x), fur1(x) = f(fu(x)) cxomures moTovuedHO K HENPEPBIBHON (DYHKIWMN (.
Hokazxure, aro f,(x) cxogurcs k g(x) pasromepro Ha [0, 1].

1.25. JlokaxkuTe, 9TO HEIPEPBIBHAS HA OTPE3KE MOJIOKUTETHHON JJINHBI (DYHKIUS JITOO MOHO-
TOHHA Ha KAKOM-TO MHTEpBaJIe, JITOO MPUHUMAET KaKoe-TO 3HaueHne OECKOHEYHO MHOI'O pa3.

1.26. CymectByer Jyin HenpepbiBHas dyuknus f : R — R, takag aro B j1060it Touke o € R

BBIIIOJIHACTCA
L) = S )]

B .

1.3. IIpousBojHbBIE.

1.27. Ilycrs f @ (0,400) — R muddepenmupyema u zgrfoo(f(x) + f'(x)) = 0. Bepno s, uro
CyIIeCTBYeT KOHEYHbIN M GECKOHEUHBI e et mEI-II—loo f(z)?

1.28. Tlycts ayisa aBaxk el auddepentupyemoit pyukiuu f : R — R mpu g06om z € R Bbimmos-
ugerca | f(x)| < A, |f"(z)| < B. Hokaxure, uro takxe Boinosnsercs | f'(x)| < vV2AB.

1.29. Jlokaxkure, aro eciau f : R — R Tpukabl HenpepbiBHO AuddepeHnupyeMa u eé TpeThs
IPOU3BOIHAs OTPAHUYEHA 110 MOIYJ/II0 dncjioM 12C, TO BBIIOJIHAETCS HEPABEHCTBO

[f(z) = f(y)| < Clz =yl
upu yeaosuu f'(z) = f'(y) = 0.



1.30. Haiignre mponsBOAHYIO /)i HATYpPAJIbHOIO k:
d2k
dx2k

1.31. Ilycrs mua muddepentmpyemoit dyukimmn f @ R — R okazamocs, aro f(x)f'(x) = 0 B
Joboit Touke x € R. /lokaxkuTe, 9TO 9TO MOCTOAHHASA (DYHKITHS.

(1 + x?)k—l/Q.

1.32. Ilycrs dbyukuus f : (a,b) — R He 06g3aTe/IbHO HEIIPEPBIBHA, HO UMEET MIEPBOOOPA3HYIO.
Jokaxkure, uro ecan f nmpuHHMaeT ABa 3HadeHusT A < B, To oHa 00S3aTeIbHO IIPUHUMAET U
moboe suadenne C € (A, B).

1.33. CymectByer s pyuknus f : R — R, koTopas npuHuMaeT HEHyJIeBble 3HAYCHUS B Pa-
IMUOHAJILHBIX TOYKAX, HYJE€Bble 3HAYEHUs] B UPPAIMOHAJIBHBIX TOYKaX, U Juddepennupyema B
NPPAIMOHAJIBHBIX TOUKAX !

1.34. lokakurte, 9TO HelpepbIBHAS HA WHTEPBaJe (DYHKIUS f BBIIYKJIa TOIJ/A U TOJBKO TOTJIA,
KOTJIa B KazKJIOM TOYKE T MHTEPBaJIa
s fl@4h) + fla—h) = 2f(2)

hlgilo h? > 0.

1.35. Ipeanonoxum, uro dynxmus f : R — R umeer npoussomnyio f*)(z) aaa moboro k u
soboro x # 0. Takzke npesmooxum, uto npu  — 0 (1 z = 0) oHa IpeICTaBIsIeTCs] B BHJIE
f(@) =ap+arx+ -+ apz” + o(z")

pu J1I000M HaTypaJbHOM k.

a) Obgzana m f umers npoussoauyio f*)(0) ma mo6oro k?

6) Tor »e BoIpoc HmpH ycioBuu, uTo Bee mpomssommbie f*)(z) orpammaensl B HEKOTOPOi
IIPOKOJIOTON OKPECTHOCTH HYJIA.

1.36. /lokaxkure, 9TO JjIsi JIIOOONO TPUTOHOMETPUIECKOTO MHOTOUJICHA CTEIEHU 7

n
T(x) =ap+ E (ay, cos kx + by sin kz) ,
k=1
C JIeHCTBUTEIBHBIME Ay, b, BBIIOIHSICTCS HEPABCHCTBO

max{|T"(z)| | x € R} < nmax{|T(z)| | x € R}.

1.37. Hokaxkure, 9TO Jijisi JIFOOOIO0 KOMILIEKCHO3HAYHOI'O TPUTOHOMETPHIECKOI'0 MHOTOUJIEHA,

CTereHu n
n
T(x) = Z e

k=—n
C KOMIIJIEKCHBIMHU Cj, BBIIIOJIHAECTCA HEPABEHCTBO

max{|T"(z)| | x € R} < nmax{|T(z)| | z € R}.

1.38. Hokaxwure, uro dyuknusa f(r) = sin%, npojoyikentast B Hyse kak f(0) = 0, umeer
1IepBOOOPA3HYIO.

1.39. Ilycts (a,)5, — mOCIEAOBATEIBLHOCTD JEHCTBUTEIBHBIX |nces. JlokaxKuTe, 9To Cyle-
crByer Geckoneuno uddepenmupyemas bynknus f : R — R, y koropoit f™(0) = a, nna
Becex n € Z7.

1.40. dokaxkwure, aro ecsm dyukius f(x) muddepennupyema wa uHTepsase (a,b), To oHa
ynosaersopsier yesosuio Jlummuna |f(z) — f(y)| < Lz — y| ¢ mekoropoit koncranToit L Ha
HekoTopoM unrepsase (¢, d) C (a,b).
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1.41. CymectByer i HenpepblBHO uddepeHmpyeMast grimd 13 R B R, nepesojdaiiad

)
paloHaJIbHbIEe YHC/Ia B PallMOHAJbHBIE, a UpPAIlMOHAJIbHBIE — B HUPpaIMOHAJIbLHbIE U CTPOIO
BBIIyKJIasl.

1.42. Tlyctb Geckoneuno riayikag f : R — R obiaiaeT TakKuM CBORCTBOM: JIJIA BCAKON TOUYKH
r € R cymecrsyer uncio n, € N, Takoe uTo J1a Beex n > n, npoussoanas f(™(x) pasna
nyso. Jlokaxkure, 9To f AB/IsI€TCS MHOT'OYICHOM.

1.4. Tonosioruss Ha nipsmoit n B R", PyHKINN HECKOJIBKNX MEPEMEHHBIX.

1.43. CymecTByeT Jin 3aMKHYTOE HECIETHOE TOJIMHOXKECTBO R, COCTOsIIIIEe TOJIBKO U3 MpPaIi-
OHAJIBHBIX 4Yuces?!

1.44. Hokaxxkure, 910 u3 JiI0OOTO MOKPBITHS MHTEPBaJIa OTPE3KAMU HEHYIEBOU JITMHBI MOYKHO
BBIOpATH He DoJiee YeM CYETHOE TOJIOKPBITHE.

1.45. JlokazkuTe, 9T0 y CIETHOINO YUCJIA OTKPBITHIX MHOYKECTB, IIOTHBIX B R™ (TO ecTh Takux,
3aMbIKaHie KOTOPBIX COBIaIaeT ¢ R™), mepecedenne BCerjia HEIyCTo u IoTHO B R™.

1.46. okaxkure, uro dbyuxnus f : R — R #He MoxkKeT ObITH HEIPEPBIBHOW BO BCEX PAIMOHA b
HBIX TOYKAX W Pa3pPbIBHON BO BCEX UPPAIMOHAJIBLHBIX TOYKAX.

1.47. Tlycts A, B — 1mBa HemycThIX momMHOzKecTBa R, mpmaém AN B = u BN A = ) (4epra
O3HavaeT 3aMblkaHue). JloKaykuTe, 9TO HAfi/yTCs JiBa HEIEPECEeKAIONIIXC OTKPBITHIX MHOMKE-
crBa U,V C R, takne uro U D A, V D B.

1.48. Ilycrs menpepsiBaas ¢ynknusa f : R — R rakosa, uro p(z,y) = f(x — y) okazanach
MeTprKoii Ha mpsamoit R. Bepro i, uto mepaBenctBo f(x) > c|x| BBINONHSETCS B HEKOTOPOI
OKPECTHOCTHU HYJIsI JIJIS HEKOTOPOI KOHCTAaHThI ¢ > 07

1.49. Iycrs dynknus f : R — R rakosa, uto p(z,y) = f(x — y) okasanach MeTpukoil Ha
R. Bepuo Jiu, uro HepaBeHcTBo f() > || BbIONHAETCS B HEKOTOPOH OKPECTHOCTH HYJIST JIJIsT
HEKOTOPOIl KOHCTAHTHI ¢ > (7

1.50. IlycTsb O o3navaer B3saTHE rpaHuIlbl MHOXKecTBa B R™. Bepro ju, uro mys moboro X C R™
BBITIOJTHACTCS

D(O(0X)) = (OX)?

1.51. IToctpoiite Kpusyio v : R — R? koTopas Jpazkibl HenpepblBHO quddepeHnupyemMa,
UMeeT €JIMHUYHYIO CKOPOCTH M OI'DAHMYEHHYIO KPUBU3HY, HE UMeEeT CaMOI€PecevYeHuil, U eIe
TakK, YTOOBI JIONOJTHEHUE K €€ 3aMBIKAHUIO OBLIO CBA3HO.

1.52. MoxHo sin unTepBas (a,b) npegcTaBuTh B BHJE 00beMHEHNsT CIETHOIO YHCIa MOMAPHO
HerepeceKaomuxcst orpe3koB? OHa TOUKa TOXKE CIUTAETCST OTPE3KOM.

1.53. MoxHo Jyin uarepsad (a, b) pecTaBuTh B BUJIE 00bEINHEHIST KAKOTO-JINO0 YUCIIA TIOMAPHO
HelepeceKamuxces oTpe3koB? OaHa TOUKa HE CINTAETCS OTPE3KOM.

1.54. Hokaxkure, 9To 3amkHyToe MHOKecTBO X C R, y KoTOporo kazkjas Touka r € X JIEXKUT
B 3ambikann X \ {2}, uMeeT MOIHOCTH KOHTHHYYMA.

1.55. IIpenmosnoxum, uro g yuakiun [ : R — R Beimosnserca ciaemyiomee. s aoboro € >
0 cymecrByer dyukmusa g : R — (0, 00) Takasi, 9T0 i BCAKON mapsel (z,y) JeHCTBUTEILHBIX
quce

ccmn |z —y| <min{g(z),g(y)}, 710 [f(2)~fly)] <e.
Jokazkure, 94To [ ABJIAETCA HOTOYCIHBIM IIPEIEJIOM MOCIEI0BATEILHOCTH HEIPEPLIBHBIX (DYHK-
mait R — R.



1.56. CymiecTByeT Jin HEIpePbIBHAS HA BCEl IJIOCKOCTH (DYHKIHMS JIBYX EPEMEHHBIX, UMEIO-
I[asi POBHO JIBA JIOKAJIBHBIX SKCTPEMyMa, TaKas 9TO 3HAYEHHE B TOUYKE JIOKAJTLHOTO MUHUMYMA
O0JIBIIe, IeM B TOYKE JIOKAJTbHOTO MaKCHMyMa?!

1.57. Ilycre rmagkas dbysxmus f @ R" — R umeer mynesoit muddepenmuan (rpajnent) B
KaXKJIOfl TOUKe CBSI3HOIO KOMITaKTHOIO MHOXKecTBa X C R™. JlokazkuTe, ITO OHA IIOCTOSTHHA, HA

X.
1.5. IaTerpanbl u psabl.

1.58. CKOJIbKO eCTh CIIoCcO00B (B CMBICJIE MOIIHOCTH) TIPEJICTABUTL YUCJIO 1 B BHJE KOHETHOM
nim OECKOHEYHOM CYMMBI HEKOTOPOTO TIOJIMHOYKECTBA MHOXKECTBa,

{o™" IneZ’}?

S

B,ILer Y = 1+2 — 30JI0TOE ceYdeHue.

1.59. Ilycrs dynkuus f uarerpupyema no Pumany wa orpeske [a,b] u f(z) > 0 maga aroboro
x € [a,b]. Jokaxkure, 9410

/abf(:p) dx > 0.

1.60. Ilycto f u g — nBe orpanmdenuble 2m-niepuojundeckue GYHKIUU « U [ — JBa IHUCJIA.
[Ipennomnoxum, aro byaknusa f(t) — f(t + «) + g(t) — g(t + ) oxkasanach uHTErpUpyeMOii
no Pumany na soboM KonedHOM oTpeske. Haiijmre BO3MOXKHBIE 3HAUEHHUs €6 MHTErpaja I1o
orpesky [0, 27].

1.61. IlycTh B yCJIOBHO CXO/IATIEMCS PSITY

IepecraBu/jin cjaaraeMbl€e U I10JTy4UJIN
0o

Z ag(n).

n=1

JlokaxkuTe, 9TO cyMMa psjia He TIOMeHseTcsd, ecjin Haiijérces M Takoe, 9TO Jijist JIIOOOTO N
lo(n) —n| < M.

1.62. [Toxkazkure, 9TO €CJM PsiIl » o | G, CyMMupyercs B cpeareM (o Hesapo), To mocsie1oBa-
D2 ) JA PAN ), —q Qn CY by pel Po), JIEN,
TeJILHOCTD (@) CTPEMUTCS B CPEJTHEM K HYJIIO.

1.63. O6ozHaIMM 03(n) YUCIO €IUHUI] B JBOUTHOM IIPEJICTABJICHUN HATYPAJbHOIO THCIIA 7.

HalJIUTEe CYMMY PAaa
SR
“—~ n(n+1)

1.64. Paccyorpum dynkumo f(r) = =22, JlokaxuTe, 4TO JJjI JI0OOr0 IOJOKHTEILHOIO T 1

HaTypPaJIbHOI'O 7t BBITIOJIHAECTCA
1

n+1

[f"(2)] <

1.65. [okaxkure, 910 ecau y OeckoHedHO audpepeHnupyeMoit Ha WHTepBaje (PYHKIUU BCE
IIPOU3BOIHBIE HEOTPHUIATEIbHBIE, TO (PYHKIUS aHATUTHIECKas .
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1.66. okazkute, 4T0 €CJd y o @, CyMMHpyercs B cpeateM (1o Yesapo), To dbyHKIHIO

flz) =) ana"
n=0

MOXKHO HEIPEPHIBHO MPOJIOJIKUTE ¢ nosiyunTepsaia [0,1) B Touky 1.

T ginx
dzx.
o shx

1.6. Pager ®ypbe u npeodbpazoBanue Pypbe.

1.67. Haiiyiure 3nadenne naTerpasa

1.68. IlycTh HenpepbiBHAsE PYHKIUS IIPEICTaBICHA CXOAAITIMC psijioM Pypbe:

o0

fz) = Z (a, cosnx + b, sinnz) ,

n=N

rae N > 1. Jlokaxure, uro oHa uMeer He MeHee 2N Hysteil Ha nepuoje [0, 27).

1.69. Ilycrb xq,...,oN — pas3jndHbIe YUC]Ia Ha moJayuHTepBase (—m, 7|, a ai,...,ay € C ne
Bce paBHBI HyJ0. JloKaxkuTe, 9TO MOCIe10BaTETHLHOCTD

¢, = &16111:1:1 + aQemxg 4ot aNemzN
He MOXKET CTPEMUTHCA K HYJIIO IIpX 12 — OQ.

1.70. IIycts f : R — R — 27-nepuoandeckas GeckonedHo mauddepennmpyemast QyHKITHA.

Iomoxkum
27 1/2
= ([ 1wk ar)
0

1 . o
,HOK&)KI/ITG, qTO II0CJIeJ0BaTC/IbHOCTD (mn/n> “MeeT KOHEUHBIH nan OeCKOHEYHDIH npeaeJr.

1.71. /Iokaxkure, 94TO ecu (DYHKIIUA yJIOBJIETBOPAET ycaoBuio 1 €ibiepa

|f(x) = f(y)| < Clz —y|*

Ha [—7, 7], T0o eé KoapbduimenTH Pyphe MOKHO OIEHUTH KaK

™

wl<o(Z)

n

1.72. Haittu nopsiziok yosiBanusi kosdduimenro Pypoe dyuknun f(r) = +/|z| #Ha [—m, 7,
PA3JIOZKEHHOI 110 TPUTOHOMETPUYECKOIl cucTeMe.

1.73. Ipeanosoxkum, 4To HeripepbiBHas 27-niepuonyunas dyukmnusa f : R — R obianaer takum
CBOMCTBOM: MHOYKECTBO €€ ¢IBUrOB { f(x +1) }1er TOPOXKIa€T KOHETHOMEPHOE TTOIIPOCTPAHCTBO
B npoctpancrBe HenpepbiBHbIX dyHKuit C(R). Tokaxure, 910 f — TPUrOHOMETPUYECKHIT
MHOTOYJIEH.

1.74. Paccmorpum dyskimio f € Ly[—m, 7| u eé gacruuanabie cymmbl psga Pypee T),(f, x).
Jokazkure, 910 151 JIFOOBIX @, b € [—7, 7]

/aan(f,x) dx—>/abf(x) d

pu n — 00. Bojtee npoctoii BapuanT — jokazkute 310 s f € Lo[—7, 7).
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1.75. CymectByer Jin HeHyJ1eBasi beckoneuHno muddepenimpyemas yakius f : R — R Taxast,
YTO JJIsT BCIKOINO MHOIOYJIEHA P MHTErpaJl

+oo
| @) ao
CXOJIUTCS W PABEH HYJIIO?!

1.76. IlycTh mocaeoBaTeIbHOCTD (A, )02 ) TIOJIOKUTE/ILHBIX UCENT yOBIBACT, CTPEMUTCS K HYITIO
U BBIYKJA (B CMBICTE (py1 — 20y, + Gpyq = 0 ipu n > 1). Jlokazkure, 910 cymMMa

o

Qo

5 + E a,, COSNI
n=1

HeoTpulaTe/JbHa B TeX TOYKaX, B KOTOPbIX OHa CXOJAUTCHA.

1.77. Hokaxwure, uro dbynkmusa f(x) = Y - 27" cos2"x ne muddepennupyema i B OJHOI
TOUKe.

1.78. Ilycth X — KOHEUHOE TIOJMHOZKECTBO PEIETKN Z2, cocTodIee n3 60Jee 9eM OTHOH TOUKH.
[Tpeamonozkum, aro capuramu X Ha [EJIOYUCIEHHbIE BEKTOPBI MOYKHO 63 riepecevdenuil (B OMH
c/10it) oKpwITh Z2. JTokaxkute, uro dynkuusa P: R? — C

P(ZC, y) _ Z ein:erimy

(n,m)eX
obpalaercst B HyJIb B HeKoTopoii Touke (z,y) € R2.

1.79. Ilycrs f HenpepbIBHA U 27-NIepHOJMYHA, & (/T WppannoHaJbHO. JokazKkuTe, 4T0 BbIpa-
JKEeHNe

f@)+fe+a)+---+ flzr+ (n—1)a)

IIpa . — OO CTPEMUTCA K CpeJHEMY 11O IIEPUOLY 3HAYEHUIO f

1.80. Ilycth oo/ mppalpiona bHo 1 Ha OKpyzKHOCTH |z| = 1 man orpesok [ jymust £(1). [Tocun-

TaeM cpeim Touex 1, e, ... ,ei(”_l)o‘ KOJTMYECTBO TaKUX, KOTOPBIe momaan B I, 0003HAYUM 3TO
KOJIMYECTBO @,,. Jlokaxkure, 94T0
Cooa, A1
lim — = Q
k—oo N 2

1.81. * IlycTe o/ m mppargonabio u Ha okpyzkuoctn |z| = 1 mam orpesok I jymust £(1). [Tocan-
TaeM cpely Todek 1,e', e e("=D’® koImUecTBO TAKNX, KOTOpBIE Tonain B I, obo3HaInM

I

9TO KOJInIecTBO b,. Jlokaxkute, 910

lim b—n = @
k—oo N 2

1.82. Ilycrs aj, = 2'~%. HaiiauTe 3HaYeHHe HHTErPAJIA

n .
oo 2 sinagx
|
ap
0 =1 K

B 3aBHUCHUMOCTHU OT N > 2.



1.7. @dyHKIMOHAJJBbHBbIE ITPOCTPAHCTBA.

1.83. TlociemoBare/ibHOCTE paBHOMEPHO HenpepbiBHBIX dyHKImit f, : R — R paBrHOMEpHO
cxomures K yuknun f @ R — R. Mox#o 1 yTBepK1aTh, 910 f paBHOMEPHO HElpepbIBHA !

1.84. Iycrs (f,) — paBHOMEPHO OTpaHUYEHHAs MOCJIEI0BATEILHOCTH MOHOTOHHBIX (DYHKITHI
Ha orpeske [a,b]. JlokaxkuTe, 4TO U3 HEE MOXKHO BBIOPATH MOTOYETHO CXOJAILYIOCS TIOJIIOCTIE
J0BATETHLHOCTb.

1.85. Ilpemnomnoxkum, sureiinoe orobpaxkenne T : C°(R) — C*(R) kommyrtupyer ¢ jud-
depenrupoBanneM n ymMHoxKenneMm pyuknuu #Ha x. Jlokaxkurte, uto T' — 3TO yMHOXKEHUE HA
KOHCTaHTY, T0O ecth T'(f) = ¢f ays HeKoTOpOit KOHCTAHTHI ¢ 1 Jitoboit f € C°(R).

1.86. PaccmoTrpuM GecKOHEYHBIE B 00€ CTOPOHBI ITOCIEI0BATE/THHOCTH KOMILIEKCHBIX YUCET ¢ =
(ck), k € Z, ¢ xoueuanoit mopmoit |[c|| = /D, |ck|?. IIycts T, — 910 omepanus casura mocie-
nosarenbHoct Ha M, (15,¢)r = Cp_pm. oKazkuTe, 9T0 JIsi BCAKOI TOCIEI0BATEILHOCTH C C
KOHEYHOIl HOPMO# HOpMAa II0C/Ie/I0BATECIBHOCTH
TOC + T1C 4+ -4 Tn,lc
n

CTPEMUTCH K HYJIIO 1pu 1 — 00. CJI0yKeHne  yMHOXKEHHE 110CJIE/[0BATETbHOCTH HA YHCJIO OlIpe-
JIeJIEHBI TIOKOMITOHEHTHO.

1.87. Ilycts dymkmua f : R® — R orpannveHa m HempepbIBHA, a TaKyKe OKa3aJ0Ch, 9TO B
KasKJI0# TOUKe T €€ 3HadeHne paBHO €€ cpeaHeMy 3HAYEHWIO Ha eUHUIHON cdepe ¢ MEHTPOM B
x. Jokaxxure, 9To f paBHA KOHCTAHTE.

1.88. Ilycts U : H — H — yuutaphblil onepaTop B rujibbepToBoM mIpocTpaHcTBe. [lokaxkure,
4TO JIJIs JII0O60oro © € H 10csenoBaTelbHOCTD

n
1 .
— E Uz
n 4
=1
cxoqurcd K Px, tie P — opToroHabHBIN IIPOEKTOP Ha IPOCTPAHCTBO MHBAPUAHTHBIX OTHOCH-

TebHO U BEKTOPOB.

1.89. Ilpeamonozxum, ato (f,)0 | — PaBHOMEDHO OrpaHIYeHHAsT TT0CIE0BATEILHOCTD (DY HKITHI
Ha orpeske [0, 1], aB/stomasicsi OpTOHOPMUPOBAHHON B CMBbIC/IE

/01 (@) fin(x) dz = Sy

Mozker Jin 1ocsIe10BaTeIbHOCTD f, () UMeTh TOTOYeYHBbIH mpeies1?

1.90. PaccMoTpuM BO3PACTAIOILYIO HOCIEI0BATEILHOCTD HEJIbIX Tucer (ng)5, ¢ ng = 0. Joka-

KuTe, 4T0 cucrema dynknuii (2™ )22 nosnma B C[0, 1] Torga u TOIBLKO TOrIA, KOIIA P
o
1
n
k=1 K

PACXOJTUTCA.
Vrazarnue. PaccmorpuTe cHadasia mojHoOTyY B HOpME L.

1.91. Tlpuaymaiite kakoii-uubynb 6asuc B mpocrparctse C|0, 1], To ecth cucremy byHKIMi
(pn)22,, Takyto uro Jrobasi gpyras wenpepbiBHas Gyukuus f : [0, 1] — R packiajbiBaercs B
PaABHOMEPHO CXOJISAIIUNCT Psi/l

f(iL‘) - Z anQpnCU)'
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Vrazanue. Cuauasia 3aMeTbTe, 9TO JIIOOYIO HEIPEPHIBHYIO (DYHKITUIO JIEFKO PABHOMEPHO IIPU-
OJIM3UTH KYCOYHO-/IMHEITHBIMU.

1.92. Bepuo i1, 9T0 ecu Ba JUHERHBIX roaupocTpancTBa V' u W ruibbeproBa mpocTpancTBa
BaMKHYTBI, TO uX cymma V' + W Toxke zamkayTa?

1.93. Hokaxwure, uro Besgkas obobmennas dyakius A € D'(R) nmeer neppoobpasHyio, TO eCTh
takyio p € D'(R), 1ro

p=A
B cMbIcie juddepeHmpoBanus 0000MEHHBIX (ByHKImit. JlokaxkuTe, 94TO JI0OBIE JIBE TIEPBOOO-
pas3Hble OJIHON U TOM Ke 0000MEHHON (DYHKIIMU OTJIMIAIOTCA Ha KOHCTAHTY.

1.94. O6o6ménnas dynknus A € D'(R) HaspiBaeTcst Heompuyamenvrotl, ecim
Ap) =0 e Besgkoit Berogy Heorpunaresnsnoit ¢ € D(R).

Jlokaxkure, 9TO y HEOTPUIATETLHON 0000MEHHON (DYHKIIMM €CTh pery/sipHas IepBooOpasHasi.

1
1.95. Iycrs f € L?0,1] — emecrsennosnaunas Gyskuus, u a, = [ 2" f(z) dr — eé MOMeHTBL
0

JokazaTb, 9TO
1

iai < 7r/f2(x) dx.
n=0 0

1.8. KoMIJjieKCHBII aHa/In3.

1.96. Haiiiure mHTErpas mo Kpyry

/ e’ cosy dxdy.
r24y2<1

1.97. Ilycrs nenpepnibias dyunkuus f : C — C rakosa, uto eé kBajgpar f(z)? okaszacs MHO-
rouieHoMm ot z. Bepuo jin, uro cama f — mHOrowIeH?

1.98. Ilycrs dyukius f(z) = Zf;o a, 2" B3aUMHO OJHO3HAYHO OTOOparkaeT eIUHUIHBINA JTUCK
D C C na orkpsityio obnacts U C C. /lokaxkure, uto 1iomaab U paBHa

oo
Zmﬂan\z.
n=1

1.99. Ilycres dyuknus f(z) anamurudeckas npu 0 < |z| < 2 u uHTErpa

/ ()P dady
0<|z|<1

cxomutes (3mech © = Re z, y = Im 2). Jlokaxkure, uro ocobeHHOCTH f(z) B HyJIe yCTpaHUMA.

1.100. /Tokaxkute, 9T0 (CyMMHPOBAHKE B CMBICJIE TJIABHOTO 3HAYEHIS )

+00 1

Cth: Z m

n=—oo

1.101. /Iokazkure, 4TO

00 2

. z
smz:z” 1— 55 |-

T™n

n=1
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1.102. Iycte dpyuknuu f u g anagurudeckue B objactu U. Okazaniock, 4To

[F) +lg(2)[ =1

BO Bceit obactu. lokaxkure, 910 00€ PYHKIIUN — KOHCTAHTHI.

1.103. Ilycrs f(z) aHamurudeckass B OKPECTHOCTH €JIMHUIHOIO KPYTa, a p(z) — MHOTOYIEH CO
crapimM Kodddummenrom 1. /lokarkure, 9TO BBIIOIHAECTCA HEPABEHCTBO
7(0)] < ma | ()p(2)].
zZl=
1.104. Ilycts P(z1, 22) — OJHOPOJHBI MHOTOYJIEH OT JIBYX KOMILIEKCHBIX IEPEMEHHBIX CTEICHN
n. Jlokaxkure, 410 obast TOYKa, B KOTOPOHl |P| npuHUMaeT MakCUMyM Ha €MHUYHOI cdepe
3 2 o . 1
S% C C?, naxonurest Ha paccTosiHUN (BO BHYTpeHHell MeTpuke cdepbl) He MeHee arcsin 5 or

epecedena MHOYKECTBa Hy/eil Muorowrena P co cdepoit S°.

1.105. Ilycrs kKordopMHOE 0TOOpazkeHHe MEPEBOJUT KOJIbIO T < |z| < R B Jpyroe KoJblo Ha
KOMILJIEKCHOM TIJIOCKOCTH ¥ ITPOJIOJIZKAETCS JI0 HEIIPEPHIBHOIO OTOOpasKeHUsI IPAHUITBI KOJIbIIa B
IPAHUILy HOBOTO KOJIbIla. /lokazkure, uro oTHOIIeHHe R/r mpu TaKOM OTOOpasKeHHN COXPaHs-
eTCs.

1.106. Ilycts npu koudopmuoMm orobpaxkenun [ : () — C obpas3 eaunumuanoro kpajpara ()
uMeeT Ioma s S, u nyctb [ u J — JiBe ero mpoTHUBOIOJJIOXKHBIE CTOPOHBI. Jlokaxkurte, 9TO

dist(f (1), f(J)) < V'S

1.107. TIpeamnosoKuM, 9mo TOYKU 21, . .., 2, € D (OTKPBITHI eJMHUIHBINA JUCK) MOKHO 0TOO-
pasuTbh B TOYKH Wi,...,W, € [ cOOTBETCTBEHHO aHauTHIecKoil dyukumeir f : D — D.

JokazkuTe, 9TO 3pMUTOBa POPMa
( 1— U)].{LT)@) "
L =220 /s

1.108. Ilycts A u B — upsmoyrojibHUKHN Ha 11ockoctu, a f : A — B — HenpepbiBHOE 0TOO-
paxKeHue, KOTopoe KOH(MOPMHO Ha BHYTpeHHOCTH A, orobOpakaeT rpaHuily A roMmeoMopdHO B
rpanuiy B, orobpazkasi CTOPOHBI MPSMOYTOJBHUKA A B COOTBETCTBYIOIIME CTOPOHBI ITPSIMO-
yroabauKa B. Jlokaxkure, 9to [ siBIseTcst Ipeobpa3oBaHuEM TOI00MS.

IIOJIO2KUTEJIbHO IIOJIyOIIpeJe/ICHA.

1.109. Ilycrs f — ananutudeckast yHKIMA Ha eIUHUIHOM Kpyre. Jlokaxkure, 4To Ji/InHa KPU-
Boit I', = { f(re’?) }2, MonOTOHHO BO3pacTaeT ¢ poctom 7 € [0,1).

1.110. Tokaxkure, uro npu « € (0,2) npeobpazosarue Pypbe Gyukuuu f(r) = ﬁ,

R +R e—ixy

= i —
J) = | e

b

IIOJIOZKUTEJIbHO JIJIs BCEX Y € R.

1.111. Ilycrs f(z) anamurnana B obmactu r < |z| < R. Jokaxknre, 9o (yHKIMS JefiCTBATE b
HOI'O apryMeHTa

g(x) =1In sup |f(2)]

|z|=e=

BBIyK/Ia BHn3 Ha (Inr, In R).

1.112. Ilycrs dyukuus f(z) amamurudeckas B mojoce a < Rez < b, HempepblBHA BILIOTH
JI0 TPaHUIBI STOM MOIOCHI M orpaHmyena Ha Geckomeunoctn Kak O(el™2™) mpu mexoropom
HaTypajbHoM m. Jlokaxure, yro u3 orpanndentoctu f(z) npu Rez = a u Rez = b cueayer
orpanmdenHocTs f(z) (Toif yke KOHCTAHTOI) BO BCeil mosoce.
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1.113. [dokakuTe, 4TO B yCJIOBUSAX MPEbLIyIIeH 3a1aun hyHKIIHA
M(x) = sup [f(2)|

Rez=x
JorapuMIIeCKn BBIIYKJIa HA OTPe3Ke [a, b].
1.114. HazoBéM 1iepecTaHoBKY a1, Qg, ..., A, 9UCeI 1, 2, ..., N nur000pa3nol, ecan
(a; —a;—1)(a; —a;41) >0 npuBcex i=2,...,n— 1.

O6o3naunMm depe3 A, KOJIMIECTBO TAKUX MMIJIOOOPA3HBIX MEPECTAaHOBOK JIHHBI N. [lycTh € —
qucsio Mexky 0 u 7/2. Jlokazkure, 9T0 IPU BCEX JOCTATOTHO OOJIBINIX 7. BEPHO HEPABEHCTBO

n!
(/2 —¢e)"

1.115. Jlokakute, uTo j3era~pyHknusa Pumana

((s) =) n

npoJiojizKaeTcd 10 MepoMopdnoit dyuknun npu Res > 0 ¢ IpocThIM IOJIOCOM TOJIBKO MPH
s=1.

Ap <

1.116. /lokazkuTe, 9TO CyMMa IO MTPOCTHIM YUC/TaM

fls)=>"

1
S
peP p
mmMeer mopsaoK In(s — 1) mpu s — 1+ 0.

1.117. IlycTtb @ m m — B3aMMHO MIPOCTHIE HATYpPaJbHbIE YucIa. JloKaxKuTe, 9To cymMMa

1

f(s) = Z >

peP p=a (mod m)

TOXKE nMeeT mopsiiok In(s — 1) mpn s — 1+ 0.
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2. BEPOATHOCTU

2.1. Haitnnre 06bEM MHOXKECTBA T€X TOYEK (T1, T, . . . , L) N-MepHOTO Kyba [0, 1], 17151 KOTOPBhIX
JIFOOBIE JIBe U3 KOOP/IMHAT OTINYatoTcs OoJiee uem Ha d, rie d > 0.

2.2. IlycTh Ha OKpPYZKHOCTH PAaBHOMEPHO M HE3aBUCUMO B COBOKYITHOCTH BBIOMPAIOTCS 1 TOYEK.
Haiijiute BepogATHOCTD TOrO, 9TO UX BBIMYKJIasi 000JI0UKA ITOKPOET IEHTP OKPYKHOCTH.

2.3. B kpyre Ha IJIOCKOCTH paBHOMEDHO W HE3aBUCHUMO B COBOKYIIHOCTH BbIOMpaioTcsd n > 7
To4ueK. BeposiTHOCTH KaKoro m3 JBYX COOBITHI OOJIbINE: «BBIIYKJas 000JIOUKA TOYEK OyJieT
TPEYTOJIbHUKOM» UJIU «BBIIYKJas 000J09Ka TOUYEK OYIET YeThIPEXYTOJIHLHIKOM» 7

2.4. B HEKOTOPBIX IEJIBIX TOYKAX HEOTPHIATEbHON deTBepTH (Z, )? B HaUaILHbBINH MOMEHT Bpe-
MeHn KuBET nndeknus (oboznadnm 310 MHokectso M ). Ha KazkmoMm TakTe BpeMeHu mponcxo-
T carepytoree: ey Touku (x+1,y) u (x, y+1) 3aparkeHbl, TO B CJIeLy 0NNl MOMEHT BDEMEHI
Oyser 3apaxkeHa u Todka (z,y) (M crapble KJIETKH OCTAHYTCs 3aparKeHHbIMU). V3BecTHO, UTO
HOJIb OKA3aJICA 3aParkEH 110 UCTEYEHUH HEKOTOPOro BpeMenn. Jlokaxkure, 4To

1
2 Trary 2!

(z,y)eM
2.5. Jlokaxkurte, 9TO 1IpA N — 0O
LA il
1 2 n! 2

2.6. Ilers u Baca urpator B Takyto urpy. llers mpuaymbiBaeT HEOTPUIATEIBHYIO CIYIalHYIO
BeJIMYUHY & ¢ MaTeMaTHIecKuM oxkujjanneMm EE = 1, mocste sroro Bacs, 3nag paciipejiesienne Be-
JIMIUHBI £, TPUJIyMBIBAET CBOIO HE 3aBUCAIILYIO OT & HEOTPUIATE/IbHYIO CIyIalHYI0 BeJIMIIHY 1)
¢ MmaTemMaTudecknM oxujganneMm En = 1. Jls kakoro muanmabHOro p [lets Mmoxker mpuaymars
BesimauHy & Tak, 9ToObI IIpH JIF0OOM BbIOOpE BeJIMYnHbBI 1) Baceil BbIOIHAIOCH ObI HEPABEHCTBO

P(n>¢) <p?
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3. JIMHEMHAST AJITEBPA
3.1. Marpunpbl, JleTepMUHAHTHI U JINHEITHbIE TPOCTPAHCTBA.

3.1. ¥V MaTpuiisl n X n CyMMBI YHCE]T B JIIO0OOI CTPOKE U B JIIOOOM CTOJIONE paBHBI Hyst0. Jloka-
JKUTe, 9T0 Bee €€ MUHOpHI (n — 1) X (n — 1) paBHbI 110 aGCOIOTHON BeJIUMIHHE.

3.2. JlokaxkuTe 9TO JJist OJIOYHON MaTpHUIIbI, Y KOTOPOIl JnaroHaJbHbie O6JI0KM KBaJpaTHbie 1 A
HEBBIPOXKIeHHAasI, BepHa (hopMmyJia

A B _
det =det A-det(D — CA™'B).
C D
3.3. Ilyctp B JimHeitHOM TIpocTpaHcTBe V' PasMepHOCTH N JJAHO CEMEMCTBO JIMHEMHBIX TOJIIPO-
crparcTB F. Jlokaxkure, aro Haiigérca mojacemeiictBo G C F u3 He OoJiee n MOAIPOCTPAHCTB,

nepecevueHne KOTOporo COBIAJIAET ¢ mepecedeHueM F.

3.4. IlycTb B BEKTOPHOM IIPpOCTpaHCTBE V' JaHbl KOHEIHBIE MHOXKECTBA, ST, . . . , Sy, CO CIACTYIONTAM
CBO#iCTBOM: JIjIs1 JIIOOOr0 Habopa MHIEKCOB 1 < i1 < iy < --- < i < n (BKJIOYasd HAGOPHI U3
OJIHOI'O MHJIEKCA) JINHeHHas 060JI0IKa

(S, US,U---US;)

nMeeT pa3MepHOCTh He Menee k. Jlokaxkure, uTo HaiiAETCs cucTeMa IpejcTraBuTesieit s; € S;,
KOTOPAad ABJIACTCA JIUHEHHO HE3aBUCUMON.

3.5. B R" nano k-mepnoe adpdunnoe muoroobpasme A. okaxkure, 910 B A ecTh BEKTOD, ¥
KOTOPOT'O He MeHee k KOOPJMHAT HYJIEBBIE.

3.6. Kakoit MozkeT ObITh MUHIUMAJIBHBII DAHT MATPUIBI A pa3Mepa 1. Xn ¢ HyJIsIMU HA JTUATOHAJIN
U TI0JIO’KUTE/IbHBIMU YHC/IAMU 38, IIPEJIe/IAMU JIMArOHAIH !

3.7. Jlano natypaJyibHoe 4ucjio n. [Ipm KakoM MakCUMaJbHOM Ak MOYKHO NPHIYMATb MaTPHILY
pa3mepa k X n ¢ anementamu +1, Tak uTO mpum Jir0OOI paccraHoBKe BMecTO +1 m —1 coot-
BETCTBEHHO IOJIOYKUTEJBHBIX W OTPUIATETBHBIX YUCEJ B 9Ty MATPHUILy €€ paHr Oy/eT paBeH

k?

n pad N
3.8. B eBkimnoBom npoctpancTse R" Hammcey k BEKTOPOB vy, . . . , U, IPHIEM v; - v; = 0 Torma
U TOJIBKO TOTJa, Korja |i — j| > 1. Jlokaxkure, 410 n > k — 1 1 9TO OIEHKa JTOCTHIAETCs MIPH
JIIOOOM 7.

3.9. lokazknuTe, 9TO €CIU MATPUILI C AeHCTBUTEILHBIME 3j1eMeHTaMu A 1 B 1moao0HbBI ¢ ITo-
MOIIBIO BO3MOYKHO KOMILIeKCcHOH Marpunpl S, A = S™'BS, To onn HOM06HLI M C IIOMOIIBIO
JEHCTBUTETbHOU MaTPHUIIBI.

3.10. Komrutekcuoe BekTopHoe ripoctpancTBo C” MOKHO paccMaTpuBaTh TAKXKE KaK BEIECTBEH-
HOe BEKTOPHOE IIPOCTPAHCTBO pa3dMepHOCTH 2n. /lokaxkuTe, 4TO J11000€ BEIMIECTBEHHOE MO/IITPO-
crparctBo L C C" BerecTBeHHOI pasMepHOCTH 21 — 1 CONEPKUT POBHO OJIHO KOMILIEKCHOE
nojpocrpancTBo L' C C™ KoMILIEKCHOI pasMepHOCTH 1 — 1.

3.11. Ilycts A — maTpuna n X n U3 JeficTBUTeIbHBIX dnces. Haiiure MakcuMaIbHOe 3HAYEeHe
det A mpu ycyioBum, 9T0 CyMMa KBaJIpaToB 3jieMeHTOB MaTpuiibl A paBha 1.

3.12. JlokazkuTe, 9TO BCIKYIO, He 00sI3aTeIbHO KBaJIPATHYIO, MATPHUIly A MOXKHO IIpeICTaBUThH
B BHJIE

A=UPV,
rie maTputibl U n V' KBajpaTHbIE HEBBIPOK/IEHHBIE BEPXHETPEYTOIbHBIE, & MaTpuria I cocTouT
u3 HyJIell U eJIMHUI], TPUIEM B KaxKJIOW €€ CTpOKe W B KaxKJOM CTOJIOIE CTOUT He 0oJjiee OHOIM
enquHUNBI. JlokaxkuTe, 9T0 MaTpuna P B 9TOM pa3jIozKeHU! OIpe/ie/ieHa OTHO3ZHATHO.
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3.13. IlycTth B BEKTOPHOM IIPOCTPAHCTBE JIaHbl JBa Oasuca Ti,...,T, U Y1, ..., Y,. JLoKaxKuTe,
YTO BEKTOPHI ¥J; MOXKHO IIEPEHYMEPOBATDH TaK, 4TO Jjisd jiroboro k = 1,...,n— 1 nmocjeioBare/b-
HOCTD T1, ..., Lk, Ykils-- - Yn TOXKE OyJIeT OAZUCOM.

3.14. B R" nanbr nBa G6asuca X = {z1,...,x,} 1 Y = {y1,...,Yn}, UPUIEM TEPBBIil U3 HUX

pa3out Ha Heryctble nogHadopbl X = X U- - - Xg. okaxure, uTo Y TOXKe MOXKHO PazOUTHL HaA
OTHAOOPBI COOTBETCTBYOMEro padmepa Y = Y7 U+ - -UY} rak, uro xkax et #Hadbop (X \ X;)UY;
(t=1,...,k) 6ymer 6azucom.

3.2. JIluneiinbie onepaTopskl.

3.15. Jokaxkure, aro eciu A mu B — juHeitHbIe OIepaTOPhl B OJHOM U TOM K€ IIPOCTPAHCTBE,
TO XapaKTepUCTUIEeCKHe MHOIOUIeHbl TpousBeaennit AB n BA onuHakoBbIE.

3.16. IlycThb 171 MaTpHIBI 1 X N OKas3asIoch, 9To tr A¥ = 0 mpu k = 1,...,n. JJokaxknuTe, 4To0

A" =0.
3.17. Ilyctb A u B — marpunpl 2 X 2 ¢ KOMIIEKCHBIMU 3jieMeHTaMu. /loKaKure, 4To

tr AAABBABAABBB =tr BBBAABABBAAA.

3.18. JlokazkuTe, 9TO COOCTBEHHBIE 3HAYEHUS JIIOOOH JIeHCTBUTEIBHON KOCOCHMMETPUYIECKOM
marpunsl (AT = —A) 4ucTo MHUMBIE U OHa JUMArOHAJIU3YEMa Ha/l T10JIeM KOMILIEKCHBIX YHCe.

3.19. Jlokazkure, 9TO ecju JUHEHHbIe omepaTopsl Ay, ..., Ar : V — V B KOHEYHOMEPHOM BEK-
TOPHOM IIPOCTPaHCTBE V' HaJl HEKOTOPBIM IojeM monapuHo KomMmyrupyior (A;A; = A;A; ns
JIOOBIX 7, j) M KaXKJIblii U3 HUX MOYKET ObITh JMArOHATM3UPOBAH, TO B HEKOTOPOM Oa3uce OHU
OJTHOBPEMEHHO MMEIOT JIMarOHaJIbHBIN BUIL.

3.20. /lokakure, 9TO €C/i CAMOCOIPS2KEHHBbIE JuHeiHbIe omepaTopbl Ay,... Ay : V. — V
B KOHEYHOMEDHOM 3SPMHTOBOM IIpocTpaHcTBe V' momapao KommyTupyior (A;A; = A;A; mis
JIFOOBIX 4, ), TO B HEKOTOPOM OPTOTOHATIBHOM 6a3uce OHU OJHOBPEMEHHO MUMEIOT JUArOHAJIbHBII
BH/I.

3.21. JlokaxknuTe, 9TO ecju JTUHEHHbIe omepaTopbl Ay, ..., Ar : V — V B KOHEYHOMEPHOM BeK-
TOPHOM IIPOCTPAHCTBe V' HaJI 0JIeM KOMIIJIEKCHBIX THCEIT MONapHo KoMMyTupyior (A;A; = A;A;
JUIsT JTIOOBIX 4, j), TO B HEKOTOPOM 6a3nce OHU OJJHOBPEMEHHO MMEIOT BEPXHETPEYTOJIbHBIN BUJ.

3.22. okaxkure, aro ecau oneparop A : V — V B HEKOTOPOM KOHEYHOMEPHOM SPMUTOBOM
npocTpascTBe V' KOMMyTHUpYyeT co cBouM compsizkéHHbiM (AA* = A*A), To B HEKOTOPOM OpTO-
rOHAJILHOM 0a3uce OH OY/JIET JUArOHAJIbHBIM.

3.23. Jlokaxkure, uro eciau orneparop A : V — V B HEKOTOPOM KOHEYHOMEPHOM €BKJIMJIOBOM
npocrpanctee V. kommyTupyer co cgoum tpancrnonuposannbiv (AAT = AT A) u umeer Tobko
NeficTBUTEIbHBIE cOOCTBeHHbIe 3Hauenus, To A = AT,

3.24. Bepuo ju, uto ecau oneparop A : V. — V B HEKOTOPOM KOHETHOMEDHOM €BKJIMIOBOM
npoctpancTse V. koMMmyTHpyer co couM Tpancrnonnposanubim (AAT = ATA), ro A = AT?

3.25. JlokakuTte, YTO €CJIU I KOMILICKCHON MATpPUIILI N X N U HEKOTOPOTO HATYPaJbHOTrO
qucyia m Beinosnsiercs A™ = id,,, To marpuia A JuaroHajn3yema.

3.26. /lokaxkure, 9TO JTIOOYIO KBaJIPATHYIO MATPUILY U3 JICHCTBUTEILHBIX YUCET MOXKHO IIPEJI-
CTABUTH B BHUJE CYMMBbI JBYX KOMMYTHPYIOIIUX MKy COOOM JIeHCTBUTEIbHBIX MATPHUIL, OTHA
13 KOTOPBIX JIMATOHAJIN3YeMa HaJ KOMILJIEKCHBIMU YUCJaMU, & Jpyras HAJIbIOTEHTHA.

3.27. Jlokaxkute, aTo J11000it orepatop A : V' — V B KOHEYHOMEPHOM 3PMUTOBOM IIPOCTPAHCTBE
V' B HEKOTOPOM OpPTOrOHAJILHOM Oa3mce UMeeT BEPXHETPEYTOJIbHbBIN BUI.
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3.28. Jlokazkure, 4TO JIJIs BCAKOIO 0OpaTUMOIro JIMHeHOro oneparopa A : V' — V' B eBKIMI0BOM
pocTpaHcTBe V HalIETCs OPTOrOHAIBHBIN Oa3uc ey, . . ., e, Takoi, YTO BeKTOphl Aey,. .., Ae,
TOKe 00pa3yoT OPTOrOHAJIbHBIN Oa3uc.

3.29. Ilyctb A = SU — nongpHoe pasjioxkeHune MaTpuilbl A pasmepa n X n, B Koropom S
HEOTPHUIIATEILHO ompejieena, a U — oproronajbha. VI3BecTHO, 9TO HA AMaroHa Il MATPUIL S
CTOAT €IMHUIIBI. ,Z[OKa}KI/ITe’ 9TOo CyMMa KBa,Z[paTOB JarOHaJIbHBIX 9JICMEHTOB ManI/H_H)I A HEe
boJiee n.

3.30. Ilycrs maTpuna P mpejcraBiser OPTOroHAIbLHOE IIPOEKTUPOBAHKME Ha IOIPOCTPAHCTBO
pasmeproctu k. s mabopa mumekcoB I = {iy,...,i;} obo3HakumM Py TJIaBHBI MHHOD Ha
1epeceveHnt CTPOK U CTOJIONOB ¢ mHjekcamu u3 [. /lokaxkure dhopmyrty Jjist MHOXKecTBa [ U3

{ < k unpexcon
P = E Pj.
J2OI:|J|=k
3.31. okaxkure, 9T0 HEeHyJIeBash KOMILIEKCHast MaTpuiia A pasmepa 2 X 2 SBJIsIeTCS KBaIPaTOM

(A = B?) rorga u ToabKo Torja, Korja A% # 0.

3.32. Ilycrs xBagparnas marpuia A = (a;;) umeer cobcrBennoe suatenne A € C. Jokaxure,

9TO JIJ1sI HEKOTOPOIO 1
A —aa| < lag].
J#i

3.33. Ilycrs B KBajgpaTHOil MaTpuile A BHeIMaroHaJIbHbIE 3JIEMEHTHI HEIIOJI0KUTE/IbHBIE, 8 CYM-
Ma 3JIEMEHTOB B KaxKJ0#l CTPOKe IoJIoKuTe bHas. Jlokaxkure, 9T0:

a) marpuiia A obpaTnmMa;

6) B obparHoit MmaTpuie A1 B KaxK10M CTO/OIE JMATOHABHBII 3JIeMEeHT — caMblil 6O/IbIIOf
10 MOJLYJTIO.

3.34. Ilycts n — meuérnoe uncio, a A = (a;;) — MaTpuIa n X n, y KOTOpoi a;; 3aBUCAT TOJILKO
OT Pa3HOCTH i — jJ 1O MOJYJIO N U CyMMa B IIEPBOH CTpPOKe HeoTpuraresbHa. Jlokaxknre, 9To
det A > 0.

3.35. OmnpezesnM mocae10BaTeIbHOCTD (t,(q)) ciaemyrommm obpa3omM

to(q) =0, tn1(q) , g n > 0.

. q
- tn(Q)
Haiitn nis kaxkgoro n > 1 MEUHMMAJIbHOE JE€HCTBATEILHOE MOJIOXKHUTEILHOE ¢, JIJIs KOTOPOIrO

tn(q) onpeneneno u pasHo 1.

3.36. Ilycre smueitHOE mpeodbpaszoBanue [ : R™ — R™ takoe, 9T0 JjisI HEKOTOPOI'O BBIIYKJIOIO
rera K C R™ okazanocs f(K) C K. Jlokaxkure, 9T0 BCe COOCTBEHHbIE 3HAUEHUS [, BKIIFOUYAsT
KOMILJICKCHBIE, TI0 MOJLYJIIO He OoJbiie 1.
3.37. Ilycts Ay, ..., Ax, B — KBaJipaTHbIE MATPUIILI OJIHOTO pa3Mepa, IPUIEM
Ag+ AB+ AB*+ -+ A.BF=0.
PaccmoTpum MHOTOWIEH ¢ JeficTBUTEIbHBIMU KO3 dutimenTaMu, 3alauiblil hopMyJIoit
2 k
g(X) = det (Ag + Atd + AN + -+ AR\
Hoxkaxkure, aro g(B) = 0, TO €CTh IIPH MOJACTAHOBKE MATPUIILI B B 9TOT MHOT'OUJIEH [TOJIYIa€TCst

HyJIEBad MaTpHUIia.

3.38. Ilyctp L — cuérHOMepHOE JIMHEHOe TpocTpancTBo, a A: L — [ — jmmHeliHOe oTOOpazke-
aue. O6o3naunm depes M nepecedenue JimHeRHbIX nognpocrpancTs N A™(L). ObsszarensHo
7 BeinostHsteTcst paBeHcTBo A(M) = M7
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3.39. Ilycte maTpuria S oproronajibua, a marputia [ —S obparuma, rje I — e uHUYIHAS MATPUIA
Toro ke pazmepa, aro S. [lokazkute, uro 3HaueHue Bbipazkenus x' (I — S) ™'z ne saBucur or
JIEHCTBUTE/IBHOTO eUHUIHOIO BEKTOpa T U HANRINTE 9TO 3HATEHUE.

3.3. KBagparuuubie OpMBI 1 CAMOCOIIPSI>KEHHBIE ONIEPATOPHI.

3.40. oxaxkure, aTo ecau marpuiia A xKococummerpudHas, a B — cUMMeTpPUYIHASA MOJIOXKH-
TEJILHO Olpe/iesiéHnasd, To AB MOXKeT oKa3aTbCsd CUMMETPUIHON TosbKO eciim A = 0.

3.41. JlokazkuTe, UTO IOJIOXKUTEJbHbIE YUCHA «@,b,C ABJIAIOTCSA CTOPOHAMH HEKOTOPOT'O Tpe-
YIoJibHUKa TOT'Ja W TOJIBKO TOTI'Ja, KOIIa

1+2chachbche > ch?a+ ch®b+ ch?c.

3.42. ObozHaunM

E(Z) =2 +a5+ - +25,
cTaHJapTHYIO KBajapaTuuHyio dopmy Ha R*~1. Tlycrs Q(Z) — npyras ksajaparuunas dopma
na R?"~1. JTokaxkute, 4To Haiinérca n-mepHoe jmHeitHoe nomipocrpanctso L C R* 1y uuciio
o € R, Takue aro mrg aobdoro & € L

Q(z) = aE(Z).

3.43. CymecrByer i pu KakoM-mb0 HaTypasiabHoM n orobpaxkenue f : (0,1) — R™, Takoe
910 J1/1 JIIOOBIX s, ¢ € (0, 1) Boimosmsercs
1

f(S)'f(t):l_—st

3.44. B eBkmmoBoM npoctpancTse E manbl asa noanpocrpanctsa U u V. Oneparop A : U — U
JleficTByeT Tak: BCAKUN BeKTOp o € U cHadajia OPTOrOHAJIBHO Mpoenupyercs Ha V., a moTom
MOJTY I€HHBIN BEKTOP OPTOTrOHAJIbHO mpoerupyercs Ha U. /lokaxkure, 970 A caMOCOIPSIZKEH.

2

3.45. Jlokaxkure, 9TO BEKTOP-CTPOKU V1, ...,V JJIMHBI N MOPOXKJIAIOT BCE IpocTpaHcTBO R™
TOT/Ia M TOJILKO TOTJIa, KOIJIa MaTpulla

T T T
B20101+U2U2+"'+Ukvk
HEBBIPDO2KICHHA.

3.46. B oproronajibHoit MmaTpuiie A BeIOpaJn JBe B3aUMHO JIOMOJHUTETLHBIX KBaIPATHBIX IO
marpurpl B u C' (T.e. cymma pasmepos Marpuil B u C' paBHa pa3mepy MaTpuilbl A, u Kaxjas
CTPOKa U KaxKJIplii crojiber; A copepxxkut jubo sjiementsl B, jmbo snementsr C'). lokaxkure,
aro det B = 0 Torma u ToybKo Torma, Kormga det C' = 0.

3.47. B oproronasbHoii MaTpurie A BEIOPAJIH J[Be B3AUMHO JOMOTHUTEILHBIX KBaIPATHBIX MO/I-
marpuiel B u C. okaxkure, aro |det B| = | det C|.

3.48. Jlokazkure, ITO JIeHCTBUTE/IbHAST CUMMETPUYIHAST MaTpUIia A HEOTPHUIATE/IHHO OlpeIesie-
Ha TOrJIA& U TOJIBKO TOIJIAa, KOIJIA JIJIA JIIOOOW CUMMETPUYHON HEOTPHUIATEILHO OIPE e ICHHOM
MaTpuIlbl B BBITTOJTHEHO HepaBeHCTBO tr AB > 0.

3.49. Ilycte A u B — JeiicTBUTE IbHBIE CHMMETPUIHBIE MATPUIIBI OJJHOI'O U TOTO YKe pasMepa,
BCe COOCTBEHHbIE 3HAYEHUS KOTOPBIX cTporo 6oJibire 1. /lokaxKuTe, 94TO BCe JIEHCTBUTETbHBIE
coOCTBeHHBbIE 3HAYEHUsT MATPUILI AB 110 MOy it0 ¢Tporo 6ostbiie 1.

3.50. Ilyctb A u B — TOJIOXKUTETIHHO ONPEIEIEHHBIE CHMMETPUIHBIE MATPUIIBI OJHOTO U TOT'O
ke pasmepa. Jlokaxkure, 910 Bce COOCTBEHHbIE 3HAYEHUsT MATPUIlbl A B JieficTBUTE/IbHBIE.

3.51. Ilycrs A4, ..., A, — KoHeunble MHOKecTBa. OOO3HAYNM Yepe3 a;; KOJTMIECTBO 3JIEMEHTOB
B MuOZKecTBe A; N Aj. Jlokaxkure, 9ro MaTpuna (a;;); j—; TOTOKUTEILHO MOJTYOIPe/IeIeHa.



17

3.52. Ilycrb Ha R™ (n > 2) 3ajanbl jaBe KBajparudnbie GopMbl (7 1 @z, COCTABIIAIOIINE OTOO-
pazkeHune

Q:R" = R?
Jlokaxkurte, 9T0 00pa3 eJIMHUIHON chephbl ITPU ITOM OTOOpaYKEHUN SIBJIAETCH BBITYKJION pury-
POTA.

3.53. ,Z[JIH ABYX ITOJIO2KUTEJILHO OHpe,ILeJIéHHbIX CUMMETPUYIHBIX MaTPUIT JJOKa2KUTE TO2KIAECTBO:

VA\VATBVAWA =B\ VB1AVB-VB,

rJe KBaJIPATHBIM KOPHEM IIOJIOYKHUTEIbHO ONPEeeIEHHON CUMMETPUYIHON MATPUIIbl HA3bIBAETCH
€JIMHCTBEHHAA II0JIOKUTEJIbHO OIpeleIéHHass CUMMETPUYHad MaTpHlla, KOTOpasd B KBaJjpare
JAET UCXOTHYIO.

3.54. Jlokaxkure, 9TO Jijisd JIIOOBIX JIBYX JIMHEHHBIX mojnpoctpancts V, W C R™ omxunakoBoit

pasMepHOCTH HailiéTcs opToronaabHoe mpeodbpasoBanue A : R” — R™, takoe uro A(V) = W
u A(W)="V.
3.55. Ilycts cummerpmanble marpuisl A = (a;;) 1 B = (b;;) HOIOXKHATEIBHO OIIPEIEJIEHBL.

Hoxazkure, aro marpuia C' = Ao B = (a;;b;;) (mosnementHoe npoussenenne marpui; A u B)
TOZKE MOJIOKUTEIHHO OIPeIe/IeHa.

3.56. ITycth B HAGOPE €IMHUIHBIX BEKTOPOB {¢€;} B R™ u3 j106bIX TPEX BEKTOPOB KAKHE-TO JIBA
HepIeHInKy/asipabl. KakoBo MakcuMaJbHOE KOJIMIeCTBO BEKTOPOB B TaKOM Habope?

3.57. Iycrs {v;}7L, C R™ — HexkoTopwlit HAGOP eIMHIIHBIX BeKTOPOB. JlokazkuTe, 4T0 MaTpuIa

m o o
¢ komnonerTamu (n(v; - v;)% — 1)” ABJIACTCS TIOJIOKNATEJIBHO OJIyOIPeJIeTIEHHOM.

=1

3.58. Ilycts A = (a;;) — cuMMeTpudHas MaTPUNA U3 JefiCTBUTEIBHBIX dncesl. JJokaxKure Hepa-

BEHCTBO

g e < tred.

i
3.59. Ilyctb Ay > Ay > ... > A\, — HEKOTOpBIE JieficTBUTEIbHBIE Yncia. JlokaxKure, 910 UncIa
aiy = Q22 2 ... 2 Qpp MOTYT BCTPETATHCA Ha JUATOHAJIN CUMMETPUYHON BEIIECTBEHHON MaT-

PUIIBI ¢ COOCTBEHHBIMU 3HaUEHUSIME (\;) TOIJIa M TOJBKO TOIJIA, KO/ BBIIOJIHSIIOTCS yCJIOBHSI
(n — 1 HEpaBEHCTBO U OJIHO PABEHCTBO)

ain KA an et ag S AL Ay an Gy = A+ A

3.60. Ilyctb Ay > Ay > ... > A\, — HEKOTOpBIE JieiicTBUTE IbHBIE Yncia. JlokaxKure, 910 1ncCIa
a1l 2 G2 2 ... 2 Gpy MOTYT BCTPETUTHCA HA AUATCOHAJIN CUMMETPUYHON 3PMUTOBOI MaTPUIIBI
¢ cOOCTBEHHBIMU 3HAYEHUAME (\;) TOTJa ¥ TOJBKO TOT/IA, KOTJIA BBIIOJHAIOTCS yeaoBus (n — 1
HEPABEHCTBO ¥ OJIHO PABEHCTBO)

e A+ g S N G = A A

3.61. lokaxkuTe HEPABEHCTBO

n T n
2 .
g (zp — 2p1)” = 4sin® — - E 73
2n
k=1 k=0
JJ1s1 10001 TI0CIe10BaTeIbHOCTH JAeHCTBUTEIbHBIX YuCesl X, . . ., Ty, B KOTOPOi xg = x, = 0.
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4. JIN®OOEPEHIIMAIBHBIE YPABHEHU A
4.1. Ipennonoxum, nuddepeHimanbHoe YpaBHEHHE
y' = f(z,y)

MMeeT eJIMHCTBeHHOe pertierne y(x) 1/is JIoObIX Hada bHbIX YCJIOBUil Y(Tg) = Yo, ONpPeIeJEHHOe
Ha Beeil uncsioBoit mpsimoii. Bepro sin, uro f(x,y) obs3ana ObITH HENPEPBIBHO?

4.2. Jlokaxxure, 4TO ypaBHEHUE
2y +y=0 (x>0)
HMeeT pelleHne, crpeMdireecd K +00 IIpu £ — +00.
4.3. Ilycrs f(x) — HenpepoiBao juddepennupyemas va (a, b) dyHKINS, TPUIEM

iy fle) = oo, lim, fla) = —oo,

u 11 Beex © € (a, b)
fl(@) + fAz) = ~1.
Joxkazkure, 910 b — a > .
4.4. IMycrs f: R — R — mBaxaer muddepentmpyemast dbyukiws, f(0) =1, f/(0) =0 u
f'(@) =5f"(x) +6f(x) 20
st Beex x> 0. Jlokaxkure, 910
f(z) > 3e** — 2

st Beex x = 0.

4.5. Haitnure Bce nuddepenrupyembre dyuxnuu f : R — R, KoTOpbIe YIOBIETBOPSAIOT ypaB-
HEHUIO

f(a)—f(b):(a_b)f/(a—zkb)

Jtst 006X a, b € R.

4.6. Haiiaure Bee muddepennupyembie dyukimuu f : (0,400) — R, KoTOpbIE yI0BIETBOPSIOT
YPaBHEHUIO

f(@) = f) = (a—b)f' (Vab)
JJTS JTIOOBIX TTOJIOZKUTEILHBIX @ U b.
4.7. Joxaxkure, 9T0 JJIst JTI000# KBaIpaTHO! KOMILIEKCHOH MaTpuilbl A
det e = e 4.
4.8. /lokaxknuTe, 9TO pelrreHne OITHOPOTHON CUCTEMBI JIMHEWHBIX YpaBHEHMT
i(t) = A(t)z(t)

¢ HenpepbiBHOI MaTpureit A(t) n nadanbubiM yesoueM (0) = x¢ MOXKHO HaiTH 10 GOpMyIIe

[e.e]

w(t) =z0+ Y / A(sp)A(sp_1) ... A(s1)x0 dsydssy . . . dsy.
0<s1<s2<...<sp <t

n=1
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4.9. Ilycrb nuneiinast oJlTHOPO/IHAA CHUCTEMa YpaBHEHUI
B(t) = At)z(t)

¢ cumMmeTpuuHOl Marputeit A(t) He uMmeer pemenuil, JBa pasa OOPAIIAIONIUXCS B HYJIb HA OT-
peske [0, 7]. JlokaxkuTe, 9T0 BBIpazKeHIE

F(z,x) = /OT (,2) — (z, Az)) dt

HOJIOKUTEJILHO JIJId HeHyJieBbiX Juddepenimpyembix BekTop-pyukimii x : [0, 7] — R™, obpa-
IMAIONIMXCA B HYJIb Ha KOHIAX orpeska [0, 7).

4.10. Tlyers B C R™ — 3amMKHYTHI m1ap pajuyca 1 ¢ meHTpoM B HyJe, a B — map 6oJibinero
pajuyca ¢ tem ke 1enTpoM. Oyukiusa f : B’ — R wHenpepoiBHO quddepennupyema, u Jijis
moboro x € B Bemosnnserca nepaserctso |V f(x)| > 1. Jokaxkure, 410

max f(x) —min f(z) > 2.

4.11. IlycTh y aBTOHOMHOI cucTeMbl JiudepeHIma bubX ypapaenuii B R”

&= [(z)
npaBagd 9acTh ABJIE€TCH HEIIPEPLIBHO JnddepeHimpyeMoii n yJI0BIeTBOPAET yCI0BUIO Jlummmua
|f(z1) — f(z2)| < Llxy — 29|. Jokaxknre, 910 ecin TpaekTopus z(t) HEMOCTOSHHA U IEPUO/TH-
geckas ¢ mepuojgom T, o T > 2m /L.

4.12. Ilycrs dynknus v : R™ — R jiBaxK 161 HellpepbIBHO JinddepeHImpyemMa u CTPOro BhIITyK/Ia,
To ectb u((1 —t)z +ty) < (1 —t)u(x) + tu(y) musa mobbix © #y € R" nu 0 < t < 1. lokaxknre,
9TO Kpaesas 3adada i ¢ : [0, 1] — R”

&= Vu(z), z(0) =a, (1) =0

uMeeT He DoJiee OJIHOrO PellleHus IpH JIIoObIX a,b € R™.
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5. OCHOBBI AJITEBPHI

5.1. JIuueitnas anreopa II.

5.1. Ilycts y KBagparHOil MATpuibl A 3/I€MEHTBI SABJSIOTCH MEJIbIMUA YHCIAMH U B KaXKIOi
e€ CTpOKe CyMMa 3JIEMEHTOB JIEJIMTCsS Ha HaTypajgbHoe umciao k. dokaxkure, uro det A Toxke
nesuTed na k.

5.2. Ilycrb A — KBajparTHas MaTpPUIla U3 IEJIbIX YKUCE/I C JeTePMUHAHTOM, PABHLIM 1, pa3mepa
He MeHee 2 X 2. Jlokaxkurte, ITO €€ MOXKHO IPEJICTABUThH B BHUJIE TIPOU3BEJICHUS SJIEMEHTAPHBIX
MaTpury ¢ neabiMu Kodddunmentamu (y KOTOPBIX HA JMATOHAIN €JIMHUIBI M 34 MpeJeaMi
JIMATOHAJIN TOJILKO OJINH HEHYJIEBOW 9JIEMEHT).

5.3. Ilycth memounciaennas marpuiia A pasmepa n X n TaKOBa, UTO BCe €€ MHUHOPBI pasMepa
(k+1) x (k + 1) gensarca na npocroe p. Jloxkazkure, uro det A nemmres na p™~*.

5.4. Ilycrb KBajgpaTHasa MaTpuia A KococuMMmerpudHa, To ecTh Al = —A. JJokazkure, 9TO BCe
e€ cOOCTBEHHbBIE 3HAYEHUS — MHHUMbBIE YHCJIA.

5.5. Ilycrs kBajgparHas KococumMMeTpudHast Marpuiia A cocrout u3s nesbix dncen. Jlokaxkure,
yro det A sBJIsieTcs KBaJIpaToM IIEJIOT0 YKC/Ia.

5.6. [okaxkure, 9T0 BCSAKYIO MOJIOYKUTEIBHO OIPEJIEICHHYIO KBajparudnyio dopmy f(z) =
ax® + 2bxy + cy? ¢ nenabIMu a, b, ¢ MOXKHO TIPEJICTABATL B BUJE CYMMBI KBaJIPATOB JIHHEHHBIX
dop™m Buga ex + dy ¢ nenbivu e, d.

5.7. Ilycts Ay, ..., Ay — HaOOD S5HIOMOPGMU3MOB KOHETHOMEPHOTO BEKTOPHOI'O IPOCTPAHCTBA
V', npuaém 3T0oT HAOOP HENPUBOIUM, TO €CTh HE CYIIECTBYET HEHYJIEBOTO COOCTBEHHOT'O TIOITPO-
crpancrBa W C V|, mHBapuaHTHOrO OTHOCHTENBHO Beex A;. JlokaxkuTe, 9T0 BCIKUT HEHYJIEBOI
sHAoMOpdu3M V| KoMMyTUpyOmui ¢ KaxkabiM A;, obpatum. lokaxkure, 9TO ecjii OCHOBHOE
roJie aaredpanvdecKn 3aMKHYTO, TO KazK/Iblil Takoi 9H10MOpGhU3M CKaJIspHbIil (paBer Aidy ).

5.8. IlycTs peméTka Z? pasbuta Ha moaMHOKecTBa Fi, ..., F,,. IIpn 3ToM 11 KasKI0ro i =
1,2,...,m cymecTByeT BEKTOp v; Takoii, 9To F; + v; = E;, 1 BEKTOPHI v; MOIMapHO HEKOJIINHE-
apubl. Jlokaxkute, 9T0 HalIETCA BEKTOP U, HE KOJUIMHEAPHBIH v M Takoil, yro Ky +u = Fj.

5.2. MHoOrou4jieHsl.

5.9. Jlina ancen x1 < x9 < ... < T, M OTJIMYHOIO OT HUX YUCIa T JIOKAXKUTE TOXKJIECTBO
1 B z”: 1 1T 1
(x—z)(x—29)...(x — 1) el T —x;
5.10. Jlokazkure, uTo ecjim y MHOrowiena P(x) Bce KOpHU T, . . ., T, JEHCTBUTEIbHBI U UMEIOT

kpatHocTh 1, To ipu 0 < k£ < n — 2 nosryvaercs

> =0
= P'l=)
5.11. Ilyctb a1 < as < --- < a, u by < by < -+ < b, — 1ABa HabOpa pPAIMOHAJBHBIX UHUCEJI.
Jlokaxkure, 4TO ypaBHEHUE
ea1x+ea22 4. +€anx — eb1x+eb2x+ _|_ebn:p
nMeeT He OoJiee N JIeHCTBUTEIbHBIX KOPHEIi.

5.12. Tlycrs muorowien P(x) crenenu n umeer teble kKodbduimentsl. Jokaxure, 4To s
nekotoporo x € [0, 1] 6yaer

1
P > —.
P@) >
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5.13. Muorowien P(x,y) ¢ BeriecTBeHHbIMI KO3 bUIIMeHTaMI IpUHUMAaeT 3HaueHne () POBHO
B D TOYKAX BEIEeCTBEHHON II0cKocTH. KaKyro HAMMEHBIIYIO CTEIeHb OH MOXKET UMETh?

5.14. Ilycts n > 3 — nesoe umcio. Haiiinre MuHUMAIbHYIO CTEEHb OJHOIO aJiredpamnde-
CKOro (IIOJIMHOMUAIBLHOTO) YPABHEHUsI, KOTOPOE 3aJIaéT MHOYKECTBO BEPIIUH PABUJILHOTO 7
YTOJIBHIKA Ha IJI0cKocTn R2,

5.15. Tlpuaymaiite muorowien P(z,y) ¢ geficrsurenbubivmu Kodhdunuentamu, 06/1acTh 3HATE-
uuit Koroporo pasna (0, 400).

5.3. Teopusi uucesr.

5.16. IlycTh momapHO paz3judHbIE TEJIble YUCIa X1, ..., T CPABHUMBI C €JIUHUAIEH IO MOJLYJIIO

[IPOCTOTO P, a HEOTPUIATEeIbHbIE IeJble YUCIa N4, . .., Nk JAIOT IOMapPHO Pa3JIUYHbIE OCTATKU
o

1o Moysto p. JlokaxkuTe, 9TO JeTepMUHAHT MaTpUIbl (x,’ )f j—1 HE PaBeH HyJIIO.
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5.17. Ilycte w = e » s HEKOTOPOro mpocroro p. Jlokazkure, 4TO BCe MHHODBI MATPHUIIBI
i—1)(j—1)\P
(wO=DE=P .| nenynesore.

5.18. Jlokaxkure, 9T0 J7Is1 JTI060r0 KOHEIHOrO HAbopa TOUeK Ha I0cKocT { (24, ;) }, B KOTOpOM
KOOP/IMHATDHI KaXKJI0W TOYKHU Ie/Ible U B3aUMHO IIPOCTBIC, HAWJIETCH OJIHOPOJIHBIA MHOTOYJICH
P € Z[x,y], rakoii uro mias Beex sTux Touek P(x;,y;) = 1.

5.19. MoxkHo Jin tipejictaBuTh arctg 16 B Bujie JIMHEHON KOMOMHAIIIN
15
arctg 16 = Z my, arctg k
k=1
¢ TeabIMu Koy puimeHTaMmu my,?

5.20. lokaxkute, 4TO JIT0O0H1 MHOTOYJIEH C TEJIBIMU KOI(DDUIIMEHTAMI TPUHIMAET B HEKOTOPOIA
1eJI0l TOUKe HEHYJIeBOe 3HaUeHHe, JlesIeecs Ha IpocToe duciao Bujga 4k + 1.

5.21. Ilycrh Bce (KOMILIEKCHBIE) KOPHM MHOTOUWJIEHA C TEJIBIMU KOI(DMUIMEHTAMI 1 CTaPIITIM
kodddurmerTom 1 UMEOT eMHUIHBIH MO/TyJib. JloKaXKuTe, 4TO BCe OHU SIBJISIOTCS KOPHIMU U3
€JINHUIIBI.

5.22. IlycTb Aj1s1 HEKOTOPOTO JAEHCTBATE/IHLHOTO YUCIa £ 0Ka3ajaoch, 9Tto £ +x ™ n 2" + ™"

panmuoHaJIbHBI JIJIS1 HEKOTOPBIX B3aMMHO IIPOCTBIX HATYPaJIbHBIX 11 U T1. ,ZLOK&)KI/ITG, q9T0 T + CCil
TO2KE pallMOHAJIBHO.

5.23. Jlokaxkute, 9T0 I JIFOOOTO PAIIMOHAJIBHOIO ¢ U HATYPAJIHHOTO N MHOT'OYJICH
n n
P(x)=2"(z+a)* +1
HEIIPUBOINM HAJ PAIMOHAIBHBIMUA THCIAMUT.
5.24. Ilycrb p < ¢ — upocTble 4ncjia. PaccMOTpUM BBINVKJIBIA PQ-YLOJAbHUK C PABHBIMU YI-
Yy y y y

JlaMI ¥ CTOPOHAMU IIOIAPHO PA3/IMYHBIX IEJbIX JIUH A1, . .., 0pg, 3AHYMEPOBAHHbLIX 110 KPYTY.
Jlokaxkure, 4TO JIJIsi BCeX HATYPAJIbHBIX k < P BBIIOJIHACTCH

B+ k
5

5.25. Jlana apo0Ob % = % + % + % + -+ %, rie n = 1000, p, q € N. /lokaxkuTe, 9TO p JAEIUTCA
Ha 2lnt1-logy(n+1)]

a1+a2+---—|—ak>

5.26. Haiiyiure XoTa ObI TP PA3/IMYHBIX PENICHUs yPaBHEHUS
s +1°=9

B pallMOHaJIbHBIX YUCJIaX.
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5.27. Haiture perenne ypaBHEHUsI B HATYPAJIbHBIX YUCIAX:
z Y z 1
+ + =-.
y+z z4+zxz x4+y 4
[Toackazka: mojgbepuTe JijId HAYaIa EI0€ PelleHne ¢ OTPHUIATEIbHBIMU YUCIAMMU.

5.28. Hokazkure, 94T0 y 110J1s1 R HET HETPUBHAIBHBIX aBTOMOP(MU3MOB, TO €CTh IIPEOOPA30BaHNIA,
COXPAHLIONINX CJA0XKEHNE U YMHOYKEHUE.

5.4. I'pynnsl u 10J1s.

5.29. Ilycts MmynbTUIIMKATUBHAS rpynna F* noxa F' okazajsach KOHEYHO TTOPOXKIEHHOI. BepHo
s, 910 F™* mukimaeckast?

5.30. Ilycte y rpynmnsr G ects noarpymmna H ungekca n. lokaxkure, ato y G ecTh HOpMaIbHAS
noarpynmna N C H unaekca, nensiiero n!. B wacraoctn, ecm n = 2, to N = H.

5.31. Jlokaxkute, 9TO y BCAKOW I'PYIIIbI TOpsiKa 4k + 2 ecTh mojrpyima mnopsijka 2k + 1.

5.32. Hana rpynna G u 1mejoe 9ucjao n > 2, oKasajaoch, 9ro nogrpymmusl Hy C G u Hy C G
VJIOBJETBOPSAIOT YCJIOBHIO

Hokaxkute, uro Hy u Hy conpsizkernl B (.

5.33. Hokazkute, 94TO €CJiu p, ¢, 7 — TPU PA3IUIHBIX ITPOCTHIX YHUCJIA, TO BCAKas IPYIIA MTOPIIKA
pqr paspelmMa.

5.34. Bepno sin cieytoriee yTBep:kienue: ecu rpyimna G uzomopdHa moarpyimne rpymmnsl H
u rpymna H wsomopdua moarpytime rpynnsl G, to H nzomopdua G?

5.35. Ilycrb p — mpocroe wucio, GLy(Z/pZ) — rpymma obpaTuMbix MaTpuIL 2 X 2 U3 0OCTATKOB
10 MO/JIYJIIO P, U IycTh &, — IPyIIIa IepecTaHOBOK P 37eMeHTOB. Jlokazkure, ITO He CYIIeCTBYeT
monoMopdusma rpymi ¢ @ GLy(Z/pZ) — 6,,.

5.36. PaccmoTpuMm Ipyliy nepectaHoBok Y., muoxkectsa [n] = {1,...,n}. Ilpu kakux n HEKO-
Topag 2-CuI0BCcKag noArpymna S C 3, IepecTaB/sgeT 3JIeMEeHThI [n| TpaH3uTUBHO?

5.37. Jokaxkure, 910 TpyIlily COOCTBEHHBIX OPTOIOHAJIBHBIX IpeobpazoBanuii SO(4) MOXKHO
npesacTaBuTh Kak daxkroprpymmy SU(2) x SU(2) mo moarpymie u3 aByx snementoB (E, E) u
(—E,—F). 3aecs SU(2) yao6HO canuTaTh IPYIHOi € IMHIYHBI KBATEPHUOHOB.

5.38. Jlokaxkure, YTO CBA3HYIO YacThb I'pynnbl Jlopenia SO+(1,3) MOXKHO IIPEeJICTaBUTh KakK
dakroprpynmy SL(2,C) mo moarpyrme u3 ayx siemeHtoB £ u —F.

5.39. IIpeanosoxKumM, 9To HenpepbiBHad dyHKIM Ha ejuangnoii chepe f : S™ 1 — R obiagaer
TakuM coiicTBoM: MHOXKecTBO byHkiwmit {f,(r) = f(02)}secs0(n) HOPOKIAET KOHEUHOMEPHOE
HOJIIIPOCTPAHCTBO B MPOCTPAHCTBE HenpepbiBHbIX dyukiumit C'(S™). Jokaxkure, uto f — orpa-
HUYEHHEe HEKOTOPOr0 MHOTOYJICHA OT 7 MePEeMEeHHBIX Ha eJUHUYIHYIO cdepy.

5.40. Ilycrs rpynma G sBjsieTcst TOATPYIIIOi ¢cBOOOHOI TpyIibl ' Ha n 00pa3yomux nHIeKca
(F : G) = m. Jdokaxure, aro G cBOGOJHA U HANMTE KOIMIECTBO 0Opa3yIoluii B Hell Kak B
CBODOJTHOI T'pYIIIIE.

5.41. okaxkure, 9T0 rpymnmna apobro-iuHeiinbix dyukmumit PSL(2,R) = SL(2,R)/(£F) coaep-
JKAT CBOBOJHYIO TIOAIPYIIILY, HOPOXKJIEHHYIO JIBYMsl SJI€MEHTaM.

5.42. JlokazkuTe, 9TO I'pyIIia cOOCTBEHHBIX BpAaIleHul TpéxmepHoro mpocrpanctsa SO(3) co-
JIEPZKUT CBOOOTHYIO TOJATPYIITY, TOPOXKIEHHYIO JIBYMsI dJI€MEHTAMMU.



23

6. HEPABEHCTBA
6.1. Kimaccmuyeckue HepaBeHCTBA.
6.1. Yo Gosbime, €™ uan w7

6.2. Ilycrs a, b, ¢, d — BekTopet B R™, (-, -) — cranmaprHoe cKaJspHOe pou3seierne. Jlokaxkure,
970
2 2 2 | 12 2 | g2
((a,¢) + (b,d))" + ((a,d) = (b, ¢))” < (a” +b7) - (" + 7).
6.3. Jokaxkure, 4o Besikuii MHOro4sien crernenu n € N co crapmmm Kosddurmentom 1 npu-
HuMaeT Ha orpeske [—1, 1] snauenue, o MoyI0 He MeHbIee 27T

6.4. Iycts muorousen P(x) = ap,a™ +a,_ 12" 1+ - - - +ag ©MeeT TOIbKO JeiicTBUTeIbHBIEC OTPH-
HaTe/JbHbIe KOpHHU. JIoKasKuTe, 9To IOCIeI0BATEILHOCTE by = (aT’“) JlorapuMUIECKH BOTHYTA,
TO €CTb g

by > by_1bgs

mpu k=1,...,n— 1.

6.5. O6o3HAYNM IEMEHTAPHYI0 CUMMETPUIECKYI0 (DYHKITUIO

oz, ..., x,) = Z Tiy Tiy . . . Ty .

1<i1<io << <n
Joxkazkure, ato juid J00bix 1 < k < [ < n U HeOTpHUIATEJIbHBIX JIEHCTBUTENBHBIX L1, ..., T,
NMEeeT MECTO HEPABEHCTBO

1/k 1/

or(T1, ..., Ty) < o(T1,...,Tp)
(%) - (7)

6.6. [Iycto P — omnopojubiii Muorousien cremnexnu m #a R”, obrajaoniuit cjie Iy oM cBO-
cTBOM: JIjIst HEKoToporo v, P(v) > 0, u mst yoboro € R™ MHOTOUIEH OT OJHON 1epeMeHHOi
Q(t) = P(z + vt) mMeer TOJBKO BeIIECTBEHHBbIE KOPHU. JIOKayKUTe, 9TO KOMIIOHEHTA, CBSI3HOCTH
muoxecrsa {z : P(x) > 0}, comepkarmas v, BLITYKJIA U Ha Heil BHIIOJIHACTCH HEPABEHCTBO

P(z+y)"™ > P(z)"/™ + P(y)/™.

6.7. lana moc/ie1oBaTe/IbHOCTD g, 41, A2, - . . ¥ HaTypaJbHoe uucyo d > 2. 3BectHO, UTO
ag =a; =+ =aq =1,
unpu k > d
Qk—d
a1 2 A —
4d

Jlokaxkure, 4TO BCE YUC/IA A TOJIOKUTETbHBIE.
6.2. CuMMeTpUYHbIE MATPHUIIHI.
6.8. IIpemmosoxkum, st Tpéx [aucesn a, b, ¢ u3 orpeska [—1, 1] okazamocn
2 12, 2

1+ 2abe > a* + b + ¢°.

Jlokaxkure, 4TO JIjIs1 JIIOOOTO HATYPAJIBHOTO YHUCIa 1 OYJIET BBIIOJIHATHCSA HEPABEHCTBO
1 +2anbncn 2 a2n +b2n _}_CQn'

6.9. Ilycrb A — cummerpudHast MaTpuiia, P — MaTpuila OpTOrOHAJbHON mpoekmuu, a f —
BBINTyKJIasd GpyHKIud. JJokaxkute, 910

tr Pf(PAP)P < tr Pf(A)P,

rje QYHKIMIO OT CUMMETPUYHON MATPHIILI MOXKHO OIPEJIEJIUTh KaK OIepaTop C TEMHU Ke COob-
CTBEHHBIMHU BEKTODAMU 1 COOCTBEHHbIME 3HadeHusIME f(\) BMecTO .
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6.10. IIycrh cobcTBeHHBIE 3HAYEHUS] CUMMETPUIHON MaTpHUIbl A yIOpsIOUeHbl 110 yOBIBAHUIO

AL = ... 2 A, Jokaxknre, 910 (BHEITHUI MAKCHMYM I10 JIMHEHHBIM MTOJITPOCTPAHCTBAM )
A = max min(z, Azx).
dim L=k z€L
|z|=1

6.11. [dna aByxX m-3JeMEHTHBIX MYJIbLTUMHOYXKECTB ACHCTBUTENBHBIX 4mces X W Y Hammmem
X =% Y, ecsm nocie coprupoBku 1o yobsauuio X = (x1,...,2,) 0 Y = (y1,...,y,) g

Besikoro k = 1,...,n BBINOJHAETCS
k k

Z T < Z Yi
i=1 i=1
wemg Yo, T =D, i
a) [dokaxkure, 910 1111 BCIKON SPMUTOBOI MATPUIBI A €6 MyJIBTUMHOXKECTBO JINArOHAJIBHBIX
971eMeHTOB [ 1 MyJIbTUMHOYKECTBO COOCTBEHHBIX 3HadYeHuil A cBsa3anbl cooTHomenneM D < A.
b) Hokaxkure, 9410 JJIst BCIKUX JBYX N-3JIEMEHTHBIX MYJbTUMHO)KECTB D < A MOXKHO HaiiTu
SPMUTOBY MaTpuily A ¢ MyJIbTHUMHOKECTBOM JIHATOHAJIBHBIX 3JIEMEHTOB [) M MYyJIBTUMHOMKE-
CTBOM COOCTBEHHBIX 3Ha4ICHUN A.

6.12. Jlokaxkure, 9T0 ecim cummerpudeckast dbyHkimst f(z1, Tg, ..., Z,) YIAOBIETBOPSIET YCIO-

)= 2 > ]
(l‘l IJ) <81‘Z a{L‘]> = 07 v7'7.]7

X Y = f(X) < f(Y).

TO

k]
v

_ o (1 2 [n]
md(Ay, ..., A,) = Z (=17 (=1)7 5 1) (1) (2)r@) - - T (n)r(n)»
o,7€G,
npu 5roM md (A4, ..., A) = nldet A.
JlokazkuTe, ITO JIJIsI MOJIOKUTEIHHO OIIPEIETIEHHBIX CUMMETPUIHBIX MaTpult Aq, ..., A, nume-

€T MEeCTO HEPaBCHCTBO:

md(Al,AQ,A:;, PN ,An)2 = md(Al,Al,Ag, PN ,An) : md(AQ,AQ,Ag, ce ,An>

6.13. Oupenermum cmewannvit duckpumunarm st n marpui Ax = (a,; ) pasMepa n X n Kak

6.3. O0BbEMBI U M30NIEpUMETPUYECKNE HEPABEHCTBA.
6.14. okakuTe, 9TO IJIOMALL PUTYPHI AMaMeTpa 2 Ha IIJIOCKOCTH He Oojiee 7.

6.15. Jlokaxkute, 9T0 M3 BCEX IJIOCKMX MHOIOYTOJILHUKOB C 3aJIAHHBIM HAOOPOM JIJIUH CTOPOH
MaKCAMAJILHYIO ILJIOINA/Ib UMEET TOT, KOTOPBIA BINCAH B OKPYKHOCTD.

6.16. Ilycts Terpasap 1" comepxurcsa B Terpasape T. JlokazaTs, 4To mepumeTp (CymMMa JUIHH
pébep) T" me npeBocxomut 4/3 ot cymmbl s pédep 1.

6.17. Toxaxkute, uTo eciu (He 0bA3aTe/bHO MPAMOYTO/IBHBIH) Tapasietenunes P C R co-
JIEPKUT JPYTOil He 00sI3aTesIbHO MPSIMOYTOJIBHBIH Tapasutesenune]; Py, 1o nepumerp (cymma
e pébep) P He Menee nepumerpa Ps.

6.18. [okazkuTe, 9TO BCAKOE MOJIyIIPOCTPAHCTBO [, comeprkaliee IEHTP MaceC BBIIYKJIOIO TeJIa
K C R", conepxkut ne metee 1/e or oobéma K.

6.19. Ilycre mast mHenpepbiBEbIX byHKIWI f,g,h : R — [0, +00) ¢ KOMIAKTHBIMA HOCHTEJISIME
u Hekoroporo t € (0, 1) BeimoHsIETCS

h((1 =tz +ty) > f(x)'gly)™
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pu Ji06bix x,y € R. Jlokaxkure, 910

/Rh(x) iz > (/R (@) dx)t </Rg(x) dm)lt.

6.20. [okazkure 1O Ke yTBepKjienue jis dbyskimit f, g, h : R™ — [0, +00) unmpykiueit o n.

6.21. /lokaxkuTe, 9TO JJIsd JIBYX KOMIAKTHBIX MOJAMHOXKeCcTB X, Y C R”™ BhInoIHSETCA
vol(X + Y)V/" > vol X'/" 4 vol Y/,
e X +Y ={zx+y:2 € X, y € Y}, avolX obosuagaer mepy Jlebera X. Vau mepy
2Kopnana, eciin Mmepa Jlebera Bac cMymiaer, Torja MHOXKECTBA HAJIO TOXKE CIUTATH U3MEPUMBIMU
o zZKopnamny.
6.22. Onpezesum mIIoMMAIb MoBepXHOCTH (110 MUHKOBCKOMY) Kak
(X + B(t)) —vol X
oX — Tim vol(X + B(t)) — vo |
t—+0 t

KOIJIa Ipejiest cyrecTByet, rie B(t) — eBkauI0B map pajuyca t. Jlokaykure, 9T0 JJIsi MHOKECTB
X C R"™, umeronux I0ma b MOBEPXHOCTH, BBITOIHAETCS

VT
((n/2)1)/m

[IpoBepbTe, 9TO /151 MMAPOB B 9TOM HEPABEHCTBE BBITIOJTHIETCSA PABEHCTBO.

n—1
cX =>n vol X .

6.23. Hokaxkure, 1To 06bEM MHOKeCTBa jiameTpa 2 B R™ He 60s1ee 00bEMA €IMHIIHOTO IaPa.

6.24. lokazkute, 4TO JjId MEHTPATbHO CUMMETPUYHBIX BBITYK/ILIX Tea K, L C R”
volKNL >volKN(L+t)
pu Jirobom t € R™.

6.25. Hokazxkute g jr060ro BhITyKI0r0o Tejaa K C R™ HepaBeHCTBO
2n
vol(K — K) < ( )volK.
n
Jltst KaKuX Tesl JIOCTUTAETCA PABEHCTBO?!

6.26. Paccmorpum st smoboro Beiiykiaoro Tena K C R™ teqo CK C R™™, gpusiomeecs
BeIyKJI0i obostoukoit X x {0} m —K x {1}. Jokaxwure, aTo

n

vol CK < 1 vol K.

n -+

6.27. Ilycte £ — KOoHEUHOMEPHOE HOPMHUPOBAHHOE MPOCTPAHCTBO, A m B — /MHeliHbIe orepa-

Topsl B HEM. OKazanoch, dro s joboro © € E nonygaerca ||Az|| < ||Bz|. dokaxwure, 1To
|det A| < |det B|.
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7. KOMBUHATOPUKA
7.1. MHuo>»kecTBa 1 oTOOparkeHusl.

7.1. JlokazKuTe, B IIOCJIEOBATEILHOCTH U3 N2 + 1 pasiaudaHbIX Ynces HailIéTcs MOHOTOHHAS
IIOJIIIOCJIEIOBATE/ILHOCTD U3 1 + 1-ro 3j1eMeHTa.

7.2. JlokaxKuTe, 9TO HE CYIIECTBYeT OMEKIIMU MKy MHOXKECTBOM X M MHOXKECTBOM €ro I0JI-
MHOMXKeCTB 2% .

7.3. Jokaxkure, 910 ecym cyinectBytor uabekiun f : X — Y ug: Y — X (Mex/y HeKOTOPBbIME
JIByMsI MHOYKECTBAMM), TO cyIiecTByer u 6uekims h: X — Y.

7.4. TlpemmonoxxuM, cemeiicTso oavmuozkects C narypasabubix amncesn, C C 2V, okazamoch Takm,
qro jjs J1ioobix X, Y € C Bomosnsiercs aubo X C Y, muoo Y C X. Bepno s, uro C ne 6oJee
geM CIETHO?

7.5. JlokaxKure, 9TO CyIIECTBYET CeMeHCTBO MOAMHOXKECTB F MHOXKECTBA HATYDPAJILHBIX THCEIT
N co cremyronmmu coiicTBaMu:

i) F He COAEPKUT KOHCUHBIX MHOMKCCTB;

ii) A,Be F=ANBecF;

i) AcF, BDA= BeF:

iv) VACNmwm Ae F,um N\ AeF.

7.6. [lokaxkure, uTo JIr0OOE ceMeiicTBO 1mojMHOXKecTB N co cBoicTBaMu i—-iv U3 IpeIbLIyIei
381491 TI03BOJIAET COMIOCTABUTD BCSKOI OMpaHMYeHHOI Toc/e10BaTeIbHOCTH (ay,) wncio L(ay,)
CO CJICAYIOIUMU CBOMCTBAMU:

i) L(a,) siBjIsieTcsi 4aCTUIHBIM TIPEIESIOM (ay, );

ii) L(aa,) = aL(a,) 1 1efcTBUTEIbHBIX

iii) L(an + by) = L(ayn) + L(by).

7.7. JlanHo MHOXKeCTBO U3 05,;_24 + 1 pasJmYHBIX JIeHCTBUTENBHBIX uncen. /lokaxkure, 4TO M3
STOTO MHOJKECTBA MOYKHO BBIODATh MOHOTOHHYIO MOC/IeI0BaTebHOCTD ()X | Takyto, aro

|Tip1 — 21| = 2|2 — 24
st Bcex 1 =2, ..., k— 1.

7.8. Ilycrh man nabop nocaenosatenbuocreit A us myneit u equnun u dynkmua f @ {0, 1}¢ —
{0,1}. UsBecTHO, 4TO BCsIKas TOCIEI0BATEHLHOCTD (ay,) € A yI0BIETBOPSAET COOTHOIIEHUIO

ap = f(@n+1» ey Onyk)

npu Beex n € N. KakoBo MakcnMasbaoe (B 3aBHCHMOCTH OT k) KOJIMYECTBO 9JIEMEHTOB B A7

7.9. Ilycrp mana nocseoBaTesibHOCTh OYyKB A (GecKOHETHOE BIIPABO CJIOBO) U3 HEKOTOPOTO KO-
HegHOro ajdasura. Jlokaxkure, 9T0 CcyIecTByeT 6€CKOHETHOE BIIPABO CJIOBO B ¢ TakuM CBOii-
CTBOM: KazKJi0e HadaJbHOe 110/1c/I0B0 B’ cioBa B 6eCKOHEYHO MHOIO Pa3 BCTPEYACTCHd Kak B A,
Tak 1 B B.

7.10. Tlycrb F — ceMelcTBO KOHEYHBIX MHOXKecTB. Jlokakure, uTo Haiingrca He Mmenee |F|
KOHEYHBIX MHOXKECTB X €O CJIEJIYIOIIUM CBOWCTBOM: Jii000Oe MOAMHO)KecTBO Y C X MOXKHO
HOJIyYUTh Kak 1epecederne X NZ, rjue Z € F (3aMeTbTe, 94T0O 3T0 CBONCTBO UMEETCs y MyCTOTO
muoxecTBa X = ().

7.11. Ilycth n 1 m — B3aMMHO IIPOCTbIE HATYpaJbHbIe Yuca. JJoKaxKuTe, 9T0 KOJIUIECTBO CIIO-

coOOB IIOCTABUTh YUCJIA N U —MM B CTPOKY JIJIMHON 1+ M TakK, YTOOBI CyMMa CTPOKH OblLiTa HyJle-

BO#1, a CyMMa JIIO6OFO Ha4daJIbHOI'O OTPE3Ka CTPOKHU 6bIJIa HeOTpHHaTeﬂbHOﬁ PaBHO 1L (ntm .
’ ’ n+m n
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7.12. Jlokaxkure, 9TO KOJHMYIECTBO CIIOCOOOB ITOCTABUTH 4UmMCia 1 U —1 B CTPOKY JJIMHON 21
TakK, YTOOBI CyMMa CTPOKHU ObLIO HYJIEBOM, & CyMMa JII0OOI0 HAaYaJJIbHOTO OTPEe3Ka CTPOKU ObLiIa

o 1 2n+1\ 1 2n
HEOTPUIIATE/ILHON, PABHO - +1( . ) =— +1(n)'

7.2. KyObI u mapajijiesaenureabl.

7.13. Ha miockocTu JJaHo ceMeificTBO TPAMOYTOJIbHUKOB J CO CTOPOHAMMU, TIapaJsIIe/IbHBIMUA OCSM
KOOD/IMHAT, TPU 3TOM IPSAMOYTOJBHIKY ITOTIAPHO He TepeKpbiBatoTcd. [Ipeanomoxkmm, /171s1 HEKO-
topbix A, B > 0 BbInoJiHsieTcs cieytoriee. st roboro nogcemeiicrea G C F

1) ecyin IPOEKIMU IPSIMOYTOJILHUKOB U3 G Ha 0 He MepeKpPbIBAIOTCA, TO CyMMa IupuH G He
6ostee A;

2) ecyi TPOEKIIUY MPSIMOYTOJILHUKOB u3 G Ha Oy He MepeKpbIBAIOTCs, TO CyMMa BBICOT G He
6ostee B.

JlokakuTe, YTO NPSIMOYTOJHHUKA MOYKHO IMEPEMECTUTH MapaJiIebHBIMU MEPEHOCAMU TaK,
9TO OHM OKaxKyTcst B mpsimoyrosbauke [0, A] X [0, B] 6e3 mepekpoiTuii.

7.14. Ha mrockocTn HApUCOBAHO HECKOJIBKO MIPSIMOYTOJIBHUKOB CO CTOPOHAMH, TIapaJlJIe/IbHBIMA
ocsIM KoopauHAT. /okaxkuTe, 9TO ecjin KaxKJible JIBa IPAMOYTOJIbHIKA MOXKHO Iepecedb BEPTH-
KaJIbHOH MJIM IOPU30HTAJIBbHON IPAMOil, TO UX BCE MOXKHO Ilepecedb I1apoil U3 BePTUKAJIbHON 1
POPU30HTAJILHON IIPAMOIA.

7.15. Ha mrockocTu HApUCOBAHO HECKOJIBKO MPSAMOYTOJIBHUKOB CO CTOPOHAMH, TIapa/I/Ie/IbHBIMU
ocsiM KoopuHaT. Jlokaxkute, 9To MO0 BCE NMPSIMOYTOJBHUKNA MOXKHO Tepecedb JIByMsl BEPTHU-
KaJIbHBIMH U JIByMsl TOPU30HTAJIbHBIMU HMPSIMBIME, JTUO0 HAWTYTCA TPU HPIMOYTOJbHUKA, ITPO-
eKIINI KOTOPBIX Ha JIFOOYI0 KOOPAUHATHYIO OCh HE IIePEeCeKar0TCsI.

7.16. Byjem paccMmarpuBaTh euHuYHbIe KyObl B R™ €O cTOpOHAMHE, MapaJIeTIbHBIMUA OCAM KO-
OPJMHAT, 1 HA3BIBATL UX IPOCTO «KYOb». IIycTh BoIOpanb 27 1+ 1 nonapHo HellepeceKalonxcst
Ky0OoB. Jlokaxkurte, 910 JIMOO HE CYIIECTBYET KyOa, MepeceKaroNerocs ¢ KaxK/IbIM U3 BHIOPAHHBIX,
JnbO0 Bce KyObl, IIEPeceKaommuecs ¢ KaXKIbIM U3 BHIOpAHHBIX, HUMEIOT OOIIYI0 TOYKY.

7.17. Ilycts B R™ pacrioyiokenbl e uHuYHbIe KYyObl, KazK/Ible JIBa 13 KOTOPBIX IE€PECEKAIOTCs 110
MHOKeCTBY pasmepHocTu n — 1. Jlokaxkurte, 9T0 UX KOJIm4IecTBO He Oosee n + 1.

7.3. IlokpbITe M NPOTHIKAHUE.

7.18. Ilycrs k,n > 2 — warypajbHble dncia. byjieMm roBoputhb, 4ro adduHHag TUnepIioc-
kocth H C R"™ k-comepxkut KoHeuHoe MHO)KecTBO X, ecan | X \ H| < k. [Tokaxkure, 910 BCsIKOe
MHO>KECTBO Y, KOTOpO€ He k-COJIEPYKUTCHA HU B KAKON T'HMIIEPILIOCKOCTH, COJIEPIKUT TOIMHOKE-
crBo Z C Y u3 He Oojee dem kn 3JIeMEHTOB, KOTOPOe TOxKe He k-COMepKUTCS HU B OJIHOM
TUTEPITIOCKOCTH.

7.19. Ilycth Ha IJIOCKOCTH HAPUCOBAHO HECKOJIBKO OKPYXKHOCTEMH, KaxKjble 4 WM MeHee U3
KOTOPBIX UMEIOT ODOIyI0 TOUKY. JloKaxKuTe, 4TO BCe OHU UMEIOT OOIIYI0 TOUKY.

7.20. Bynem ToBOpPUTBH, YTO CEMENCTBO MHOXKECTB J MOYKHO NMPOTKHYTbH t-3JI€MEHTHBIM MHO-
JKECTBOM, €CJIN CYIIECTBYeT t-3JIeMeHTHOe MHOXKeCcTBO 1', KOTopoe Iepecekaer Kaxkjoe S € F.
Jokaxkure, aro ecau B R" mgaHo cemeiicTBO cdep, KazKible (tffjjl) WM MeHee U3 KOTOPBIX
MO2KHO IIDOTKHYTb t-371eMEeHTHBIM MHO2KECTBOM, TO HX BCE MO2KHO IIDOTKHYTb t-3J1eMEeHTHBIM

MHOXKECTBOM.

7.21. PaccmoTpum MHOXKecTBO X TOUYEK B Z" ¢ KoopJuHATaMH B jauarnaszone ot 1 jgo m. Ilycts
o0bemHeHne MHOYKEeCTBa rutiepiiockocreit HyU- - -U Hy cojiep:KuT Bce TOUKn X KpoMe OJTHOI,
u 9Ty onHy He cogepxkut. [Jokaxkure, uro N = n(m — 1).
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7.22. IlycTh Ha IJIOCKOCTH JIAHBI 7 KPACHBIX W 7 CUHUX IPSAMBIX, TPUYEM KOJMIECTBO TOYEK
KPaCHO-CUHETO TIepecedeHns 0Ka3aJI0Ch POBHO MM, IyCTh 9TO MHOXKeCTBO TodeK X . Jlokaxkure,
4TO ecau X, KPOME POBHO OJIHON TOYKHU, MOKPBITO MHOXKECTBOM 3€JIEHBIX IMTPAMBIX, TO KOJIUYE-
CTBO 3€JIEHBIX MPSIMBIX HE MeHee m + n — 2.

7.23. Ilycte G — abesneBa rpyiira MomHocT ab, a B C G — e€ 10JIMHOYKECTBO MOIIHOCTH b;
a,b > 1 — mennie umncia. Jlokaxkure, 9T0 HEKOTOPBHIE ¢ CABUI'OB MHOXKECTBa B IOKPOIOT He
menee 60% ssemenToB rpymib G.

7.24. Ilyctp B maTpuiie A pasmepa n X n CTOAT HEOTPUIATEIbHBIE YUC/IA, & CYMMbI YUCET BO
BCEX CTOJIONAX 1 CTPOKaxX paBHbI 1. Jlokaxkure, 9T0 MOYKHO BBIOPATH 7 3JIEMEHTOB MATPHUIIHI A,
HUKAKHUe JIBa U3 KOTOPBIX HE JIeXKAaT B OJIHOI CTPOKE WJIM B OJTHOM CTOJIOIE TakK, YTO BCE OHU
OyIyT He MeHee «v,, TJle 3HaAYeHNe (v, ONpeJIeTIeHO KaK

1 1
« = ——— Ao 1 = —.
2 T 2 1T 2

rZLOK&)KI/ITG, 9TO 49uCjla Yy OIITHMAJIBHBI U UX HEJIb3d YMEHbBIIUTD.

7.4. JIBom4HBIl KyO.

7.25. Jlokaxkure, 9TO 3a 15 BOIIPOCOB C OTBETAMU TOJIKO «JIa» U «HET» MOXKHO YraJIaTh IUCTIO
ot 1 no 2014, naxke ecm OTBEYAIONINI Ha BOIPOCHI MOXKET OJIMH Pa3 COBPATD.

7.26. Hokaxkure, 94TO 32 15 BOIIPOCOB € OTBETAMHU TOJIBKO «Jla» M «HET» HEJIb3s rapaHTUPOBAHHO
y3HaTh 4ncao oT 1 g0 2100, ecoim oTBevaronnii Ha BOIIPOCHI MOXKET OJIUH pa3 COBPATh.

7.27. Hekoropsie Bepuinabt Kyba {0, 1}" coe/lMHEHbI € IMHUYIHBIMI OTPE3KAME TaK, ITO OT JIHO-
60t TOUKHU JI0 JIIOOOM JIPYTOil CYIIECTBYET €JIMHCTBEHHBIN TyTh 110 9TUM oTpe3kaM. Jlokaxkure,
YTO OJINH N3 TaKUX IIyTeil mMeeT JUINHY, He MeHbIIyIo 2n — 1.

7.28. Tlycrs muneiinoe otobpazxkenue A : R™ — R* npespamaer ky6 @, = {0,1}" B MHOXkKecTBO
u3 N snementon. IIycrh Taxske npu BeskoMm y € RF ypasnenne A(z) = y umeer ne 6osee M
pertiennit B Kybe (), & Ipu KakoM-TO y umeeT poBHo M perenuii B kKybe. Jlokaxkure, 910

"< NM < 3™,

7.29. Jlan MHOrO4JIeH CcTeleHu d OT N nepeMeHHbIX. /lokaxkuTe, 9T0 JIMOO OH NPUHUMAET HEHY-
JIeBBIC 3HAMEHNS KaK MUHUMYM B 2"~ % Bepmmmax Kyb6a {—1,1}", mubo OH NPUHUMAET TOJHKO
HyJIEBbIE 3HAYEHUs B BEPIINHAX ITOTO KyOa.

7.30. lokakure, 9TO I JIIOOOTO TEJIOT0 1. > 2 CyIIECTBYET MHOTOYJIEH CTeleHu He 6ojee n ¢
o n
kosdburmenramu 3 {—1,0, 1}, mveroruit Koperb 1 KpaTHOCTH He MeHee | /m

7.31. B ky6e {0, 1}" ormedensl 6osiee MOTOBUHBI BEPIIHH U APl OTMEYEHHBIX BEPIIUH COEJIU-
HEHBI peOPOM, €CJI OHU OTJIMYAIOTCA TOJBKO B OJIHON KoopauHate. /loKaXkuTe, UTO B MOJTYUUB-
menMces rpade Kakag-To BepHIMHA COCMHEHA He MEHEE 9eM C /7t COCEISMU.

7.5. Anrebpanvyeckue MeTObl U 3ada4M.

7.32. Ilyctb B MHOXKecTBe S U3 N 9JIEMEHTOB JIaHO ceMeicTBO F u3 n + 1 HEelycToro mojMHO-
»kecTBa. JlokaxKure, 94TO 3TO ceMeiicTBO MOKHO pas3burh Ha Tpu F = A LI B LIC Tak, uro A u
B HemycThl, 1 UX 00beMHEHUsT COBIIAIAIOT,

Ja=Us

7.33. /lanbl JiBe pas/IMIHbIe TOC/IE/I0BATEILHOCTA U3 HYJIEH U e IMHUIL JTUHBL n. JloKaxKkuTe, 910
Hali [y TCs HATypaJbHOE IUCI0 M < Hy/T U OCTATOK @ MO MOJLYJIIO 11 TAKHE, UTO TTOCTEI0BATE b
HOCTHU OTJIMIAIOTCS 110 KOJIMYECTBY €JINHUIL, CTOSIINX Ha MeCTaX, HOMepPa KOTOPhIX CPABHUMBI C
@ 10 MOJLYJIIO M.
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7.34. ITycte A u B — HemycTble HOAMHOXKECTBa KOHeIHOTo 11014 [F)), a C' — MHOXKeCTBO UX CyMM
C=A+B={a+b:ac A, be B}. Jlokaxknure HEPABEHCTBO IIPO MOITHOCTb STUX MHOYKECTB:

C] > min{|A| + |B| - 1,p}.

7.35. Ilycthb ay,...,ar — TMONAPHO pa3JIMYHbIE TOJIOKUTE/IbHDbIE JIEHCTBUTEIbHBIC Yncya. Pac-
CMOTDHM BCEBO3MOXKHbIC CyMMBbI » ., a; 110 nojmuoxecrsam I C {1,..., k}, mycraa cymma
cauTaeTcst paBHO Hyso. JlokayKkuTe, 9T0 cpein 3TUX CyMM Haiimyrcsa ne menee k(k 4+ 1)/2 4 1
MOMTAPHO PA3INIHBIX YHUCEI.

7.36. Ilycte A = {ay,...,a,,} — KOHEUHOE MHOXKECTBO HATypaJbHbIX unces. O6oznadum Ay
MHOYKECTBO CYMM C TIeJIBIMH HEOTPHUIATEIbHBIMI KO3 puImenTaMu

T1a1 + To0g + -+ TGy, T A Xy, <KL

Jlokaxkure, UTO HalIyTcsd Takue Iejble dncia kg, a,b, aro s awodoro k > ky nmeer MecTo
PaBEHCTBO JIJIsi MOIMHOCTH MHOXKecTBa: |Ag| = ak + b.

7.37. Ilyctb HaTypaJibHBIE YHCJIa pACKPAIeHbl B KOHEYHOE YKUC/I0 IIBETOB. JloKaxKuTe, 9TO JjIs
BCSIKOT'O HATYPAJIBLHOTO ¢ HAlIETCsI TOC/Ie0BATEIbHOCTh HATYPAJIbHBIX TUCET N < No < ... <
Ny W YUCJIO0 t CO CJIEAYIONINM CBOMCTBOM: BCE CIABUHYTHIE Ha t CyMMBI BCeX €€ HEIyCTBIX ITOJIIIO-
ciaejosarebHocTei, t + n; + ng, + -+ - + N, IMEIOT OJIMH U TOT 2KE IIBET.

7.38. Ilycte A — KOHEUTHOE TIOJIMHOXKECTBO HEKOTOPOit abesieBoil rpyibl (7, 1171t KoToporo |A +
Al < ¢|A| npu HekoTopoM JieficTBuTebHOM ¢ > 1. JloKaxkuTe, 9To0 JiJIs BCIKOIO HATYDPAJBLHOTO
k moJsryanTcs
A+ + Al <Al
k

7.39. Ilycrs muorownen f(xy, T, ..., x,) C Flay, ..., z,] nmeer crenenn we 6osee ¢+ co+ -+ -+
Cn, TIE ¢; — HEOTpUNATEbHBIE Tieble ducia. [lycts C' — 1o koaddunuent upn 27 ...z B f.
[Iycrts Ay, A, ..., A, — HekoTOpBIe IOnMHO)KecTBa F pasmepos |A;| = ¢; + 1 cooTBeTcTBEHHO.
O6osnaunm Tarcke ©;(z) = [ eq, (@ — ).

Jlokakurte, 9TO
f Ofl, .. )
C=
a% Spn(an)

B uacruocru, ecm C' # 0, To JJIst HEKOTOPOIl cUCTEMBI IpejcTaBuTeneil o; € A; okaxkercs
flag,ae,...,ap) # 0. N maobopor, eciim f(ay, s, ..., ) # 0 POBHO Jjist ONHON CHCTEMBI
upejcrasuresieit, o C # 0.

7.40. Ilycts ay,...,a, — HaTypasjbHble udncia. Jlokaxure, 910 CBOOOIHBIN KOdMDUIMEHT B

MHOrowwieHe Jlopana
a;
i#] J

paBeH MYJILTUHOMHUAJILHOMY KOIMDMUITUEHTY
a+ -t a (a1 4+ - +ay)!

n
ay as ... ap [T, a!

7.41. Ilycts aq, ..., a, — HaTypajbHbIe YHCIa, & b; = (Zg aj) — a;. Jlokazkure, 910 KO3(DDhu-

b
UEHT IIpu MOHOME 1711 .. J]?L" B MHOI'O4JICHE

a;—1 a;

T T s = @) [ [ (i = ')

i<j \ s=0 t=1
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C ImapaMeTpoM ¢ PaBeH ¢-MyJIbTHHOMHUAJIbHOMY KO3bduiimenTy

<a1 + e+ an) _ Hglz_;l_..--l-an(l _ qs>
ap az ... Gn/, [T IS (= a)
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8. 'EOMETPUA
8.1. Pa3ubie 3agavu.

8.1. Ilycrh cMemaHnoe TPOU3BEeHIe TPEX BEKTOPOB a, b, ¢ € R? mo momymo ne menee 1. Jo-

KaXXuTe, 9TO BEKTOPHOE IIPOU3BEICHUIEC KaKOI-TO ITapbl U3 9TUX BEKTOPOB II0 MOJ/YJ/IIO HE MEHEe
1.

8.2. Ilycth B R? nanbl n npaMbix. JJoKasKuTe, 4TO CyIIecTBYeT HeHyJIeBOil MHOIOYJICH CTeleH:
< 34/n, KOTODbIii O0HYJIAETCA HA BCEX MPSIMbIX.

8.3. [lokakuTe HepaBEHCTBO I MOJIOKUTEJIBHBIX a, b, ¢, d:

Va2 + b2 +2/3ab\/c® + d? + 2/3cd + /a2 + d2 + 2/3ad\/b? + 2 + 2/3bc >
> /a2 + 2 + 2/3ac\/b% + d? + 2/3bd.

8.4. Tlyctn cevenue xonyca x2 + y* = 22 (z > 0) WIOCKOCTBIO ABJIIETCs JLTHIICOM. JloKazxKuTe,
9TO Y HPOEKITUH 9TOTO 3JLANIICA Ha IJIOCKOCTh )Xy Hauaso KOOPAMHAT ABIAETCH (DOKYCOM.

8.5. Ha mpoBonounyio e MHIYIHYIO OKPYXKHOCTb MayK HATIHYT mayTuHy. [layTmHa mpesacras-
JseT u3 cebd miaockuil rpad ¢ mpAMBIME pEOpaMu B KpyTe, OTPAHUYEHHOM JIAHHOW OKPY2K-
HOCTBIO; W3 BepINUH rpada, JexKalmx Ha OKPYKHOCTH, peOpPO BBIXOJIUT BHYTPb OKPYZKHOCTU
HEPHEHUKY/IAPHO eif; a B KaxKJI0il BepIuHe rpada BHYTPU KPyra CyMMa €JIMHUYHBIX HUCXOs-
X KacaTe/JIbHbIX BEKTOPOB K pédbpaM rpada mysesas. /Jokaxkure, 9To JIUMHA ITayTUHBI PABHA
KOJIMYECTBY €€ BEePIIUH Ha OKPYKHOCTH.

8.6. Paccmorpum addurnoe mpeodbpazoanne A : R" — R". Jlokaxute, 910 cyriecTByeT ad-
dunnrag runeprutockocts H C R™ co ciaemyrommm cBoiicTBoM: mpu JjiodoMm x € R"™ oTpesok
[z, Az| mepecekaer H.

8.7. Ilycrs K — KOMITAKTHOE IIOJIMHOYKECTBO €BKJIMJIOBa IpocTpaHcTBa, a f : K — K —
orobpazxkenue, Takoe uto |f(z) — f(y)| = |z — y| mua mobbix x,y € K. Jlokaxure, uro f Ha
CaMOM JIeJIe COXPAHSET PACCTOSHMUS.

8.8. Ha kaxjom pebpe TpéxrpanHoro yria c¢ Beprmuoii O ormerwin 1o mape Todek: (Aj,
AQ), (Bl7 Bg) n (Cla CQ) Toukn Ag, Bg n Cg — CcepeauHbl OTPE3KOB AlAQ, BlBQ n 0102
cooTBeTcTBeHHO. lokaxkure, uro nepecederne TerpadapoB OA; B1CT u OA;ByCy comep:kurcs
BHYTpH TeTpadapa OAs3Bs3Cs.

8.9. B CpemmseMHOM MOpe eCTh 9eThbIpe OCTPOBa «, 3, Y U 0, Ha KOTOPBIX KUBYT MaTeMaTHKN
A, B, I'u A. Kak-T0 yTpoMm, OHM Pemnin, 9T0 KaxKIblii 000HIET CBOIl OCTPOB OJMH pa3 IPOTHB
JaCOBOM CTPEJIKM, NPUIEM TakK, 9TO BCE BpeMs UX IOJIOXKEHHs Oy/yT 0Opa30BBbIBATH KBaJIpaT
ABT'A. VauBurebHO, HO UM 3TO yaajock. Haiiaure miomaib ocTpoBa ¢, €CIi U3BECTHBI I1JI0-
a1 OCTPOBOB (v, 3 U 7.

8.10. B mpoctpancTse R? pactosnoKeHbl HOMAPHO PA3INIHBIE TOUKA T1, . . . , T, Y1, - - - s Yn, TPH-
qém d < 2n — 2. Oka3aioch, 9TO PACCTOSTHUSA

|$1—y1|=|mz—y2|=---=|xn—yn|Za,

a OCTaJIbHbIE PACCTOAHUS MEKJIy TTapaMK PA3HBIX TOYEK U3 HAIlero Habopa paBHbI HEKOTOPOMY
qucity b. Jlokaxkure, 9TO BCe TOYKH JIEKAT B HEKOTOPOM N-MepHOM adOUHHOM MOITPOCTPaH-
ctee A C R4

8.11. IlycTh Ha"Ya/I0 KOOPIMHAT JIEXKUT CTPOTO BHYTpHU cuMILiekca B R™ ¢ BepmmmHamu vy, . . . , Uy,.
okazknre, 9TO CymecTByeT He MeHee n nmap ¢ < j Takux, 9To Zv;0v; > 90°.
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8.12. Ilpearonokum, B € IMHIIHOM IIape HEKOTOPOI'O €BKJIMIOBA ITPOCTPAHCTBA HAXOJAATCI 21m
TOYEK X1, ..., Tom,. JJOKaxKHATE, 9TO UX MOKHO pa3dUTH Ha JIBA MHOXKECTBA U3 1M TOYEK KayKJI0e
TaKUM 00Pa30M, 4TO IEHTPHI MACC ITUX JIBYX MHOXKECTB OKaXKyTCsd Ha PACCTOAHUM He Hojiee \/Q—E

JIPYT OT JIpyTa.

8.13. Ha mrockoctn HapucoBaH cBsa3HbIH rpad G oTpe3kaMmu, MepeceKatoninMUCs TOJBKO 110
kouraM. [Ipesmooxkum, 9o J1o0bIe JIBe TOYKU X, Y B BEPIIUHAX WK PEOPax rpada, pacCTosiHIe

T
MeZKJTy KOTOPBIMU Ha IIJIOCKOCTH |Ty|, coepuHseT myTh B rpade JIIMHBI MEHBINeld, dem §|$y]

Hokazxkure, aTo B 3T0M ciaydae G — JIepeBo.

8.14. Paccmorpum nabop {hi,...,h,} abdunnbx runepmiockocreit B R? u oproronaibhbie
HPOEKIUN T, ..., T, HA COOTBETCTBYIOIINE THIIEPILIOCKOCTH. JloKaxKuTe,9To CymecTByeT KOH-
cranta C Takasi, 9T0 Jiisi JIEOOOil I0C/Ie/I0BATEILHOCTH UHIAEKCOB o = (i1, 19, . . . , i,y ) U3 MHOXKE-
cra {1,2,...,n} KoMIosurust

Tq = Tjy O Ty O+ O Ty,
umeer cBoiicTBo: |7, (0)| < C.

8.2. BeimykJjiasi reomeTpusi.

8.15. Bryrpu ocrporo Beimykiaoro kouyca C' C R"™ gana Touka m. JokazknuTe, 9TO CyIIeCTBYeT
eJINHCTBEHHAsI THIEPILIOCKOCTh H , KoTopas oTpe3aeT or C' MUpaMuIy ¢ IEHTPOM Macc m.

8.16. TpéxmepHbIil BBITYKJIbIII MHOIOTPAHHUK KOMOMHATOPHO SKBUBAJIEHTEH TPABUJILHOMY OK-
Tadv APy, TO €CTh MMEET 8 BEPIINH, U3 KaXKJO0W BBIXOJUT 10 4 pedpa, W T'PaHU SBISAIOTCS Tpe-
yrojbuuKamMu. Ero rpanu packparieHbl B YEPHBINA U OeJIbIil I[BeTa TaK, 9TO COCeIHUE 10 pedpy
rpaiu pa3HorBeTHbl. OKa3a/10Ch, 9TO TIPHU KazK/I0# BEPIITMHE CyMMa I6PHBIX YIJIOB PABHA CYMMe
Oesbrx. JlokaxknuTe, 9TO CyMMa MO el YEPHBIX I'PaHell paBHa CyMMe ILJIONa el OeJIbIX.

8.17. Hokaxkwure, uro Jroboe ceuernne kyba Q = [—1,1]" C R™ guneiiHbIM k-MEPHBIM TIO/IIPO-
crparcreom L C R™ mveer guamerp He Menee 2v/k.

8.18. Haiiiure MakcHMaJIbHO BO3MOXKHBINA (17 — 1)-MepHBIH 00BEM OPTOrOHATIBLHOM IIPOEKIINH
IIPaBUJILHOI'O KPOCCIOJINTOIIA,

Ha T'MIIEPIIJIOCKOCTD.

8.19. Ilycrs cummieke S C R™ comepkut cranmaptHblii exuanaabii Ky6 [0, 1), Jokaxkure, aro
S COmepKUT OTPE30K JJINHBI 1, MapaJIeIbHBI OMHOM N3 KOOPAUHATHBIX OCEl.

8.20. Duumuricony, E comep:kutcs B cuminiekce A, KOTOPbIl HAXOAUTCS B €IUHUYHOM Iape B
npoctpanctBa R". Jlokaxkute, 9T0 cCyMMa IVIABHLIX TI0JIyoceil 3jumiicon;ia F' ne 6oJiee e IMHUTIBI.

8.21. Ilycrh slomaHast v, HaXO/SAIIAsACH Ha TOBEPXHOCTH €MHUIHOTO Kyba [—1, 1], coemunser
HEKOTOPBIE JIBE TPOTUBOIIOJIOXKHBIE TOUKH Ha TIOBEPXHOCTH 3TOr0 KyOa. /lokaxkure, 94T0 €€ JmHa
He MeHee 4.

8.22. oxkaxkure, aro ecau MHOKecTBO X C S" 3aHuMaeT OOJIbIe MOJIOBUHBI PUMAaHOBA 00bEMA
eIMHUIHON chephl S™, TO MHOYKECTBO BCEBO3MOYKHBIX T'€0/Ie3NIEeCKUX OTPE3KOB JIJIMHBI MeHee T
¢ KOHIIAMU B MHOXKeCcTBe X TMOKpPBIBaeT BCio cdepy. [eodesuueckasn na chepe S™ — 910 KpuBasi,
JieKalas Ha HeKOTOPOH OKPYZKHOCTH Iiepecedenus ccepbl S” C R npymepHbIM mHeiHbIM
noapocrpancrsom L C R

8.23. Haiiure MUHUMATBHOE YUCIIO ¢, (3aBUCSINEE OT HATYPAILHOTO 1) CO CJEYIOIIIM CBOM-
crBoM. ljist siro6oro BeIyKIoro (3amMkHyToro) resia K C R™ ¢ meHTpoM cuMMeTpun B Hadase
KOOP/IMHAT, KOTOPOE COAEP>KUT POBHO 1M TOYEK C IeJIBIMA KOOPIUHATAMHU, JIFOOOH IMapaJiieib-
HBIIT TIepeHoc Tesia K cojiepKuT He DoJiee ¢, M TOUeK C IEeJbIMUA KOOPIUHATAMHU.
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8.24. Hns Bbimykjioro kommnakra K C R™ mazopém Touky x € 0K cuavno kpatinet, eciu
Haiiéres map B O K, takoit uro x € 0B. [okaxkure, uro K paBHO 3aMBIKAHUIO BBIITYKJION
000JIOYKH CBOUX CUJILHO KPallHUX TOYEK.

8.25. Ilycts K C R"™ — 1ieHTpaibHO CHMMETPUIHOE BBIITYKJIOE TeJI0. JloKazKuTe, 9T0 SJIIUIICONT
MakcuMaJbHOTO 00béMa F, conepxkauiics B K, e uHCTBeHHBIN 1 00J1a/1aeT cBofictBom F C

K C \/nE.

8.26. B mpocrpancTtBe R" ¢ HeKOTOpOil HOPMOI JaHbI HECKOJIBKO BEKTOPOB U1, . .., Uy, HOPMA
Kaxkgoro ne 6osee 1. /lokazkure, ITO MOXKHO BHIOPATh 3HAKHU TaK, 9TO BhIParKeHUE

’Ulii:’UQ:l:"':l:'UN
Oy/ieT BEKTOPOM HOPMBI He 0oJiee n.

8.27. B eBkmumoBom mpoctpancTBe R” 1aHbl HECKOJIBKO BEKTOPOB U1, . . ., Uy, JJIAHA KaZKJIOTO
He 6oJiee 1. [lokarkuTe, 9TO MOYKHO BBIOpATh 3HAKH TaK, 9TO BbIParKeHHE

’Uli’Ugﬂ:"'ﬂ:UN
Oy/leT BEKTOPOM JJIMHBI He GoJiee /N

8.28. B mpoctpancrtee R" jmano konednoe MHoxKecTBO TodeK X. M3BecTHO, 4TO 1 JTIOOOTO
noaMuoxkecTBa Y C X u3 He Oojiee n + 1 TOUKHM HalaéTcs eIUHWYHBIN 1map By, comepxka-
muit Y u He cojeprkaiiuii Havas0 Koopauuat. Jlokaxkure, 9To HaflIéTCsa e uHUYHbIN map By,
cofep:Kamuii X 1 He cojiepKallluii Hav9aJI0 KOOPIMHAT.

8.29. CymectByer Jin Takoe Boilykjoe Tejio K C R™, 4T0 BesgKoe BBITYKJI0€ TEJIO Ha IIOCKOCTH
R? apnserca ero cedernnmem A N K nsymepabiM adgduaEbIM mogmpocTpanctsom A C R” ¢
TOYHOCTBIO 110 adbdurHOro peodbpazoBanus? (CedeHne 06s3aHO MEPECEKATh BHYTPEHHOCTD K )

8.3. Tpuanrynsmum n 6JIM3KUe BOMPOCHI.

8.30. lokaxkuTe, IYTO €CIU N-YTOJHbHUK MOYKHO TPUAHTY/JIMPOBATH TaK, UTO CTEIEHW BCEX BEp-
IIUH TPUAHTYJIAIUK (BKJIIOYasi MCXOHbIE BEPIIUHBI N-yTOJBHUKA) Oy/yT YETHBIMU, TO 1 JIJIUT-
cd Ha 3.

8.31. Ilycth aHo MHOXKECTBO TOYEK Ha IJIOCKOCTH X , cojiepxKailiee n Todek. /lokaxkure, ato X
MOXKHO MOKpacuTh B 10Inn 1[BETOB ¢ BBINIOJHEHUEM CJIEIYIONIErO YC/IOBUA: JIJId JTIOOOr0 Kpyra
D, nepecekaroriero X, Haii€Tcs 1BET ¢ TaKOi, 9T0 [ COAEPKHUT POBHO OJHY TOUYKY IIBETA C.

8.32. /lokaxkure, 9TO y BCSIKOI'O BBIMYKJIOTO MHOTOyrosbuuka P = Ay, ..., A,, A; Ha miocko-
CTH HANJAETC KaK MHUHUMYM JIB€ BepIUHLI A; CO CJEIYyIONUM CBOHCTBOM: ONMUCAHHBIA KPYT
tpeyroipunka AA; 1 A;A; 1 (MHIEKCHI IO KPYTY) He COAepKUT BepinH A; BHyTpH cebst.

8.33. JlokaxkuTe, 9YTO y BCAKOTO BBIYKJIONO MHOTOyrojbHuKa P = Ay, ..., A,, A] Ha ILJIOCKO-
CTH HaNAETCS KaK MUHHMYM JIB€ BEPIIUHBI A; CO ClegyommM cBoicTBOM: P CONepKUTCS B
OIMCaHHOM Kpyre Tpeyrojbauka AA; 1 A;A;11 (MHIEKCH TI0 KPYTY).

8.34. JlokaxkuTe, 9TO Y BCAKON 3aMKHYTON JIBaXK/ bl JUdOepeHnnpyeMoil BBITYKIOH KPUBOIT HA
IIJIOCKOCTU €CTh He MeHee JIBYX MUHUMYMOB U HE MeHee JIBYX MaKCUMYMOB KPUBU3HBI.

8.35. Ha mmockocTn JaHbI YETHOE YUCJIO KpPpaCHBIX TOYEK 1 O/IHa CUHAA TOYIKaA B O6HJ,€M IIOJIOZKE-
HH (HI/IKaKI/Ie TpHU U3 JJaHHBIX TOYEK HE JIezKaT Ha O,ZLHOI'?'I HpHMOﬁ). rHOKa}KI/ITe, 9TO KOJINYIECTBO
TPpEeYroJIbHUKOB C BEPIIMHAMU B TpéX KpPpaCHBIX TOYKaX, ITIOKPbIBAOIIUX CUHIOIO TOYKY, 9ETHO.

8.36. lokaxkuTe, 9TO MapaJsuiesienuIie]] ¢ OCHOBaHueM B IiockocTn 0ry Helb3d pa3pe3aTh Ha
TeTPas/Iphl, KaXK/IbIIf N3 KOTOPHIX UMeeT I'paHb, MapaJiebayio 0xy.
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8.37. JlokazknTe, 9TO ecyu y MHororpananka P C R? Gosee 12 rpamneit, To HeKOTOpas ero rpaHb
nMeeT He MeHee 6 CTOPOH.

8.38. Jloxkaxkure, uro MHOororpanuuk P C R? ¢ n BepmumHaMu Heslb3s paspes3aTh MeHee deM Ha
n — 3 TeTpasipa.

8.39. Broimykuiblit Mmuororpanauk M ¢ TpPEyroJbHBIMU IpaHAMU pa3pe3aH Ha TeTPasJIpbl; BCe
BEPINUHBI TETPAIPOB SBIAIOTCS BEPIIMHAMU MHOTOIDAHHUKA, U JIIOOBIE JIBa TeTpasdjpa Jinoo
HE ITepeceKaroTcsd, JIM0O IepeceKaroTcs 1Mo oOIeil BepIuHe, o0IeMy pedpy Win OOIei TpaHu.
Jlokaxkure, 9TO He MOXKET OKa3aThCsd, YTO Y KaXKJ0I0 TeTpadpa POBHO OJIHA I'PAHb JIEXKUT Ha
ropepxHoctu M.

8.40. MoKHO JIN PACHOJIOKHUTL B IMPOCTPaHCTBEe R TEHICATY TOMAPHO He IePeKPBIBAIONINXCS
MHOIOTDAHHUKOB, KOTOPBIE OY/IyT TOMAPHO KACaThCsl (TO eCTh MMEeTh OOIIYI0 YacTh IPAHU IO
JIOZKUTETHHOMN Ttoraun)? MozKHO Jin ¢jieiaTh 3T0 Tak, 9T00bl MHOTOTDAHHUKHI OKA3aJIUCh PAB-
HbIMA !

8.41. Ilycrnb muoroyroibnuk P C R? pasour na tpeyroipuukn 17, ..., Ty. J1a KazKJ0ro Tpe-
YTOJIbHUKA PACCMOTPUM €ro IEeHTP onucanHoit okpyxuoctu ¢(7;) u ero mwioraab vol T;. Jloka-
JKHUTE, 9TO BEKTOP
S, vol T, - ¢(T))

> volT;
3aBUCUT TOJBKO OT P ¥ He 3aBUCUT OT €ro pasdueHusi Ha TPEYTOJLHUKU.

c(P) =

8.42. JlokaxKuTe aHAJOTHYHOE YTBEpK/IeHue Jid pa3duenus muororpannuka P C R™ na cum-
IIJIEKCHI.

8.4. IloKpbITHSA N yIaKOBKH.

8.43. IIpm kakux n mpocTpancTBo R™ MOKHO pazOUTH Ha ¢IMHUIHBIC N-MepPHbIE KYObl U ITOKpa-
cuTh KyObl B .+ 1 1iBer Tak, 9To6bl (3aMKHYTHIE) KyObl OJIHOIO ¥ TOTO Ke IIBeTa He IepeceKa-
Jncn?

11 11\n—1
8.44. Tlnockyio dburypy ynanoch pa3pe3aTh Ha 1 KBaJpaToB cO cropoHamu 1, 15, ..., (E) )
napaJuieJIbHBIME OCcIM KoopauHatT. JlokaxkuTe, 9T0 3Ty (PUTYpPY HeEJb3sd pa3pe3aTbh Ha MeHee

9eM N IIpAMOYTOJIBHUKOB CO CTOpOHaMM, ITapaJlJIeJIbBHBIMU OCAM KOOPAMHAT.

8.45. Ilyctb muororpannuk P C R" ¢ runeprpansamu Fi, ..., F), conepKuT HAYaI0 KOOP/IMHAT,
a kouycol C',...,(),, ¢ BepHIMHOI B HyJIe IMOCTPOEHBI TakK, 4TO KoHyc C; COCTOUT W3 JIydeid,
HPOXOIANINX Yepe3 rureprpanb F; n3 Hadaja koopauHat. /lokaxkure, 9To 000 HAOOP TOUEK
T1y. .., Ty € R™ MOXKHO HEPEHYMEPOBATH TaK, UTO CABUHYTBHIC KOHYCHI {z; + C;} momapuo He
IIEPEKPBIBAIOTCS.

8.46. Ilyctp muororpanuuk P C R” c runieprpansmu Fh, ..., F}, cOnepKuAT HaIaI0 KOOP/IMHAT,
a konycel C',...,C), ¢ BepuInHO# B HYyJe IMOCTPOEHBI TaK, 9T0 KOHyC (C; COCTOUT U3 JIydUei,
IPOXO/IAIINX depe3 Turieprpanb F; n3 Hadasa koopauHat. Jlokaxkure, 910 11000 HAOOP TOUEK
T1,. .., Ty € R™ MOXKHO TIEpEHYMEPOBATH TaK, YTO CABUHYTHIe KOHYCHI {z; + C;} MOKpbIBaOT
BCE mpocTpancTBo R”.

8.47. JokazknTe, 9T0 R3 MOKHO Pa3bUTh Ha HATH KOHYCOB C BEPIIMHOH B HYyJIe TaK, UTO IPE/IbI-
JLyIUe YTBEPXKIeHNs He OY/LyT BEPHBI JIJIs STOM CUCTEMBI KOHYCOB I HEKOTOPOTO Habopa U3 MATH
TO4Y€eK Z1,...,T5.

8.48. Ilpeamnoso:kuM, 9TO KPyr pa3pe3aH Ha m > 2 3aMKHYTBIX BBIITYKJIBIX dacTeil paBHOI
ILJIONIA/IA, ¥ UMEIONINX PAaBHYIO JJIMHY IepecedeHus ¢ IpaHulieil Kpyra, OKpyKHOCTbIO. BepHo
JIA, 9TO BCE YaCTU SIBJISIOTCS OJIMHAKOBBIMU CEKTOpPaMu?
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8.49. Ilpeamosoxkum, 9T0 KPYr pa3pe3aH Ha m > 2 3aMKHYTBIX BBIIYKJ/IbIX YacTell paBHOTO
IepUMeTpa, U UMEIONUX PABHYIO JIJIUHY MepecevdeHns ¢ IpaHulleil Kpyra, OKpyKHOCTbI0. BepHo
JIA, IYTO BCE YACTH SIBJIAIOTCSA OJIMHAKOBBIMU CEKTOPaMU’

8.50. Ha mockoctn R? 0603HaUeHO HECKOJIBKO KBaJIPATOB €O CTOpoHaMH 1 X 1, mapasiiebHbIME
KOOP/IMHATHBIM OCAM, W UX KOJIUIECTBO HEUETHO. J[oKaKnTe, YTO MHOYKECTBO TOYEK ILJIOCKOCTH,
KOTOpbI€ HAKPBHITHI HEYETHBIM KOJIUIECTBOM 0003HAUEHHBIX KBAIPATOB, HMEET ILIOIIA/Ib HE Me-
Hee 1.

8.51. Ilycrs kpusag ' C R? zajiana napamerpudecku kak 7 : [0, 1] — R?, npuuém napamerpu-
3aIys YJIOBJIETBOPSET yeaoBuio € mepa

7(t) = 7(s)| < Clt — 5|
¢ C' > 0 u mokazaresem « > 1/2. JTokaxure, ato [' He MOXKET 3aMeCTH eJIMHUIHBIA KBAIPAT.

8.52. IlycTp Ha IJIOCKOCTH JlaH HPaBWIBHBIN TpeyrojabHuk K. JlokaxkuTe, 4TO I BCIKOTO
nojiokuTebHOr0 P Haiinérca € > ( ¢ TakuM CBOHCTBOM: €C/IM B TPEYTOJbLHUK K TIOMeIeHbI
HECKOJIBKO HETIEPEKPBIBAIOIINXCSA TPEYTOJbHUKOB K1, . . ., Ky, OTpUIIaTe ITbHO TOMOTETHYHBIX K,
MOTIAPHO He IMEePEKPBIBAIOINIUXCS, U OCTABJISIONINX HEIOKPLITOI He OoJiee € momau K, To ux
CyMMapHbIii TIepuMeTp He menee P.

8.53. Ilycth B R™ ecTh KOHEUHOE ceMelcTBO MapoB By, ..., By, BOSMOXKHO pPa3HbIX PaJInyCOB.
JlokaxkuTe, 9TO MOYKHO BBIOPATh IOJICEMENCTBO B, . .., B;,, IONapHO HElepeceKaoNMX s IIa-
POB TakK, 4TO

M

M N
vol U Bij > 37" vol U Bz
j=1 =1

8.54. B TpéxmepHoM KyOe eIMHUIHOrO pasMepa JaHbl 2n To4ek. JlokaxKuTe, 9To TOYKH MOXKHO
pas3duTh Ha IMapbl TaK, 9TO cyMMa KyOoB paccTosinmii B mapax oyjer e 6osiee 200.

8.55. Paccmorpun HenpepbIBHO 3aBucsinee ot napamerpa t € [0, 1] cemeiicrso mapos { By, ) (1)},
y KOTOPBIX IEHTPBI MEHAIOTCA TaK, 9To |2;(t) — x;(t)| (me oba3aTebHO CTPOro) Bo3pacTaer st
JIIOOBIX ¢ U J, & PajMyChl OCTAIOTCH IMOCTOAHHBIMU. /loKaxKuTe, 4TO

N

vol U Bmi(t)(ri)

=1

(He 06s3aTEIBHO CTPOr0) BO3PACTAET.

8.56. Jlokaxkure, uro B R" HEIb3s PACIOIOKHATH O0JIbINE N+ 1 € IMHUYIHOrO BEKTOPA C TYIBIMA
yIJIaMu MEXKJTy JTI0O0H Tapoii BEKTOPOB.

8.57. Hokaxkure, uro B R" HENb3s paciooKUTh O0JIbIINE 21 € TMHUIHBIX BEKTOPOB ¢ HEOCTPBIMU
yIrJIaM#u MEKJIy JIF000i 1apoii BEKTOPOB.

8.58. Ilycrb vy, ..., v, — €IMHUYHBIE BEKTOPA B €BKJIMI0BOM IpocTpancTse R™. /lokaxKure, 910
HAHAETCA TAKO# €IMHUYIHBIN BEKTOP U, 9TO JIId JiIoboro ¢ = 1,...,n Oyjaer
1
|(u, v3)| < —=.

~
vn
8.59. MoxkHO /I HaliTH Takoe HaTypaiabHoe unciao N n MHOXKecTBO Todek X C R? co ciemyro-

MM CBOMICTBOM: JIJI BCAKOTO BBINTYKJIOTO MHOTOYTOJIbHUKA K mmomaau 1 nepecevenue K N X
cosiepkutT ot 1 10 N Todek?
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8.60. Ilycre K C R"™ — neHTpajbHO CHMMETPUYHOE BBIMYKJO€e TeJso. JlokaxkuTe, 9TO B IpPO-
crparcTBe R" MOXKHO pa3MeCTUTb HEIEPEKPBIBAIOIINECS MTapa/lie/IbHbIe TIEPeHOChl K Tak, 9To
IJIOTHOCTL yIakKoBKM Gyzer He menee 27 "T1. Tlocieanee oszHadaeT, 4TO I BCAKOIO IMIapa
By(R) nosst 06béMa Mapa, TOKPBITOrO STUMHU HapaslyIeIbHBIMU TTlepeHocaMu K, Oy/Ier He MeHee
27" 4+ o(1) npu R — +o00.

8.61. /lano nenTpasibHO-cUMMeTpudHOe BbimyKJIoe teo K C R"™ u gano uuciao € € (0,1).
JloKazKuTe, 4TO HaiiJiéTca MHOrOrpaHHUK L ¢ mHe Gosiee yem 3"c'™" BepIimHaAMU, TaKoi UTO
(1—-e)K CLCK.

8.62. /lokaxkuTe, 9TO Ha IJIOCKOCTU HEJTb3s PA3MECTUTH apaJslie/IbHbIE IEPEHOCHI OJTHOTO U TOTO
7K€ TPEeyTOJbHUKA TaK, 9TO0bI IIOTHOCTH YIIAKOBKH (CM. OIIpejiesienne Beie) 6bi1a 6osbiie 2/3.

8.63. Ilpeammo/iozKuM, 9To B €BKJIMJIOBOM IpocTpancTBe R MoxKHO pasmecTuTb N eIMHUTHBIX
IApPOB TaK, 9TO OHU He MePEKPBIBAIOTCs (He IepeceKatoTesl TT0 BHY TPEHHOCTSIM ) 1 BCe KaCalTCs
eIé OJHOI0 eMHIIHOrO Iapa ¢ IeHTPOM B HadaJle KoopawHar. /okaykuTe, 9To 171 JTI060T0O
BoIyKJjI0ro Tefa K C R™ MoxkHO pasmectuth N HenepeKpbiBaIOIuxcs Kouii K (paspemaorcs
OPTOrOHAJIbHBIE TIPEe0Opa30BaHUs U HapaJlle/IbHbIe TIEPEHOCHI) TaK, YTO OHU BCe OY/IYT KacaThCs
ncxoaHoro K.

8.64. /lokaxkute, UTO B mpocTpaHcTBe R™, Mpu JOCTATOYHO OOJIBIIIOM N, HEIb3s Pa3MeCTUTh
IIOIIAPHO HeIepPeKPhIBAIOIINECS Iapbl €JIUMHUIHOIO paJinyca C IJIOTHOCTHIO YIIAKOBKHU OoJiee,
gem 0.717".

8.65. Ilpennosnoxum, yianoch Hajitu HenpepbiBHyIO hyHKImO [ @ R" — R rakyio, aro f(z) < 0
npu |z| > 2 u npeobpazosanue Oypbe f Besne HeoTpuIaTe bHO. JloKaXKuTe, 9TO TOr/IA HEJIb3s
YIAKOBaTh OJMHAKOBBIE Mapbl B R” ¢ IJI0THOCTBIO OoJiee, dem

=7 )
(n/2)0 [on f(x) day .. day,
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