1. CBoiicTBa OeICTBUTEIbHBIX UNCE]
1.1. MHO>KeCcTBa M OTOOpaKeHMA.

3adaua 1.1. Ilomymaiite Ha TeM, UYTO O3HAUAET B IPeABIAYIIEl pase CIOBO «COBIIAAIOT>.
[[ HHompoGyiiTe ompenennTs T = Y Uepe3 yCIOBUA L € ... U Y € .... ]]
3adaua 1.2. 3amagum orobpakenue m; : X X Y — X xak m(x,y) = = u oroOpaskeHuUe Ty

X XY — Y kak mo(z,y) = y. Hoxaxure, uto orobpaxkenuss f : Z — X x Y opHO3HAuHO
OIIpeNeNSIIOTCS TIapaMy CBOUX «KoopamHat» (myo f : Z — X myo f 1 Z = Y).

3adaua 1.3. Kak cBs3aHbl rpadmKy B3aMMHO 0OpaTHBIX OTOOpaXKeHMT [ 1 ¢ KaK ITOJAMHOKeCTBA
XxYnuY xX?

3adaua 1.4. BeracHUTe, YTO 0O3HAUAET CyLlleCTBOBaHMe y oToOpaskenns f : X — Y npasozo o6pam-
HO20 g, Oy Kotoporo f o g = idy. AHAJOIMYHO AJIS J1e6020 06pamHoeo, Iyt Kotoporo g o f = idx.

1.2. OTHOIIEHNA 3KBMBAJIEHTHOCTI U ImopAaKa.

3adaua 1.5. Ilycts Ha MHOKecTBe X 3a7aHO OTHOIIIEHVE SKBUBAJIEHTHOCTI ~ ¥ pAaCCMaTPUBAETCS
npoekuns Ha ¢akropmuoxectBo P : X — X/~. [lokaxure, uto orobpaxkenue f : X — Y
npepcTapisercs B Bune f = g o P, mis Hekotoporo g : X/~ — Y Torma u TOJIbKO TOTAa, KOTAa
st mr0bbix o' ~ " oxkaseiBaercs f(x') = f(z”).

3adaua 1.6. IIpoBepbTe, YTO MHOKECTBO OCTATKOB Z /(M) KOPPEKTHO HAcCJIeLyeT OT Z Olleparun
CJIOK€HMNS, BBIUMTAHNUA ¥ YMHOKEHNUS.

3adaua 1.7. Onpenennute Ha MHOXXeCTBe Ipo0eit § OTIepalyN CJIOKEHS, BBIUMTAHNS, YMHOKEHUS
u nenenus. IIpoBepbTe, UTO NMpM 3aMeHe apryMeHTa TaKOJl Ollepaluy Ha SKBUBAJIEHTHBIN eMy
pe3yJIbTaT OIepanuy TOKe 3aMeHsIeTCS Ha 9KBUBAJIEHTHBIIL.
3adaua 1.8. IIpoBepbTe, UTO OTHOIIIEHNE HA ITapax LEJIbIX YMCcell
(n,m) < (n',m) & n<n um<m
) ) Y AN X
SIBJISI€TCSI OTHOILIEHUEM ITOPSAKA, HO He SBJISETCS JIMHEHBIN TOPSIKOM.

3aodaua 1.9. IlpoBepbTe, YTO HA MHOKECTBE IIOJMHOKECTB HEKOTOPOI'O MHOYXECTBA / OTHOIILIEHUE
X C Y saBnsercs oTHOLIEHMEM MHOpsAAKAa. B Kakux ciydasx 370 OyaeT OTHOIIEHNE JIMHETHOTO
nopaaka’?

3adaua 1.10. [JokakuTe, UTO B JMHEIHO YIOPSTOUEHHOM MHOKECTBE MIHUMAJBHBIN 3JIeMEHT
100 OTCYTCTBYET, I10O0 e JMHCTBEHHBIIL.

3aodaua 1.11. IlpuBenuTe mpuMep, KOTa B YaCTUUHO YIIOPSIAOUYEHHOM MHOeCTBe MUHIMAJIbHBIN
3JIEMEHT He eqHCTBEeHHBII.

3adaua 1.12. BeiBeuTe 13 aKCMOMBI MaTEMATNUECKON MHAYKIIUI CBOMICTBO «ITOJTHOV MHIYKIIVIV»:
Ecau momMmuOXecTtBo X C N 061amaeT CBOICTBOM

VneN, (Vm<nmeX)=>neX,
o X = N.

[[ Paccmorpure muoxectBo Y = {n € N|Vm <n,m € X}. ]]

3adaua 1.13. Jokaxwure, uto eciy MHOxXecTBO X C N KOHeuHO, TO ero JOIIoJTHEeHUe
N\ X ={yeN|y¢ZX}
0OEeCKOHEUHO.

[[ Hocrpoitre nporuBopeune, npennonoxus KoHeuyHocts N\ X. ]]
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3adaua 1.14. [Jokaxkure, 4TO B JIOOOM HEIIyCTOM MHOXKECTBe HATYPAJIbHBIX UMCEN CYIIEeCTBYeT
MJHIJMAaJbHbIV 3JIEMEHT.

[[ TIpenmonokus MpOTUBHOE, MOKaKUTe MO (MOJTHONM) MHAYKLMM, UYTO HU OJHO HATYPAJIbHOE UYUCIO B
MAHHOM MHOKECTBE HE COTEPIKUTC. |]

3adaua 1.15. [JokaxuTe, YTO B JIIOOOM KOHEYHOM YaCTUUYHO YIOPSILOUECHHOM MHOXXECTBE €CTh
MMHJMAaJIbHBII OTHOCUTEIBHO €r0 YACTMUHOIO ITOpAIKa 3JIEMEHT.

[[ Cunraiite maHHOE MHOXECTBO IIOJMHOKECTBOM HATYPaJIbHBIX urcell. VIcronb3yiiTe MHAYKIMIO IO €r0
MaKCUMAaJbHOMY B CMBICJIE IIOPSIKa HATYpAJbHBIX UMCEN 3JEMEHTY, He 3a0bIBas, UTO €ro YaCTVUHBII
IIOPSIAOK MOYKET OBITH APYTUM. |]

3adaua 1.16. [Jokaxxute, 4To JI000I YACTUUHBIN IOPSIAOK HA KOHEUHOM MHOKECTBE MOKHO pac-
LIIVMPUTH 0 JIMHEHOTOo IopaaKa.

[[ Cunrarite AAHHOE€ MHOKECTBO IIOAMHOXECTBOM HATYyPAJIbHBIX UJICEIL 1 I/ICHOJIBBYIZTC VHAYKONIO I10 €ro
MaKCUMAJIBbHOMY B CMBICJIE ITIOPAAKA HATYPAJIbPHBIX UVICEJI IJIEMEHTY. ]]

1.3. IIpegensr u PpyHAAMEeHTATBHBIE IOCIEXOBATEIHBHOCTH, OIPENeIeHIE KeICTBUTEIb-
HBIX YMICeJl.

3aodaua 1.17. Ilponsnecure nornueckyo Gopmyny B onpeneneHnn GyHIaMeHTAIbHOI I0CIENO0-
BATEJILHOCTI.

3adaua 1.18. IlpoBepbre HyHOAMEHTAIBHOCTh ITOCTPOEHHOI ITOCIEIOBATEIFHOCTI ECATUUHBIX
IPUOIVHKEHUIT V2.

1.4. ApudmMeTndecKkue orepaniin U CpaBHeHNe NeliICTBUTEIbHBIX YICeJl.

3adaua 1.19. [Insa nposCHeHUs HAIMCAHHOI (OPMYJIBI JOKaKUTE 110 MHAYKIVIN, UTO B KOHEUHOI
IIOCJIeJOBATEIbHOCTH by, . . ., b, pallOHAIIBHBIX UNCEJI €CTh MaKCUMAJIbHBII 3JIeMEeHT.

3aodaua 1.20. [Jokaxure, YTO OOPATHOIO IO YMHOKEHUIO [EJICTBUTEIBHOIO umcia K unciay 0 He
CYILLECTBYET.

1.5. ITortHOTA MHO>KECTBA HeﬁCTBMTeHLHbIX IIICEeJI.

3adaua 1.21. [JokaskuTe, UTO MEXAY JIOOBIMU JBYMs pasHbIMU AEICTBUTEIBHBIMIY UMCIAMI €CTh
MppanoHaJIbHOE.

[[ Vicmonsayiite, HalpuMep, MPPAaIOHAILHOCTD v/ 2. |]

3adaua 1.22. J[JoKa)kuTe, UTO IOCIENOBATEIBHOCTD NEICTBUTENBHBIX UMCEl, MMEIOIas Iperell B
PaCIIMPEHHOI YUCIOBOI IPAMOIL, OTpaHNU€eHa JU60 CHUBY, NGO CBEPXY.

[[ PaccMoTpuTe OTHEBHO CTyyay KOHEUHOTO MpefIeNa i mpemena 00, ]

3adaua 1.23. JlokaxuTe, 4TO IIOCIENOBATENBHOCTD (an) He SBJISEeTCSI MOHOTOHHOJ TOTJIa M TOJIBKO
TOTAa, KOIJla HailayTcs HoMepa n < m < k takue, 4T0 (G, — Q) (A — ag) < 0.

3adaua 1.24. J[IoKaKuTe, UTO MOCIELOBATEIBHOCTS (@, ) He ABJIAETCI CTPOrO MOHOTOHHOI TOTA U
TOJIBKO TOT/Ia, KOT/Ia HAMIETCA HOMEP 1 TAKOI, uTO (ay, — Gpi1)(Ani1 — @py2) < 0.

1.6. Tlepexon K mpefesly B HEPaBEHCTBAX, eMHCTBEHHOCTD Mpe/esia, BIIO>KEHHbIE OTPE3KIL

3adaua 1.25. BepHo nu, uto eciu a,, < b, s Bcex n U mocienoBartenbHocty (ay,) u (b,) nmeror
IIpeJebl, TO

lim a, < lim b,7
n—o0 n—o0

3adaua 1.26. Tokaxure, uto lim,, ., 1/2" = 0.

[[ Ucnonssyiire HepaBercto 0 < 1/2" < 1/n, cnencreue ?? u TeopeMy 0 ABYyX MILUIMIIOHEPaX. ]]



3adaua 1.27. [TpuBenuTe mpuMep, KOrga nociae 0BaTeIbHOCTD BIOK€HHBIX IHTEPBAJIOB (an, bn) He
nmeert o61eit Toukn. ChopMyIupyiiTe JOCTaATOUHBIE YCIOBMS TOTO, UTOOBI IIOCIET0BATEIFHOCTD
BJIO’KEHHBIX MHTEPBAJIOB BCE jKe MMeJia OOIIYIO TOUKY.

[[ Cnenmure 3a KOHIITaMM MHTEPBAIOB. |]

3adaua 1.28. s MONOKUTENBHBIX (1, b; ONpemeauM OBe mociaenoBarenbuoctu (a,) u (b,) dop-
MyJIaMu
a, + by

B

HoxaxkuTte, 4TO 00€ ITOCIEeTOBATEILHOCT CTPEMSATCSI K OQHOMY U TOMY K€ UVICITY.

Qpy1 = Qp bn; bn+1 =

[[ IpoBepbTe, UTO MOCIIENOBATENBLHOCTE OTPE3KOB [y, by ] €CTH TIOCIIEOBATENBHOCTD BIOKEHHBIX OTPE3KOB
U CTATMBAETCH. ||

1.7. TouHbIe TPaHM YMCIOBBIX MHO>KECTB.

3adaua 1.29. Jokaxure, uto MHOKecTBO X C R orpaHmueHo cBepxy M CHM3Y TOTHA VM TOJBKO
Torpa, korna MHoxectBo X' = {|x| | + € X} orpannueno cBepxy.

3adaua 1.30. 3anuinTe B KBAHTOpaX KaK MOXKHO KOpOode YTBepKAeHIe IIPO ABa HEIyCTBIX MHO-
xectBa X,Y C R:sup X < infY.

3adaua 1.31. [Joxaxure, 4YTO Ipu paboTe TOJIBKO C paIMOHAJIbHBIMM UNCJIAMM MBI He BCerja
CMOK€M HaJIT! BepXHIOIO I'PaHb OIPAaHMYEHHOI'0 MHOKECTBA PAllMOHAJIBHBIX YUCEJI Cpey palin-
OHAJIbHBIX YMCEJL.

[[ Moskmo paccmorpers cTanmapTHbiit mpumep X = {x € Q | 22 < 2} u moxasaTs, uto sup X B KBajpare
maér 2. |]

1.8. [Ipyrue onpeneieHIA AeVICTBUTEIbHbBIX UNICeJl.

3adaua 1.32. [lokaXnTe, YTO MEXKIY OBYMs PAsINUYHBIMU AECTBUTEIbHBIMYU UMCIAMU T < Y
HaOETca KOHeUHas AecaTuYHas Apoos, © < d < y.

[[ YmuOXBTE T U Yy Ha ynciao Buaa 10" Tak, YTOOBI UX Pa3HOCTH CTAIA JOCTATOUHO OONIBIION. |]

3adaua 1.33. * JlokaXure, 4YTO BCE CIIOCOOBI IOCTPOEHUA OEVICTBUTEIbHBIX YMCeJl IMPUBOAAT K
OJHOMY M TOMY e pe3ynbTary. TouHee, uTo so6oe ynopsgouerHoe noste K O Q (to ects moie,
B KOTOpPOM apmdmeTmyecKue orepanuy CBI3aHbI C HEpAaBEHCTBAMU CTAaHOAPTHBIM 00pasoM U
comepkaiiee B cebe (Y kak ymopsimoueHoe OAIOIE), 00IaaolIee «CBOICTBOM ApXuMenar»

K C U [_n7 n]a
neN
OOJHO3HAUYHO BKJIAAbIBACTCA B R, €CIn HOTpe6OBaTb COXpaHE€HUE IIoOpAaKa IIPpY BJIOKEHUM U TOXK-
JECTBEHHOCTD BJIOKEHMA Ha @, paccMaTpmMBa€MOM KakK IIOAIIOJNIE R.

[[ Hus snementa € K mocrpoiiTe CTArMBAOLIYOCS [IOCIEA0BATEIBHOCTD BIIOKEHHBIX OTPE3KOB [y, by,
TaKUX 9TO Qp,b, € Q M a, < x < b,. B xauectBe 0o6pasza z B R BospMuTE IepeceueHne COOTBETCTBYIO-
IIell CTATUBAIOIIElics II0CIeOBaTeIbHOCTI BIOKEHHBIX 0Tpe3KoB B R. [IpoBepbTe COBMECTMMOCTD TAKOTO
BJIO>KEHUS C apu(PMeTUUeCKIMN OllepaumsamMu. ]

3adaua 1.34. * IIpoBepsTe, uto JI060e oToOpakeHue [ : R — R, coxpansromee apudmernueckue
oI€pauum, ABIAETCA TOKAECTBEHHBIM.

[[ Hposepsre, uto f(0) = 0 m f(1) = 1. Ilorom moKaxmTe 10 MHAYKLMMU, YTO f TOXKAECTBEHHO Ha Z
n Q. Jasee 3ameTbTe, UTO HEOTpULATEIbHbIE YNCIIA XapaKTEPU3YIOTC Uepe3 apudMeTnuecKue omepanmnn
TEM, UTO V3 HUIX M3BJIEKAeTCs KBaJPATHBII KOpeHb. BbIBequTe 0TCI0AA, UTO f MOHOTOHHO I Ha CaMOM [elie
OCTaBJIsIeT JI060e JefCTBUTEeIbHOE YICIO Ha CBOEM MecTe. |]
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1.9. ApM(bmeTI/mecxme olepanui ¢ mpegeramMi.

3adaua 1.35. IIpoBepsoTe, uTO OJIg OECKOHEYHBIX IpENEIOB BBIIIOIHAIOTCA CUMBOJINYECKNE TOXKIE-
CTBa:

(+00) + (+00) = 400, (—00) + (—00) = —00, 00 - 00 = 0.

3adaua 1.36. [lpuBequre mpumepsl, MOKasbIBawIue, YTo A (+00) + (—00) m 0o - 0 mMoxker
MOJIYYNUTHCA UTO YTOOHO Ha PACIIMPEHHO YMCIOBOI IPSAMOIL.

1.10. HepaBeHncTBO BepHyin, sKkcmoHeHTa M JIorapudM.
3adaua 1.37. IIpoBepbre TOKAECTBO 0¥ = (a”)Y.
1.11. TpuroHomerpudeckue GpyHKIIUIL.

3adaua 1.38. IIpoBepbTe, UTO AJIA TOUEK Ha IIOCKOCTY BBIIIOTHAETCS HEPABEHCTBO TPEyTOJIbHIKA

B Buge |AC| < |AB| + |BC|.

3adaua 1.39. IIpoBeppTe, UTO yKazaHHOe BpallleHMe [? EeICTBUTENBHO He MEHSAET PACCTOSHIS
MEXAY JIIOOBIMM JBYMS ITapaMy TOUeK.

[[ Beimuiunre kBampar paccrosHus mexay Asyms roukamu (2, y') m (2/,t'), nomyuenupiMm ns Touek (z, y)
u (z,t) coorBeTCTBEHHO. ]]

3aodaua 1.40. OGocHyiiTe, MOUeMy IpsIMas IlepecekaeT OKPYKHOCTh He 6oiee ueM B IBYX TOUKaX.

3adaua 1.41. J[lokaxure moapasyMeBaeMoe B IIpeAbIAYIIEN JeMMe yTBepKAeHNe, UTO Uuepes3 KaxkK-
Oy TOUKY OKPY’KHOCTM IIPOXOANT POBHO OfHA KacaTeJbHas, TO €CTh IpgMad, IlepeceKarlias
OKPY>KHOCTb B OJJTHOII TOUKE.

3aodaua 1.42. [loxaxxure paBeHcTBa R, 0 R_; = id, Ry1s = R; o Ry, akKkypaTHO paccMOTpeB Bce
CIIyJan.

3adaua 1.43. 3anuceiBas IMHeIIHbIe 0TOOpaskeHNS IIJIOCKOCTY B cebsl B BUie MaTpuUIl 2 X 2, TOKa-
KITe, UTO JJIS MaTPUIIBI IOBOPOTA Ha yroJ ¢ BepHa popMyIa

[[ 3amersre, UTO IO 3HAKOM IIpefesia HAXOMUTCSI MATPULA ITOBOPOTHOI romorerun. C IOMOIIBIO JIEM-
MBI ?? yCTAaHOBUTE, UYTO IIPU N — 0O K03 UIMEHT TOMOTETUY CTPEMUTCS K eMHNIIIe, TO eCTh B IIpefelie
rostyuaeTcs Marpuua BpaiteHus. C IOMOIIbI0 3aMeUaTeIbHbIX IIPeIeIOB YCTaHOBIUTE, Ha KaKoil yroJi 6yaer
BpallleHue B rpepeie. ||
1.12. YacTuuHbIe IIpeaebl.
3adaua 1.44. [Iy1a 4UCI0BOIL IOCIENOBATENBHOCTH (@, ) 0003HAUUM

b = sup{a, | n > k}.
Hoxkaxxure, 4TO

inf{by | k € N} = klim b, = IL_m .
—00 n—oo

3adaua 1.45. TlposepsTe, uTo paBeHcrso lim (a, + b,) = lim a, + lim b, MoxeT 6bITH HeBep-
n—00 n—00 n—00

HO OaKe IJId OIrpaHVMYE€HHDbIX II0CJIeI0BATEIbHOCTEI. Kaxkoit BeprIf;[ 3HAaK HEPABEHCTBA MOKHO
IIOCTAaBUTDb 30€CH HA MECTO paBEHCTBa?

[[ Mosker moMoub pe3ynbTaT IpenbpIayIel 3agaun. ||



3adaua 1.46. Ilycts o« — MppaumoHanbHoe unciIo. JJoKaXmTe, 4To IOCIe0BATeIbHOCTH (COS Tan)
U (Sin Tan) MMET MHOXXECTBOM UaCTUYHBIX IIPEIEIOB BeCh OTPe3okK [—1, 1].

[[ Paccmorpure Touku P, = (cosman,sinman). [Jokaxnure, yto Kakme-to aBe u3 Hux P, u P, moryr
OKa3aThCs HA OKPY)KHOCTM CKOJIb YTOOHO OIU3KO APYr OT Apyra. [lajsee BOCIONB3YIITECH T€M, UTO Ayra
/\

—

P, P,, otnuuaercs ot nyrut P,y P, TonbKO BpameHuem. ||

3adaua 1.47. [Jokaxxute, 4YTO y JIO0O0II IIOCIEJOBATEIFHOCTY €CTh MOHOTOHHAS ITOITOCIIEI0BATEIb-
HOCTb.

[[ MosxHo paccy’XaaTb 4YMCTO KOM61/IHaTOpHO, JICIIOJIb3Y S JINIID IIOPAAOK IeVICTBUTEIbHbBIX UMCeJI, 2 MOKHO
3aelICTBOBATh ITOHATIIE UYACTITUHOTO IIpenea. ]]

3adaua 1.48. TlocTpoiiTe KaKy0-HUOYIb II0CIEOBATEIBHOCTD, YACTUUHBIMMY IIpefieJIaMU KOTOPOIL
ABJIAIOTCS BCE IeJICTBUTEIbHBIE UNCJIA M 3HAYKM 00, —00.

1.13. TomoJsiornsa Ha MHO>KeCTBE HeIICTBUTEJIbHBIX UIICEJI.

3adaua 1.49. IIpoBephTe IO OIPENENEeHNI0, YTO 000 MHTEpBAT (a, b) SIBISETCS OTKPHITHIM MHO-
KECTBOM. SIBJISI€TCS JIM OTKPBITBIM MHOYKECTBOM OTPE3OK [a, b]?

3adaua 1.50. IIpoBepbTe CBOIICTBA TOIIOJIOIMY IJIs ToITosoruy 3apucckoro Ha R.

3adaua 1.51. IIpoBepsTte, uro int X — 910 00BEOMHEHMS BCEX COOEpKAIMXCI B X OTKPBITHIX
MHOECTB.

3aodaua 1.52. TIpoBepsTe, uto cl X — 3To nepeceueHne Bcex comeprKarmx X 3aMKHYThIX MHOKECTB.
3adaua 1.53. IIpoBepsrte, uto X C R oTKpBITO TOrAa U TOJNBKO TOrAa, Koraa int X = X.
3aodaua 1.54. Ilposeppre, uto X C R 3amMkHyTO Torma u TOJIBKO TOrAa, Korma cl X = X.

3adaua 1.55. Joxaxure, utro X C R KOMIIaKTHO TOr[a M TOJBKO TOT[a, KOTOa Jrbad ImociegoBa-
TeJIBHOCTH umces u3 X MMeeT YaCTUUHBII Ipeaen B X.

[[ 9To HeTpymHO cmenaTh, UCIIONB3YS KPUTEPUIl KOMIIAKTHOCTU U TeopeMy Bossuano-Beitepiurpacca.
IToyunTe pHO TaKXKe BBIBECTM 9TO CBOVICTBO M3 KOMIIAKTHOCTI HAIIPIMYIO, He UCIIOIb3ysd KpuTepus. |]

3adaua 1.56. IlposeprTte, uto Ha X C R mHAynMpyeTcs qucKpeTHAs TOIIONIOTMA (KaXKIoe IIOAMHO-
’ecTBO X OTHOCHUTEJIBHO OTKPBITO) TOTAA ¥ TOJBKO TOTMA, KOTAA AJIs JII000J Touku & € X ecTb
okpectHocTb U 3 z, Takas uto U N X = {x}.

[[ BaMeTbTe, YTO OUICKPETHOCTD TOIIOJIOTMI Ha X PaBHOCVUIJIBHA TOMY, UTO Ka’K[aad €ro ToOUKa CaMa I10 cebe
ABJISIETCS OTKPBITBIM MHOKECTBOM. ]]

3adaua 1.57. Tocrpoitte zomeomoppusm R Ha otpesok [—1, 1], To ectb o6patumoe oroGpaxkeHne,
KOTOpOe COXpaHseT CUCTeMY OTKPBITBIX MHOeCTB (Ha OTpe3Ke pacCMaTpPMBAIOTCS OTHOCUTEIBHO
OTKpBITbIE MHOXECTBA).

[[ O6parture BHUMAaHME, UTO QOCTATOUHO CHEJIATH OOpATUMOe OTOOpaskeHIe, COXPAHAIOIIEee OTHOLIIEHIE
mopsaka. |]

3aodaua 1.58. Joxaxmure, uto ecnu MHOXectBa Z,Y C X OTKpbITHI OTHOCUTENbHO X 1 He Ite-
pecekaroTcs, To HalayTcs Hemnepecekaromuecs oTkpbitele U,V C R, takme uto Z = X NU n

Y=XnV.

[[ ¥V mo6oit Toukn y € Y mHaitgure okpectrocts U(y) = (y — &y,y + €y), He Iepecexaroiyiocs ¢ Z,
a"anornuHo miusi z € Z uangure U(z) = (2 — €5, 2 + €, ), He nepecekaroutyiocs ¢ Y. IJorom ymeHsinTe
pa3Mephl KaK/I0i1 U3 3TUX OKPECTHOCTEI B [IBa pPa3a U PACCMOTPUTE UX OObeANHEHN. |]



1.14. Teopema bapa Ha IpAMOIL.

3adaua 1.59. [TpoBepsrte, uto X C R mroTHO TOra U TOJBKO TOTHA, KOTJA OHO IlepeceKaeT r000e
HEITyCTO€ OTKPBITOE MHOKECTBO.

3adaua 1.60. IIposepbTe, uro X C R HemIoTHO TOr[a u TOIBKO TOTHA, Koraa int X = ().
1.15. MOLIHOCTh MHO>KECTBA, CUETHBIE U1 HECUETHBIE MHOYKECTBA YIICel.

3aodaua 1.61. [loxaxure, 4yTo J000€ HEIyCTOe KOHEUHOE MHO)XeCTBO HaTypaIbHbIX UICEJ PAaBHO-
MOII[HO HAYaJIIbHOMY OTPe3Ky HaTypalbHbIX uucen Buma [n] = {1,2,... n}.

[[ Ucnomp3ayiiTe MONHYIO MHIYKIIMIO II0 MAKCUMAIbHOMY 9JIEMEHTY MHOXXeCTBa. ||

3adaua 1.62. [loka)xuTe, UTO MOLIHOCTh KOHEUHOTO MHOKECTBA OIIpe/elieHa KOPPEKTHO, TO €CTh
MHOKeCTBa [n| u [m] He MOTYT GbITh PABHOMOLIHBIMY IIPU 1. 7 M.

[[ Ucnomesyiite MaTeMarnuecKyo MHIyKLMO. [IpenIonoKuB IPOTUBHOE, IIOCTApaiiTeCh IEPECTPOUTH
obparnmoe oToOpaskeHue ¥ yMEHBIINTD N ¥ 1M Ha equHuIy. ]

3adaua 1.63. JIokakuTe, UTO IS MOIIHOCTY KOHEYHBIX MHOKECTB BBIIIOJIHIIOTCI CBOVICTBA:
IXUY|+|XNnY|=|X|+[Y], |XxY|=|X]|]Y]
[[ Ucnonbsyiite maTeMaTuuecKyro uHAyKumio, cuntas X = [n|, Y = [m]. ]]

3adaua1.64. [Jokaxxute, 4TO0 MHOKeCTBO N He KOHEUHO, TO €CTh He pABHOMOII[HO HIIKAKOMY CBOEMY
HauanbHOMy otpesky [n] C N.

[[ UcmonpayiiTe MaTeMATUUECKYIO MHIYKIIMIO; IIPEMAIIOIOKUB IIPOTUBHOE, [IOCTAPAIITECH YMEHBIINUTD N, HA
enuHnLy. ||

3adaua 1.65. IIpoBeprTe, YTO BBIMNCAHHBIE B IPeIbIAYIIEM JOKa3aTeIbCTBE OTOOpakeHUs f :
N— NxNuf':NxN— N szanmao o6paTHbL

3adaua 1.66. [JoxaxxuTte, 4TO AiIg JI000T0 MHOXecTBa X MHOKECTBO BCEX €r0 IMOIMHOXECTB, 2X ,
He PaBHOMOIITHO X .

[[ Tpexmmonoxure Hammume orobpaxkenns f : X — 2% u mogymaiiTe, MOXKeT i B ero obpase Jexarhb
mHokecTBo Y = {x € X |z & f(z)} (10 ecTb ucnons3syiire napanoxc Beprpana Paccena). ]]

3adaua 1.67. * Noxaxure, uro ecnn | X| < |Y|u |Y| < |X

;10 | X| =Y.

[[ Bossmure cyuectBymolue o onpenenernio nabektuBuse f : X — Y ug: Y — X. Ha mHOXecTBe
X UY BBemuTe OTHOLIEHNE S9KBUBAIETHOCTI, @ ~ b, €Ciiyt b MOXHO IIOJIYUUTH U3 ¢ IIOBTOPEHYEM OTleparuil
f,9, ', g ' PasGeitre X UY Ha KIacchl 9KBUBAJEHTHOCTY MO 3TOMY OTHOLIEHUIO, U3YUUTE CTPYKTYPY
9TUX KJIACCOB U 3a/JaliTe B KAKAOM Kilacce OMeKImio Mexay anementamu X u anementamu Y . [Tomymariire,
MCIIOJIB3YETCS JIX IIPU 9TOM aKCcroMa Bbibopa. ||

3adaua 1.68. * [Jokaxure, YT0 MHOXeCTBO R paBHOMOIITHO oN,

[[ TTopaGoraiire ¢ mpencTaBIeHEM AEICTBUTEIHHOIO UICIIA JBOMYHOI 3AIIMCHIO U MCIIOIB3YIITE PE3YIIbTAT
sagaun 1.67. ]]

3aodaua 1.69. * [Jokaxure, uto MHOXecTBO R X R paBHOMOIIHO R.

[[ UcnonbayiiTe pesysbraT 3amaun 1.68 u oGocHyiiTe cumBomueckyio gopmyiy 28 x 2N = 2N+N  oN 1]

3adaua 1.70. Joxaxure, uro pyukuuit f : R — R mo mourHocTu 6obiire, ueM qeiiCcTBUTETEHBIX
yucell.

[[ Ucmonsayiite pesymnbraT 3amaun 1.66 u oGocHyiiTe cumBommueckyo popmyry [R¥| > |28 > |R|. ]]



2. HempepriBHOCTD U AnddepeHIIpyeMOCTb PYHKIMIT OJHOI IIepeMeHHOI

2.1. HeripepbIBHOCTB (pyHKITUIL.

3adaua 2.1. Tlycrs HenpepoiBHas pyukuus f : R — R o6namaer coitctBoMm f(z) > x mus mo6oro
x. [JOKaKUTe, UTo IIs1 JII060r0 Ty € R mocienoBareabHOCTD, ONpeesIéHHAsT KaK

Ln = f(xnfl)a
CTPEMUTCI K +00.

[[ Ucnomp3yiiTe MOHOTOHHOCTD IIOCIIEOBATEIFHOCTY M HellpephIBHOCTE [ 1m0 Ietime. ]

3adaua 2.2. [JokakuTe HeIPepBIBHOCTh KOMIIOSUIINM APYTUM CIIOCOO0OM — C IIOMOIIIBIO OIIpe[e-
JIeHUs HenpepbIBHOCTU 110 Komim.

3adaua 2.3. lokaxnre, uto ecnu pyukuuu f, g : X — R HenpepbiBHbI B £y € X, TO HEeIpepHIBHBI
B TOI1 ke Touke 1 pyHkyy max{ f(x), g(z)} u min{ f(z), g(z)}.

[[ Ucnonsayiire popmyny max{a,b} = (a + b+ |a — b|)/2 u ananoruunyzo gopmyiny it MuHEMyma. ||
3adaua 2.4. [loxaxure, uto pyukuuio f(r) = z* = exp(alnx), ecrecTBeHHO OIpeneIéHHYI0 Ha
(0, +00), mokuo mipu @ > () moompemenuts Kak f(0) = 0 u oHa Gy/eT HeIPepPHIBHOIL.

[[ B mro6oit Touke muOxecTBa (0, +00) MOXHO IIPUMEHUTH TEOPEMY O HEIPEPHIBHOCTY KOMIIO3MLMN. B
Touke T( = () HEeIPepbIBHOCTh MOXKHO ITpoBepuTsh 110 Ko ]

2.2. O6paTtHble QyHKIVU U IPOME>KYTOUHBIE 3HAYESHU.

3adaua2.5. Jokaxure, uto ecau pynkius f : X — R HenmpeppIBHA U MHBEKTUBHA Ha IIPOMEXKYTKE
X, To OHa MOHOTOHHA.

[[ HoitmuTe, B uéM 3aKiIrOUaeTCs OTPULIAHME MOHOTOHHOCTI GyHKIMN f. ]]
3adaua 2.6. Ilycts HenpepsiBHas ¢yukius f : [0, 1] — R umeer paBHble 3HaueHMsT Ha KOHLIAX

orpeska f(0) = f(1). Dokaxure, uro mis jgro6oro « Bupa 1/n, n € N, ypaBHeHue (OTHOCUTENIBHO
)

flz+a) = f(z)
UIMeeT pellleHIe.
[[ Hoxaxure, uro Boipaxkenue f(x + a) — f() He MOXKeT UMeTh OAMH U TOT K& 3HAK Ha BCEM OTpe3Ke

0,1 —a]. ]]

3adaua 2.7. Mycrs a € (0, 1) He paBHO HUKakomy 1/n, n € N. [ng qaHHOrO (v IpUBEIUTE IPUMED
HenpepbiBaoit pyukuuu f : [0,1] — R, KoTopas uMeer paBHbIe 3HAUEHMsI HAa KOHIAX OTPe3Ka
f(0) = f(1) n raxoii, uTo ypaBHeHME (OTHOCUTEIBHO )

flx+a) = f(z)
He JIMEeEeT pelIeHNIA.

[[ Haunure ¢ mocTpoeHMs MOAXOAsLIeil HelpepbIBHON GyHKImM g, Takoit uro g(z + a) = g(z), HO
g(0) # g(1), a morom Moguduumpyiire eé. ]]



2.3. Tomonornmueckoe onpeneJieHIe HEIIPEPBIBHOCTI I HeIIpePhIBHbIE HAa KOMITAKTaX (PyHK-
1ML,

3adaua 2.8. Ilycts HenpepriBHas pyukius f : R — R umeer nepuon 1" > 0, T0 ecTh
flx+T) = f(z)

I J1r060ro . JlIokaxuTe, UTO JId JII000T0 (v ypaBHEHIe
flz+a) = f(z)

MMeeT pelleHIe.

[[ Hoxaxure, uto Belpakerue f(z + «) — f(r) He MOKeT MMeTh OOVH U TOT K€ 3HAK, PACCMOTPEB
MuHUMAaIbHOe 3HaueHue f. OObsICHUTE, MoUeMy f MpUHUMAET MUHUMAIBHOE 3HAUEHME. ||

3aodaua 2.9. llpupymaiire paspeiBayio f : R — R, koTopas oro6paskaer 10601t OTpe30K B OTPE3OK.

[[ Ucmons3yiiTe mMOIE3HBIN MCTOYHUK KOHTPIIPUMEPOB, BEIpasKeHIE Sin % 1]

2.4. TIpemesrpl M pa3pbIBBI PYHKITUIL.
3adaua 2.10. IIpoBepbTe IO OIpeeIeHNIO, KaKle eCTh IIpeaebHble Touky y MHOKecTBa N C R.

3aodaua 2.11. IlpoBepbre uto ecau aBe pyHKuun f, g : X — R MMeroT KOHeUHbIe IIpeesbl B TOUKe
a, TO

lim f(x) + g(z) = aljlgll f(z)£limg(x) m lim f(x)g(x) =lim f(x) - lim g(x).

r—a r—a T—ra T—a r—a

Ecnu x ToMy ke Ipefiesl g He paBeH HYJIIO, TO

o S i)
o5 g(z)  limg(z)’

r—a

[[ Ucmonbayiite onpenesnenue npepeia 1o eiiHe u cBequTe K yTBEPKOEHUAM O IIpeIesax MocaeI0BaTelb-
HocTeit. |]

3adaua 2.12. IIpoBepshTe, uTO y QYHKIUM MOKET OBITH TOJIBKO OAVH IIpefiesl B IIpefesIbHOI TOY-
Ke MHO)KecTBa ompepeneHus. [Iposepsre, uto eciau HepaBeHCTBO f(x) < ¢(x) BBIIONMHSETCSA B
HekotopoM MHokectBe X N U \ {a}, rme U — oxpecrHOCTS @, TO

lim f(z) < lim g(z).
r—a Tr—a

[[ Wcmmonbayiite ompenesneHue npeneia 1o ['eifHe u cBequTe K YTBEPKASHUAM O IIpeesax MocjaeI0BaTellb-
Hocrell. [Ins qokasaTenbCTBa eAMHCTBEHHOCTY MOXKeT IIOHAOOUThCS ONpefieseHue Ipeena mo Ko nin
puéM 13 JOKa3aTeJIbCTBA TeopeMbl ?? Hinke. |]

3adaua 2.13. ChopmynupyiiTe IpaBUIbHBIM BapUAHT YTBEP)KOEHUS O Ipeqesie KOMIIO3UIIUN
byHKIMIL.

[[ HeiicTByiiTe aHAJIOTMYHO NOKA3aTENbCTBY HeIlpepbIBHOCTY KoMmmosuuuy. OOpaTurte BHUMAaHME, YTO B
oIlpefiesIeHNI TIpefieia B TOUKe ¢ B (PYHKIINIO HesIb3s IOCTaBIIATh CAMO UMCIO d. ]]

3adaua 2.14. TlpoBepsTe, uro ecim zp € X SABJIAETCS IPeNENbHON TOUKONM MHOXeCTBa X, TO
f + X — R uenpepbIBHA B TOUKe T( TOT/(A U TOJIBKO TOraa, Korga lim, . f(x) = f(x¢). Onunre
CIIy4an, KOTfa Touka T € X He SIBJIAETCS IIpeNesIbHON TOUKOl MHOXecTBa X .

[[ CpaBuute onpenenenns npenena mo Komn u HenpepsiBHocTH 110 Ko IToctpoiite oTpuianue ompe-
JeJIeHUs IpeJesIbHOM TOUKM M yOe[MTech, UTO 3TO O3HAUaeT U30TUPOEAHHOCMb TOUKU To € X, TO eCTh
cyurecrBoBanue okpectoctu U 3 xg, Takoit uto U N X = {xp}. ]]



—1/22 1
> 1tel/z”

3adaua 2.15. Omnpenenure TUI pa3pbIBOB B HyJIe Y QYHKLIMI Sin % e

3adaua 2.16. TIpoBepbTe, YTO MOKHO CKa3aTh O pa3pblBaX MOHOTOHHOI Ha OTpe3Ke PyHKLINIL.

[[ TTocne TeopeMsl ?? 0cTaéTCs U3YUUTH TOJIBKO KOHI[BI 0Tpe3ka. CyIliecTBOBaHIEe OMHOCTOPOHHETO IIpefesa
Ha KOHIIe IIPOBepbTe AaHAJIOTMUHO PAcCyKAeHIIM B JOKa3aTeJIbCTBE TEOPEMBL. |]

3adaua 2.17. [loxaxure, 4To eciy PYHKUMS OIIpeeeHa I MOHOTOHHA Ha IIPOMEXKYTKe, TO y Heé
He OoJiee yeM CU€THOE KOJIMUECTBO TOUEK pas3phIBa.

[[ Ucnonsayitre ToT dakrt, uro unTepsansl paspsisa (f(x — 0), f(x + 0)), cooTBeTCTBYIOIINE PA3HBIM T, He
repecekanTcsa. |]

3adaua 2.18. Ilycte pyHKIUM f U g OIIpenesIeHbI ¥ BO3PACTAIOT HA HEKOTOPOM MHTEpBaJIe, I OKa-
3aJI0Ch, UTO X CyMMa f + g HelpepbIBHA. [lokakmTe, 4TO 00e GYHKUMM f M g TOXKe HellpephIBHBL.

[[ Paccmotpmre moBefeHMe B IIpeIioaraeMbIX TOUKaxX pa3pbiBa. ||

2.5. CpaBHeHIEe aCHMIITOTYECKOTO IOoBeAeHNs PyHKImIL, cuMBoabI O 1 o.

3adaua 2.19. IIpoBepbTe CHMBOJMUYECKIE PAaBEHCTBA (B TOM CMBICIIE, UTO HAIMICAHHOE B JIEBOIL
YJacTM HepaBeHCTBA MOKHO 3aMEHNTH Ha HAIIVICAHHOE B IIPABOJ YaCTM, HO He 00513aTeJIbHO Ha000-

por)
o(f£g) = o(f)*£o(g), o(f)Eo(f) = o(f), o(f)O(g) = o(fg), o(O(f)) = o(f), O(O(f)) = O(f).

[[ Hepeitgure B oxpectHocTh U(a) S @, B KOTOPOI BBIIIOIHAIOTCS ONpefeieHns 3HauKoB 0 u O B JIeBOIL
YacTy CHMBOJIMUECKOTO paBeHCTBA. [[poBepbTe, UTO TOr/a BBIIIOIHSIETCS U OIpeleeHNs 3HaUKa B IPaBOIl
vactu. |]

3adaua 2.20. [Tokaxkure, 4TO I JI000r0o N € 7
2" =o(e’) npu x — +oom e® = o(z") mpu r — —00.

[[ BcrmomMHUTE, UTO SKCIIOHEHTA OIIpeessIach KaK IIpe/Iesl Bo3pacTaollell (1o KpaitHeir Mepe rpu « > ()
IIOCJIeJOBATEIbHOCTY MHOTOUWIEHOB. ]]

3adaua 2.21. [Jokaxkute, uTo mId JIrodoro o > 0
Inz = o(x®) mpu x — +o0.
[[ Crenaiire 3ameny x* = ¢ U MOKa)KUTe, UTO BEPHOCTb YTBEP)KIEHIII He 3aBUCUT OT BbiGopa o > (. Haiee

MOJIOKUTE (v = 2 U OLleHuTe Jorapudm JIuHerHO! PyHKUmMet. |]

2.6. IlponssogHas u guddepeHUpyeMOCcTs PyHKIIMMA.

[
2

et —e

3adaua 2.22. Haitmure nponsBonHsle runepboamdyeckux ¢pyHkumii chx = ,shx =

thx = iﬁ—i U UX OOpaTHBIX (PYHKIMIL.

3adaua 2.23. Uccnepyiite nuddepeHIMpyeMocTh cripasa B Hyse pyHkunn f(x) = x* B 3aBUCU-
moctu ot mapamerpa « > 0, cauras f(0) = 0.

3aodaua 2.24. * CymectByet in pyukums f : R — R, koropas npnHuUMaeT HeHyJIeBble 3HAUEHISI
B pal[MOHAJBHBIX TOUKaX, HyJIeBble 3HAUEHNS B MPPAIMOHAIbHbBIX TOUKaX, U AuddepeHImpyema
B MPpPAIMIOHAJIBHBIX TOUKaX?

[[ Moxer momoun Teopema Bapa min coobparkeHNUs 0 IpUOIVDKEHUN UPPALMOHAIBHOTO YNCIa Palyio-
HaJIBHBIMIL. |]
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2.7. Teopema o cpemHem Jlarpamka, ucciegopanne pyHKIMI HAa MOHOTOHHOCTD, 3KCTpe-
MYM ¥ BBITYKJIOCTD.

3adaua 2.25. Joxaxwure, uro ecnu auddepennupyemas byukuus f : R — R mmeer n kopHeit
(perrenuit ypasuenust f(z) = 0), To eé mpOM3BOAHASA UMEET KAK MUHUMYM 7. — 1 KOpEHb.

3adaua 2.26. [Jokaxkure, 4yTo eciau KBasuMmHorowreH P(x)e® (rge P — OOBIUHBIN MHOTOWIEH U
a # () mMeeT n pasIMUHBIX KOPHEN, TO €ro IPOM3BOIHASI TOXKE MMEET 1. Pa3IMUHbBIX KOPHEIL.

[[ Kak MmuruMyM n — 1 KOpeHb IIPOM3BOMHOII JIETKO HAIITH 110 TeopeMe Poiuts, ocTaéTes HAITH eIé OJUH.

1]

3adaua 2.27. TlposepsTe, uTo ecnu GyHKIUA [ Ha uHTEpBaie (a,b) UMeeT HEHYJIEBYIO IPOU3BOI-
HYI0, TO OHa CTPOr0 MOHOTOHHA.

[[ IIpoBepsbTe, YTO OTCYTCTBIE CTPOrOil MOHOTOHHOCTY BJIEUET CYII[eCTBOBaHME TPEX 3HaUeHNn & < ¥ < 2,
takux uro f(x) < f(y) > f(z) mm f(z) > f(y) < f(z). Hocne aToro nmpumeHuTe TEOPEMY O IIpPOME-
)KyTOYHOM 3HaueHMI, YToObI HAMTH Iapy 3HaueHui s < t, Takux uro f(s) = f(¢), a morom mpumennre
teopemy Posus. ]

3aoaua 2.28. HOKEI)KI/ITC, YUTO IIPM HAaTypaJbHOM N I T 2 0 BEPHO HEPABEHCTBO
2 "

X
e 2ltr+ 74+
2! n!

Kaxoe HepaBeHcTBO OymeT BepHO mpu = < 07?

[[ Ucnomnp3yitTe MHTErpUPOBAHIE HEPABEHCTB M MHAYKLIVIO 110 7. |]

3adaua 2.29. CpaBHure, uto Ooblle, € WM 7°.

[[ 3amennre 7 Ha IPOM3BOJIIBHOE T > €, IepeHeCUTe BCE B JIEBYIO YacTh U AnddepeHunpyiite. 3aMeThTe,
YTO MHOTA JIOrapuM HEKOTOPOTO BhIpaKeH!s AuddepeHIMPOoBaTh IIPOLLe, YeM CaMO BhIpaKeHMe. ]]

3adaua 2.30. Tlposepbre, uto pynkuus f(r) = z° (2 + sin %), HooIpenenéHHasd B HyJle paBeH-
crBoM f(0) = 0, uMeer B HyJle MUHIMYM, HO He yXOBJIETBOPSIET JOCTATOUHBIM YCIOBUSM 9KCTpe-
MyMa.

1
1+e®

3adaua 2.31. Ha xakux npomexxyrkax pynxuus f(x) = BBIIIYKJIA, a HA KAKUX — BOTHyTa?

3adaua 2.32. [JokasknTe, UTO BBIIIYKJIAs Ha MHTepBaje PyHKIUA HellpepbIBHA. [IpuBenuTe nmpumep
byHKIMM Ha OTpe3Ke, KOTOpas pa3pbIBHA, HO BBIITYKJIA.

[[ OGparute BHMMAaHME, UTO €CIIM Yepes [{Be TOUKY rpaduKa BbIIYKION (yHKIMY IIPOBECTY CEKYIIYIO, TO
MeXAy 9TUMU ABYMS TOUKaMM OHA Oymer JieskaTh (HeCcTporo) Hajx rpadMKoM, a cjeBa M CIIpaBa OT 3TOII
mapsl ToueK — 1of rpadguxom. ||

3adaua 2.33 (Hepasencrso Vencena nis GyHKIUM OJTHOl MepeMeHHOI 1 KOHEUHbIX cyMM). JloKa-
x)ure, uto ecnu pyHkumsg f : I — R Ha HeKoTOpOM poMexyTKe [ BBITYKJIas, TO OIS TI060r0 Habo-
paxi,...,xNy € [ mHeOTpULATENHHBIX KOIPIUIIMEHTOB 1, . . ., t v, TAKUX UTO {1 +1o+- - -+1y = 1,
BBIITOJTHSAETCS

[tz + - +itnaen) <tif(zr) + - +inf(an).

[[ Ucnomnsayitre mapykumio mo N. ]]

3adaua 2.34. BeiBenuTe 13 HepaBeHCTBa MleHCeHa HepaBeHCTBO MEXY CpeTHIM apMPpMeTUUeCKIM
U CpeTHIM IeOMEeTPUUECKIM
T+t Ty

n

= X1 Ty,
roe Ti,...,T, = 0.

[[ Ucnoms3ayitte BorHyTOCTH MOTapudma. |]
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3adaua 2.35. Jokaxkute, uyTo myst M00bi1x 0 < s <t M xq,...,x, > ( BepHO HEPABEHCTBO MEXIY
Cpe]:[HI/IMI/I CTEII€EHHBbIMI
1
n

[[ Csemure k cryuaro s = 1 u ucmombayiire BeimykiIocTs dyakmym f(z) = zf mpu t > 1. ]]

N

3adaua 2.36. [lokaxxute, uto ey f OIpeneneHa U HellpepbIBHA Ha UHTepBaie (a,b), M B KaKmoil
Touke & € (a,b) BBIIOJIHSIETCS

— fa+0) + Sl —8) 2/ ()

0—+0 02

2 0,

TO f BBIIYKJIA.

[[ HoxaxwuTe, 4TO BEITYKIOCTD f CIeAyeT u3 BeITyKiaocTH f-(x) = f(z)+cx? npu 1060M MoT0KuTETBHOM
€. 3aMeThTe, UTO
o —0)—2
Je(@ +06) + fe(x — 6) — 2fc(x) > %,
0—+0 52

U [ayiee MeCTBYIITe aHAIOTMYHO JOKA3aTeIbCTBY TeopeMsl 72, ]]

2.8. Teopema o cpegrem Kourn n npasmuio Jlomurams.

3adaua 2.37. Haitnqure mpenesibl B 3aBUCHMOCTY OT HATYPAIBHBIX 1 U K IS BBIp)KEHUIT

[[ Moxxno mpumeHATH mpaBwiio JIOMMTaNs HAIPSIMYIO, a MOXKHO BBIHECTV BO3Be[EeHIE B CTeIleHb 7 3a
CKOOKU ¥ IIPUMEHSTD €0 K BBIPAKEHUIO B CKOOKax. |]

3adaua 2.38. Haitnure o npasmiry Jlonmurans npegesn B Hysle B 3aBUCUMOCTH OT LIEJIBIX 1 U K IS
BBIpaKeHUS

2" In® 2.

[[ Cuemure 3a 3HakoMm uucen n u k. BosBegenue B creneHp k Toke yIOOHO OTIIPABUTH 3a CKOOKM, €CIU

KoHeuHo k %~ 0. ]]

2.9. IlpousBogHbIE BBICHINX MOPSIAKOB, popmyiaa Teiutopa.

3adaua 2.39. Beinumre dpopmyisl Teitsiopa ¢ pasHBIMU OCTaTOUHBIMU WIEHAMU Ipu T = 0 1y
byHKIMIT
e’ sinz,cosx, (1 + )% In(l + x), arctg x.

3adaua 2.40. Bemmmimnre ¢popmyny Teiutopa npu zp = 0 oyg tg £ K0 0OCTAaTOYHOTO UIeHa 0(2:6).

3adaua 2.41. Jokaxxure, uto K03 HUIMEHTHI ACUMITOTUUECKOTO PA3JIOKEHNS IO CTETIEHIM (T —
T() OIpemeseHbl eAMHCTBEHHBIM 00pa3oM.

[[ Haurure c n = N, a TOTOM IPOBeAUTE MHIYKIUIO 110 7. ]]

3adaua 2.42. IlpuBenure npumep QyHKLIMY, KOTOpask MOJIOXUTeNbHA IIpU & # (), HO €€ acUMIITO-
TUYECKOe pPasJIo’KeHIe B HyJle IMeeT Bce K03 UIMEeHTh! paBHBIMY HYJIIO.

[[ Hoompememure e~/ z?

Jlommurans. ]

B HYJIE€ KaK 0 u cumraiite eé IIpOM3BOAHBIE B HYJIE IIO0 OIIPEACJICHIIIO VI IIPABUITY
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3adaua 2.43. * [lokaxure, uto muis aro6oro N u ro60ro Habopa K03pGUUUEHTOB AN, AN +1, - - - Hal-
nércs 6eckoHeuHo auddepenupyemas f ¢ 3agaHHBIMU KO3pPUIMEHTAMY aCKUMIITOTUUECKOTO
pasJIoKeHus 10 CTeIIeHsIM & B HyJIe.

[[ IIpu perrennn sTovt 3agaum MOKeT IOHATOOUTEHCA aKKypaTHas pabora ¢ QyHKUMOHATBHBIMI PSIAAMU U
0eCKOHEUHO IIafKuMM (PYHKIMIMY, OTJIMIHBIMU OT HyJIS B MaJIEHbKOI OKPECTHOCTY HYJIS, UTO OOBICHS-
eTcs B pasgeite ??. ]

3. MeTpuueckue IIpOCTPAHCTBA U UX TOIIOJIOTI
3.1. OmpenesieHNne M MpUMepHI.

3adaua 3.1. IIpoBepbTe HETIOCPEACTBEHHO, UTO o ABJISETCS METPUKOIL Ha eBKIMOBOM IIPOCTPAH-
CTBE.

3aodaua 3.2. IlpoBepsbre, uTo Popmyia
pl(xay) = |£L'1 - yl‘ +o ‘xn - yn‘
3amaér MeTpuky Ha R"™.

3adaua 3.3. Ilycts Ha MHOXecTBe M ectb nonypaccmosnue p : M x M — R,, umeroree Bce
CBOJICTBA METPMKY, KpOMe CBOJICTBA HEBBIPOXKIEHHOCTH, 3aMeHEHHOTO Ha GoJtee ci1aboe CBOMICTBO
p(x,z) = 0. [JlokasknTe, UTO OTHOLIEHNE, ONIPENETEHHOE KaK

x~y e ply) =0,

SIBJISIETCS. OTHOIIEHMEM SKBUBAIEHTHOCTH, a Ha MHOKecTBe M/~ QyHKIMS p KOPPEKTHO 3amaéT
HEBBIPOXKAEHHYIO METPUKY.

[[ Hamo nmpoBeputh TpaHsUTUBHOCTH U paBeHCTBO p(z,y) = p(a’,y) mpu z ~ 2/. 1]
3.2. IIpemennl mociaegoBaTeIbHOCTEN, PyHAAMeHTAIBHbBIE IOCIEKOBATEIBHOCTII M IIOJI-
HbIe METPUYECKIIEe IIPOCTPAHCTBA.

3adaua 3.4. [lokakxuTe eqMHCTBEHHOCTH IIpefeJia II0CIe0BATeIbHOCTY TOUeK METPIUECKOT0 IIPO-
CTpaHCTBA.

[[ BcriomHMTE, YTO €CIIV PACCTOSHIIE MEKAY TOUKAMIY PABHO HYJIIO, TO CAMI TOYKM PABHBI. ||

3adaua 3.5. IIpoBepbTe, UTO B TIOGOM METPUUECKOM IPOCTPAHCTBE CXOMSIIAAC ITOCIIE0BATENb-
HOCTb (bYH,T_IaMeHTaJIbHa.
[[ Ucrmonb3ayiiTe HEpaBEHCTBO TPEYTOIbHUKA

p(k, Tm) < p(2k, 20) + p(T0, Tm).

1l

3adaua 3.6. IIpoBepbTe, UTO [AJIs IOJTHOTO MeTpMUUeCKOro npocrpancTsa M orobpaxenue ¢ : M —
M ero B mIoIoJHeHMUE €CTh OMEKLIMA.

[[ Paccmorpure oroGpaxkenue j : ¢(M) — M, crassiee B cooTBeTCTBIE (PyHIAMEHTAIBHOI IOCTIEN0BA-
TeNbHOCTY €€ npepel. Pasioxure ero B komnosuiuio ¢(M) — M — M. ]]

3adaua 3.7. [Jokaxkure, UTO eCiy MeTpUUecKoe IpocTpaHCcTBO M SBJISETCS MOAIPOCTPAHCTBOM
IIOJIHOTO MeTpudecKoro mpocrpacrsa N, To mononxHenue )M Gymer n3oMeTpuuHO (GMEKTUBHO €
COXpaHeHMeM paccTosiHuUIT) 3ambikaHuio M B N.

[[ Tpumennute Teopemy ??  Bioxeruio f : M — N u usyumre o6pas oTobpaxkenus f. |]
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3.3. Illapp1, OrpaHMUYEHHOCTD, PAJIyC M MAMETP.

3adaua 3.8. [lokakure, UTO ITOCIETOBATEIBHOCTh BIOXKEHHBIX 3aMKHYTHIX I1apoB By O By D
B3 O ... IIOJHOroO MeTPMUYECKOro IPOCTPAHCTBA CO CTPEMSIINMILCS K HYJIIO pagiycaMy MMeeT
eIVHCTBEHHYIO OOIIyI0 TOUKY.

[[ Hoxakure, UTO IOCIELOBATEIHHOCTH LIEHTPOB IIapoB Oymer ¢pyHmameHTanbHOI. [locMoTpuTe TakKe
Goiee ob1ryo Teopemy ?? maee. ||

3adaua 3.9. [lokakute, UTO MOCIEQOBATEIHLHOCTh BJIOKEHHBIX 3aMKHYTHIX HIapoB B; O By D
B3 DO ... eBKIMIOBa IIPOCTPAHCTBA MIMeEET OOIIYIO TOUKY, Ja’Ke eCIM pagiycChl LIapOB He CTpe-
MATCSA K HYJIIO.

[[ Hoxaskute, uTO MOCIEAOBATEIHLHOCTD LIEHTPOB IIAPOB Oymer GpyHmaMeHTaIbHON. |]

3adaua 3.10. * [IpuBenuTe MpUMep IOJIHOTO METPUYECKOTO IIPOCTPAHCTBA, B KOTOPOM YTBEpsKe-
HIIe NIpeabIAyIell 3afauy HeBepHO.

[[ Beemure merpmky Ha N Tak, uTo6BI BCera BBIMOIHIIOCH p(n, m) > 1 g n # m, DOKaKUTe, YTO
3TO rapaHTUpyeT IIOJHOTY TaKOro MeTpudecKoro mpocrpaHcTBa. IIpu mogxondineM BBeIeHUM METPUKIU,
PagmycoB U IEHTPOB IIIAPOB MOKHO JOOUTHCSI TOTO, YTOOBI IIaphI B IIOCIENOBATEIbHOCTY BBITUIAAENN KaK

By ={n|n>=k} ]]

3adaua 3.11. [JokaXuTe, YTO IOJMHOKECTBO METPMUECKOTO IIPOCTPAHCTBA OTPAHMYEHO TOTHA U
TOJIBKO TOT[a, KOTa OHO MMEET KOHEUHBIN O1aMeTp.

3adaua 3.12. [Joxaxure, 4yTo ecnu ABa MHOXectBa X M Y B MeTpmuecKoM IpocTpaHcTBe M
IepeceKarTcs, TO

diam X UY < diam X + diamY.

IIpuBenute npuMep, Korga HepaBeHCTBO HapyIlIaeTcs I HellepeCceKaloIlXcsl MHOKECTB.
3.4. Tommonorusa B METpMYECKOM IIPOCTPAaHCTBE.

3adaua 3.13. IlpoBepsbre, UTO T,, — T( B METPUUECKOM IIpOCTpaHCcTBe M TOTHA M TOJIBKO TOT/A,
Korja st 6ot e-okpectHoctnt U, (o) Bitouenue x,, € U.(z() BBIIONHAETCS IS JOCTATOUHO
OOJIBIINX N.

3adaua 3.14. IlpoBepsre, uro B 7 ¢ paccrossaueM p(n,m) = |n — m| Bce 1apsl, U BooOIIe BCe
IIOAMHOKECTBA OTKPBITHI I 3aMKHYTBI.

3aodaua 3.15. IIpoBepbTe, UTO CTaHAApPTHAs MeTPUKA €BKIMOOBA IIPOCTPAHCTBA U METPUKA P
(MakcMMyM MOAYJIS pa3HOCTY KOOPAMHAT) M3 JIEMMBI ?? OIIpeqesISioT OAHY I TY K€ TOIIOJIOTUIO B
R™.

[[ Hoitmure, yto 03HAUaeT jJemMMa ?? IS MIAPOB ITUX METPUK. |]

3aodaua 3.16. IIpoBepbTe, UTO MHAYLMPOBAaHHAS TOIIOJIOTHS COOTBETCTBYET MHAYLIMIPOBAHHO MeT-
puKe.

3adaua 3.17. [Jokaxure, uTo 00beIMHEHIE CEMEIICTBA CBI3HBIX MHOECTB Oy[eT CBSI3HO, €CIIN
Jr00ble 1Ba MHOXKECTBA B CEMEIICTBE ITepeceKaroTCsl.

[[ Mpenmonoxure, uro o6benuuenue X — |J,c 4 Xo HECBA3HO, M PaCCMOTpPUTE €O Pa3joKeHUe Ha J[Ba
HEIYCTBIX OTKPBITBIX OTHOCUTENbHO X MHOKecTtBa, X = Y LI Z. IlocMoTpuTe, KaK OJHO M3 MCXOMHBIX
MHOXeCTB X, MOeT nepecekars ¥ u Z. ||
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3.5. KoMmakTHOCTh B METPUUECKOM IIPOCTPAHCTBE.

3aodaua 3.18. IlpoBephre, uTo X KOMIIAKTHO KaK ITOAMHOKeCTBO M TOrma m TOJIBKO TOTrAa, KO-
rfla OHO KOMIIAKTHO KaK ITOIMHOXECTBO CamMoro ceOst B MHAyLupoBaHHO ¢ M merpuke (min
TOIIOJIOTUIN).

3aodaua 3.19. [lokaxute, uTO 00beMHEHIE KOHEUHOTO YNCJIa KOMIAKTHBIX IIOJMHOKECTB IIPO-
cTpaHcTBa M ToXe KOMITaKTHO.

[[ [IpumeHnuTe OIpeneneHNe KOMIIAKTHOCTH. ||

3aodaua 3.20. IIpuBengure npuMep MOJIHOIO METPUUECKOTO IIPOCTPAHCTBA, KOTOPOE MIMeeT KOHeU-
HBIIT [MaMeTp, HO He KOMIIaKTHO.

[[ BosbMuTe HEKOTOPOE MHOKECTBO U OIIPENEINTe HAa HEM METPUKY TaK, UTOOBI PACCTOSHIIE MEXAY JIF06071
[apoil pasIMYHbIX TOUeK ObLI0 paBHO 1. ]]

3adaua 3.21. * [loKaKuTe, UYTO M3 CEKBEHIMAIBHO KOMITAKTHOCTY METPUYECKOI0 IIPOCTPAHCTBA
X ciengyeT ero KOMIIAKTHOCTD.
[[ 9T0 MO’KHO BBIBECTU 13 CBOJICTBA BIIOJIHE OTPaHNYEHHOCTH, CM. TEOpEMY ??, HO MOXHO IIpUOyMaThb 1

Kakoe-HUOYAb IPYyroe paccykuenue. |]

3aodaua 3.22. llpuBenure nmpumep METPUUECKOTO IIPOCTPAHCTBA, B KOTOPOM IS KKIOW TOUKU
HaOETCAd KOMIIAKTHBIJ IIAp IOJIOKUTEJIBHOIO paguyca ¢ LEHTPOM B JAaHHOI TOYKE, HO €CaMoO
IIPOCTPAHCTBO He IIOJHOE.

[[ Hasigure npuMep B BuIe ITOAMHOKECTBA MIPIMOIL. ||

3adaua 3.23 (Ananor TeopeMbl KaHTOpa 0 BIOKEHHBIX OTpe3Kax MU KOMIAKTOB). IlycTs B MeT-
pudeckoM npocrtpaHcTBe M ecTh yOBIBamoIas 10 BKIIOUEHNIO IIOCIEJOBATEIBHOCTh HEIYCTHIX
KOMIIAKTHBIX ITIOMHOXECTB

KiDKyD---DKpD....

o0
Hokasxure, uro nepeceuenne [ |,_, K} He mycro.

[[ MompoGyiire mokpoiTh K| oTkpbiThiMU MHOXecTBamu U = M \ K. ]]

3adaua 3.24. IlycTh B METpUUECKOM IIPOCTpaHCTBe M eCTh ceMeiicTBO KOMITAKTOB { K, } e 4, TaKOE,
uro nepeceuenue (|, 4 Ko mycro. lokaxkuTe, 4TO TOTAA A1 HEKOTOPOrO KOHEUHOTO II0CeMeli-
cTBa nepeceuenue K,, N---N K,, Toxe mycro.

[[ MompoGyiire mokpsITh K, oTKpITBIMYU MHOXecTBamu Uy = M\ K, pu o # . ]]

3adaua 3.25 (Jlemma JleGera). [lokaskmure, UTO €CIM KOMIIAKTHOE METPUUECKOE IIPOCTPAHCTBO X
MOKPBITO OTKPBITBIMI MHOKecTBamu { U, }, To Haitnércs § > (, Takoe, 4TO J11060€ IIOJMHOKECTBO
Y C X nuametpa He Gostee § COOEpKUTCS B KAKOM-TO OITHOM 13 MHOKeCTB U, IIOTHOCTBIO.

[[ Ipenmnonoxure mpoTuBHOE, B3sB 0 = 1/k u coorBerctByoee Yy ¢ diam Yy < 1/k, koTopoe He nexut B
OITHOM MHOECTBe HOKpPBITUS. Beibepure Yy, € Yi u pacCMOTpUTE IpeaeabHY0 TOUKY ITOCIeI0BATEIbHOCTI

(k) B X. 1]

3.6. HermpepbIBHBIE 0TOOpayKeHUSI METPIMYUECKNX IPOCTPAHCTB.

3adaua 3.26. [lokaxuTte, UTO OrpaHNUeHNEe HellpepbIBHOTO oToOpaskenus f : M — N Ha mogMHO-
xkectBo X C M naér menpepriBHoe otobpaxkenue f|x : X — N.

[[ Ucnomp3ayiite TOMOIOrMUECKOE OIIpeesieHIIe HEIPEePHIBHOCTH. |]
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3aodaua 3.27. IlpoBepsbre, uto otobpaskenue f : M — N HellpepbIBHO TOI/[a U TOJIBKO TOTJA, KOTAA
npoo6pas f~!(G) kaxkaoro samkuyToro G C N 3aMKHYT.

3adaua 3.28. Ilycts dynkuus oguoit mepemennoit f : R — R menpeprsiBHO nuddepennupyema.
Jokaknre, 4TO (PyHKINIO IBYX IepeMeHHbBIX

f(x) = fly)
T —vy
MO>KHO JOOIIpEeNeSINTh N0 HeIPepPhIBHOM QYHKINN ¢ : R? — R.

g(w,y) =

[[ Ucnomsayitte Teopemy o cpenrem Jlarpamxka. |]

3adaua 3.29. [Ioxakute, YTO MHOKECTBO PEILIEHIII HEPABEHCTBA
flzy,...;2,) >0

oTKphITO, ecyt pyukius f : R® — R menmpepsiBHa.

3aodaua 3.30. Jokaxure, uto rpa¢puk HempepsiBHOM Pynkunn f : R — R samxuyT.

3adaua 3.31. Bepno nn, uto ecnu rpadpuk pyukuun f : R — R 3amxnuyT, T0 f HenpepbiBHA?
3.7. HenmpepbIBHBIE OTOOpPa>KEeHISI KOMIIAKTOB U CBSI3HBIX MHO>KECTB.

3adaua 3.32. [loKaKMTe, UTO HEIIpEepPBIBHOE OTOOpaKeHMe METPUUECKUX IIPOCTPAHCTB IIEPEBOAT
CeKBEHI[MaJIbHbIe KOMIIAKTHI B CEKBEHIMaJIbHbI€ KOMITAKTBHI.

[[ WcmonpayiiTe ompeeseHne HelpepbIBHOCTH 110 I'etiHe. ]]

3adaua 3.33. lokaxure, 4TO OTOOpaKeHNE MEXAYy KOMIIAKTHBIMI MeTPIUYECKIMI IIPOCTPAHCTBA-
mu f : M — N HenpepbIBHO TOTAA M TOJIBKO TOTAA, KOTAA ero rpadyK 3aMKHYT.

[[ Mcmonp3yiiTe KOMIIAKTHOCTD IIpOM3BeAeHNs, HellpepbIBHOCTD Ipoekuuit M X N — M, M x N — N
n Teopemy ??. ]]

3aodaua 3.34. oxaxure, uro orodpaxkenme [ : X — R mua mekoroporo X C R" mepeBomut
00y (GyHIaMEeHTAIBHYIO ITOCIeIOBATEeIBHOCTh B PyHIAMEHTATIBHYIO TOTAA M TOJIBKO TOTHA,
KOT'JIa OHO IIPOOJIKaeTcs K0 HernpepbiBHOTO f @ cl X — R™.

3adaua 3.35. [JokaskmTe, YTO AJIS JTIOOOTO MeTpUdecKoro npocrpaHctsa M ero GyHKIMS paccTos-
Hug p : M x M — R, HenpeprIBHa.

[[ Ucnomp3syiiTe HEPABEHCTBO TPEYTOIBHUKA. |]

3.8. PaccrossHIMe Me>KAY MHO>KECTBAMY I HOPMAJIBHOCTb.
3adaua 3.36. Nokaxure, uto dist(X,Y") = inf{dist(z,Y) | z € X} = inf{dist(X,y) | y € Y}
3adaua 3.37. TIpoBepbTe, UTO £-OKPECTHOCTH JIFOOOTO MHOKECTBA OTKPBITA.

[[ Ucmonp3yiiTe HeIpepbIBHOCTD QYHKIMIU PACCTOSHIUS 1O MHOXKeCTBa. ]

3adaua 3.38. [Jokakure, YTO eCIM KOMIIAKTHOE ITOJMHOXeCTBO /{ HEKOTOpPOTO MeTpUUeCcKOro
npoctpaHcTBa M comepXUTcsa B OTKpbITOM noaMHokecTBe U, To K comepxxkutca B U BMecTe ¢
HEKOTOPOJI CBOEI £-OKPECTHOCTHIO.

[[ Paccmorpure paccrosime ot kommaktaoro K mo samxuayroro M \ U. ]]

3adaua3.39. [IpuBenuTe NpuMep 3aMKHYTHIX HellepeCeKAIOIIXCsI MHOXeCTB X 1 Y B eBKIMIOBOM
IIPOCTPAHCTBE, Y KOTOPBIX £-OKPECTHOCTY IIePeCceKarTCs PV JIF0OOM ITOJIOKUTETIBHOM €.

[[ Cpemnaiire Tak, uToGB! paccTosHMe MeXAy X 1 Y OBLIO paBHO HYI0. |]
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3adaua 3.40. [JokakuTe, YTO eCIIM MHOKECTBO X B HEKOTOPOM METPUUECKOM IIPOCTPAHCTBE KOM-
IIaKTHO, TO B onpeaesneHnu diam X TouHas BepXHAA IPAHb JOCTUTAETCH.

[[ Ucnomsayitre 3agauy 3.35. ]]

3adaua 3.41. [Jokaxure, uto paccrosiHme Mexay nopmuokectamu dist(X,Y) eBkimpmosa mpo-
CTPAHCTBA He BCETMa yIOBIETBOPSAET HEPABEHCTBY TPEYTOJIbHIKA

dist(X, Z) < dist(X,Y) + dist(Y, Z).

3adaua 3.42. IlycTs B MeTpuyecKoM IpocTpaHcTBe M/ ecTh yOBIBAIOII[As 110 BKIFOUEHUIO ITOCTIEN0-
BATEJIbHOCTDh HEIYCTHIX CBSI3HBIX KOMIIAKTHBIX IIOJ{MHO)XECTB

KiDKy2---DKp,D....
(o.)
Hoxkaxkure, 4To IepeceyeHne mk:1 K. cBasHo.

[[ Ilpegmonoxure, uto mepeceuenue X = (|7, K} paséunocs Ha ABa HEITYCTHIX OTKPBITHIX OTHOCUTEIBHO
X muoxectBa, X = Y LI Z. 3amerbTe, uto Y M Z 3aMKHYTHI, & 3HaUNUT, B CUJIy HOPMAJIbHOCTY MMEIOT
HellepeceKamlyecs oTKpbITbie okpectHocT ¥ C U u Z C V. C nomorpsio 3agaun 3.23 mpoBepbTe, UTO
[IPU AOCTATOYHO GOJIBIIIOM 1 OymeT BhImodHATheT K, C U LUV, ]]

3.9. Kpussbie 1 JuHelHasA CBA3HOCTb.

3adaua 3.43. [JokaxuTe, YTO KOHKAaTeHAIVISA ABYX KPUBBIX SBJISLETCSA HEIIPEPBIBHBIM OTOOpasKeHM-
eM.

3adaua 3.44. [JokaXUTe acCOLMATUBHOCTh KOHKATEHALINM OPMEHTMPOBAHHBIX KPUBBIX, TO €CTh
BBIIIOJIHEHIIEe (POPMYJIIbI

(Y1072) 073 = 71 0(12073)
B Cﬂyqae, €CJIN JIeBad 4aCThb NJIn npaBaH qacTb OHpeJIeJIeHa.

3adaua3.45 (Kpusas [Teano). [Ipuaymatite kpusyio vy : [0, 1] — R?, 06pas koTopoit paBeH KBaapaTy
0, 1]2.

[[ Hapucyitre B kBagpate nuaroHanb. [lorom pasfeiite KBafpar Ha 9 MaJeHbKUX KBAIpPATOB U 3aMEHITE
IMAaroHaJb Ha JIOMaHYI0, COCTABJIEHHYIO HEIPEPhIBHBIM 00pa3oM 13 IeBATU AMAaroHanell MaJeHbKIX KBal-
paros. [ToToM K KaskmoMy 13 9 OTPE3KOB JIOMAHOI IPUMEHNTE Ty K€ OIMEePALINIO, TOJYUNB JIOMaHy0 u3 81
OTpe3Ka, MOTOM IOJIyUnTe JIOMAHy0 U3 729 OTPE3KOB UM MPOIOJDKAIITE MejIaTh Tak Ke. IlycTh Ha 1-M STare
3TO¥I MPOLIETYPHI JIOMaHas TapaMeTPU30BaHa C TOCTOSHHOI CKOPOCTHIO KakK Yy, : [0, 1] — [0, 1]2. okasxure,
uro mipemen 7y (t) = limy, 00 Y5 (t) CylLleCTByeT, HEMTPEPBIBHO 3aBUCUT OT ¢ U OKA3bIBAETCSA BO BCEX TOUKAX
KBagpara. |]

3aodaua 3.46. [Joxaxure, 4YTO JIOMaHas He MOKET 3allOJIHUTh BeCh KBagpar.

[[ MokHO moKa3wIBaTh 110 pasHomy. OfMH 13 BAPMAHTOB: 3aMETUTh, UTO HA IUIOCKOCTM BEpHA Teopema
Bapa ?? 06 06bequHEHNY CUETHOTO UMCIIA 3AMKHYTHIX HEIIOTHBIX MHOXKECTB. ||

3adaua 3.47. * [okaxure, uro pyuxkuum x(t) u y(t), MoayUaroImecs M0 MPUBEAEHHOMY BBIILIE
pellenTy mocTpoeHus KpuBoii Ileano, 6yqyT HeNpepbIBHBIMYU, HO HI B OMHOIN Touke He mudde-
PEHLIMPYEMBIMIL.

[[ Onummre z(t) xak mpemen mociaegoBaTenbHOCTU (T,(t)), obpaTure BHUMaHME, YTO (QYHKIUNU Iy,

KyCOqu—JH/IHeIZHLIe, d(f” = 3"*1 TaM, I'lé IIpOM3BOAHASA CYLIECTBYET, M UTO OJIs J11000r0 tg € [O, 1]

npu o6om n Hatigytes t' < t < t”, rakue uto

z(t") — z(t)

_ —1
t— =3".

"=t <3 w, () =a(t), z.(t") =),

Hokakute, 4To 3T0 mpotnBopeunt nuddeperuupyemoctu =(t) B to. ]]
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3aodaua 3.48. [lokaxkure, uto Jr000€e oTKphITOE moaMHOKecTBO U C R™ sgBiseTcs 00beanHeHIEM
U = | |, U; nomapHo He IepeceKaroIMxCsi OTKPBITHIX CBI3HBIX MHOKECTB.

[[ BBegure oTHOLIEHNE MEXAY TOUKAMU P, ¢ € U «p MOXKHO coequHUTSH ¢ ¢ Kpusoii B U ». [IpoBepbTe, UTO 9TO
OTHOIIIEHNE SKBUBAJIEHTHOCT) U YTO KKIBII KJIACC SKBUBAIEHTHOCTH SIBJISETCSI OTKPBITHIM MHOKECTBOM.

1]

3aodaua 3.49. [Jokaxure, UTO 3aMbIKaHMe CBI3HOro MHOKecTBa X C M B MeTpuuecKoM IIpOCTpaH-
crBe M TOXe CBI3HO.

[[ Hpenmonosxure, uro cl X pazdbmnocs Ha [Ba OTHOCUTENHHO OTKPHITHIX Y 1 Z. [Jokakure, uto X NY u
X N Z 6ynyr HemycThle. ]]

3adaua 3.50. [Toxaxkure, 4T0 eciayu o0pas KpuBoii 7y : [a,b] — M mepecexaer M BHYTPEHHOCTD U
BHELIHOCTb MHOXecTBa X C /M, To OH mepecekaeT 1 rpaHuny X.

[[ Ucnonb3yiiTe TOMOJIOTMUECKOE OINpepeseHIe HEIPEePhIBHOCTY KPUBOIl AHAJIOTMUHO JOKAa3aTeNbCTBY
TeopeMsl ??. ]]

3aodaua 3.51. [Joxaxure, UTO IepecedeHlie BBITYKIbIX MHOKECTB BhINyKJo. [IpuBenure npumep,
KOT/Ia IlepeceyeHe JMHETHO CBI3HBIX MHOKECTB MOKET He OBbITh JIMHEIIHO CBSI3HBIM.

3adaua 3.52. [lokaxxnre, uTo 00BEAMHEHNE IEePECEKAOIINXCS JIMHETHO CBI3HBIX MHOECTB JIN-
HCI‘/‘[HO CBA3HO. HpI/IBe]II/ITe HpI/IMep, Korga O6’LCIU/IHCHI/IC HepeCCKaIOH_U/IXCH BLIHYK.TII)IX MHO>KECTB
He SIBJISIETCS BBIITYKJIBIM.

3adaua 3.53. [lokakure, UYTO pellleHUe JII0007 (B TOM uiciie 0eCKOHEUHO) CUCTEMBbI JIMHETHBIX
HepaBeHCTB BUAA

a121 + asxe + -+ apr, < b
B R" BRIITYKIIO.

3adaua 3.54. *(Teopema Xemnn Ha rurockoctu) JJoKakuTe, UTO €CIM B KOHEUHOM HabOpe BBIMYK-
JIBIX MHOKECTB Ha ITockocTy R? mro6ble TpU MHOKeCTBA MMEIOT HeIyCcToe IepeceueHne, T Bee
MHO’KeCTBa Habopa MMeEIOT HeIyCToe IepeceueHue.

[[ Ucnonp3yiiTe MHOYKIMIO IO KOJMUECTBY MHOMKECTB, KJIIOUEBOJ Clyuall — Korga B Habope ueTwIpe

MHOKeCTBa. |]

3adaua 3.55. * Tlokaxxure, 4TO 11 OECKOHEUHBIX HAOOPOB BBHINTYKJIBIX MHOKECTB TeopeMa XeJuI
y’Ke HeBepHa.

[[ KouTpupuMep MOKHO ITOCTPOUTH YiKe Ha IPSIMOIL. |]

3.10. PaBHOMepHasA HeNPEepPBIBHOCTb.

3adaua 3.56. IIpoBephTe, UTO IS MOJOKUTENBHBIX T U Y

Vo =Vl < /lz -yl

3adaua3.57. [Jokaxkure, uro ecnu npoussonHas pyukunu f : (a,b) — R orpanuuena, o pyHKms
JIUIIIIIEBA.

[[ Ucmoneayiite Teopemy o cpeqteM Jlarpamxka. ]

3adaua 3.58. Bynem roBopurs, uro f : M — N nokanvHo nunwiuyeso, ecau y J000I TOUKU
Zy € M ecTb OKpeCTHOCTh, B OTpaHMUYEHNY Ha KOTOpy f jaumiinneso. [Jokaxure, uto ecan M
KOMITaKTHO, TO JIF060€ JIOKAJIBHO JIMITIINIIEBO OTOOpaXKeHe 13 Hero JIMIIIINIEBO Ha BcéM M.

[[ IIpoBepbTe, UTO JTOKAIBHO JIUIIIINIEBO OTOOpa’keHIe HellpephIBHO. [lajiee qeJICTBYIITe OT IIPOTUBHOTO I

pf(@n).f(yn))

— —+0OQ.
. . p(xnvyn) -
I/ICHOJIBBYH KOMIIAKTHOCTBD, IIEPEUANUTE K IIOAIIOCIETOBATEIBHOCT U CUUTAUTE, UTO Ty, — L0, Yn — YO,

f(zn) = f(xo), f(yn) — f(yo). PaccmoTpure mociie atoro asa ciaydas: o = Yo U £o 7 Yo- ]

IPEJIIONIOKIUTE CYIIeCTBOBaHME IIOCIIe0OBATEIBHOCTI T1ap TOUeK (T, Yp, ), TAKOI UTO
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3adaua 3.59. Joxaxkure, uto ecin pynkuus f : R — R paBHOMepHO HellpephpIBHA, TO CYILIECTBYIOT
kouncrauTs! L, C' > 0, Takme uto mis q00b1x &, y € R BeImoaHSIETCS

|f(z) = f(y)| < Lz —y| + C.

[[ Pukcupyiire HeKOTOpBIE € M § B OIpeNeseHU PABHOMEPHOI HenpepbIBHOCTH. J[1060i1 0Tpe3ox [z, Y]
pasbeliTe Ha YAaCTU AJIMHOIN MEHbIIIe 0 U OLleHUTe CYMMy IIpUpaIeHnit f Ha 9TUX YacTax. ]]

3adaua 3.60. Nokaxwnre, uro pyukums f : (a,b) — R Ha orpanuuenHom unrepsane (a,b) pas-
HOMEPHO HeIlpepbIBHA TOTAA M TOJBKO TOT/(A, KOTAa OHA VIMeeT KOHEUHbIe Ipefesibl Ha KOHIaxX
MHTEpBaa.

[[ B omHy cropoHy mcmonb3yiite TeopeMy ??, B IPYIyI0 CTOpOHY — Teopemy ??. ]
3adaua 3.61. Joxkaxure, uto ecnu pynknus f : X — R, X C R", paBHOMepHO HellpepbIBHA, TO

OHa IIPOJOJIKAETCS O HEeIPephIBHON (PYHKIMM HA 3aMBbIKaHMUM MHOXecTBa X .

[[ 3amersTe, uTo f MepeBoAMT PyHAAMEHTATIbHBIE IIOCIEXOBATEIBHOCTY B PyHIaMeHTaIbHbIE. |]

3adaua 3.62. * Kak ecTeCTBEeHHO OIIpee/INTh pacCTosHNeE B IpousBeneHuu M X M meTpuueckoro
npocTpaHcTBa Ha cebst (To ects py @ (M X M) x (M x M) — R,), uro6s! ucxogHast GyHKIMS
paccrosamsg p : M x M — R, okxasajach OTHOCUTEJIBHO 3TOTO PACCTOSHMNS JIMIIIINIIEBON C
KOHCTaHTOI 17

[[ Hommmnre B k1acce dynkumit Buna p2((z,y), (2',y") = f(p(z,2), p(y,y')). 1]

3.11. Pa3pbIBHBIE U IIOJyHeIpepbIBHbIE (DYHKIIVN.

3aodaua 3.63. IlpoBepbTe yTBEpPKAEHNUSI O TOM, YTO MHOXKECTBO YACTUUHBIX MpPenesoB GyHKIMU
Ipu © — o 3aMKHYTO B R ¥ YTO OHO COCTOUT M3 OJHOI TOUKM TOTAA M TOJBKO TOTAA, KOTAA Y
GYHKIUM eCTh Ipees IpU T — T.

3adaua 3.64. oxaxure, uto ecnn QpyHKuMs [ HelpepblBHA B Ipokosioroir okpectHocty U(zg) \
{zo} Toukn zy € R" mpu n > 2, To MHOXXECTBO €€ UACTUUHBIX IIPEIEIOB B X ABJSIETCS IIPOMe-
KYTKOM.

[[ Ucmonp3yiiTe CBI3HOCTH IIPOKOJIOTBIX OKpPeCTHOCTel mpu n > 2. ]]

3adaua 3.65. IIpuBenuTe MpyUMep MONyHEIIPEPBIBHO CHI3Y (PYHKIMM HA OTpe3Ke, He MIMeIoIIeil
MaKCIMaJIbHOTO 3HAaUEHM.

3adaua3.66. [lokaXuTe, UTO CyMMa ITOJIyHEIIPePhIBHBIX CHI3Y QyHKLMII IOJIyHeIIpepbIBHA CHISY.

[[ 3ameTnTe, uTO

flx)+g(z)>y<eIzteR, 2+t >y, f(x) >z, glx) >t.
1]

3adaua 3.67. [Joxaxmure, uro ans awoboro orobpakenus [ : M — N Mexay MeTpuUueCKUMU
npoctpaHcTBamMu QyHKIuS w( f, ) ABISETCS OyHEIPEPHIBHOI CBEPXY.

[[ [penmonoxkure, uro HepaBeHCTBO W( f, Tg) < ¢ BepHO A HeKOTOPhIX Tg € X u ¢ € R. Ilpumenure
OIlpefieJieHIe W U TIPOBEPBTE, UTO AJIsL HEKOTOPoi1 okpecTHocTu U S () HepaBeHCTBO w(f,z) < ¢ TOXKe
BepHo mis Bcex ¢ € U. ]]
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3aodaua 3.68. [Nokaxure, uro mis awboit ¢pyukuun f : M — R Ha MeTpuuecKoM IpOCTpaHCTBE
byukns (TouHsle TpaHu GepyTcs M0 OTKPHITHIM U)

f(zo) = inf {sup{f(z) |z € U} | U 2 x}

IIOJIyHeIIpephIBHA CBEPXY, a QyHKIA

f(zo) =sup{inf{f(z) |x € U} | U 2 x}

IOJIyHeNpepbIBHA CHUSY.

[[ Ucnonpayiite onpeeeHne oIy HEPEPHIBHOCTY C MCIIONb30BaHMeM HepaBeHCTB f(x) < cu f(z) > c.

)

3adaua 3.69. * [Jokaxkure, uTo He cywmecTByeT pyunkuun f : R — R, HerpepbIBHOI B pal{oHaIb-
HBIX TOUKaX, ¥ pa3pbIBHOI B MppalllIOHAIbHbBIX TOUKAX.

[[ Paccmorpure samkHyTbIe MHOXecTBa {7 | w(f,z) > 1/n} u akkypaTHO npumennre teopemy Bapa. ]]

3adaua3.70. * Joxaxure, uto ecau f : R — R momyHenmpepsIBHa, TO MHOXECTBO €€ TOUEK pa3pbIBa
VIMEET ITyCTYyI0 BHYTPEHHOCTb.

[[ Ipenmonosxure st onpenenéHHOCTH, uTo f IOMyHenpepbiBHa cHu3y. IIpenmomoxxus nporusHoe (f
pasphIBHA Ha HEKOTOPOM MHTepBaje) ¢ IIOMOIIbI0 TeopeMbl Bapa mepeiigure K MeHbIIEMYy MHTEPBAIY,
rae f orpanuuena cBepxy. [lanee ¢ momouibio TeopeMsbl bapa mepeiigure K eié MeHbIlIeMy MHTepBaly, Ha
KoTopoM KosieGanue f He meHee 1/k B 1106011 Touke. [loyunre IpoTUBOpEUMEe C OTPAHNYEHHOCTHIO CBEPXY.

1]

3.12. InuHa KpUBOM B METPUUYECKOM IIPOCTPAHCTBE.

3adaua 3.71. Jokaxwnre toxkmectBo sup(X + Y) = sup X + supY mus Henycreix X u Y, He
3a0bIBasi PacCCMOTPETh CIIydail 6eCKOHEUHOI TOYHOI BEpPXHEN rpaHM UM IMPUHMMAs COTJIALIeHIe
(+00) + (400) = +o0.

3adaua 3.72. Ilposepsre, uto ecnu 7 : [a, b] — M He 06sa3arensHO cupsamisema, To {(7;), paccMar-
puBaemast Kak QyHKUMs [a, b] — R, BCé paBHO HEIPEPHIBHO 3aBUCUT OT ¢ B CMBICIIE CTAHJAPTHOI
TOIIOJIOTMY Ha PACIIMPEHHO YMCIOBON IIPAMOIL.

3adaua 3.73. OmnpeneneHne AIMHBI KPUBOJ MOXHO JOCJIOBHO MCIIOJNIB30BaTh U [JIS Pa3pbIBHBIX
KpuBBIX. [lOKaKuTe, YTO €CIM pa3pbIBHAsg KpMUBad 7y : [a, b] — M B IIOJTHOM MeTpPMUYECKOM IIPO-
CTPAHCTBE MMeEeT KOHEUHYIO IUINHY, TO B 060N COOTBETCTBYIOLIEN apamerpy ty € |a, b] Touke
KpMBasl MIMEET JIEBBIN ¥ IIPAaBbIVl IIPEREbI fy(to — O) u fy(to + 0), U cily4yaeB UX HECOBIIAIeHUA
CUéTHOE KOJIITUECTBO.

[[ B cuny mosrHOTHI MpoCTpaHCTBA IpUMeHNTe Kpurepnit Ko cyiiectBoBaHms, CKayKeM IIPaBOro, pegesia
U 3aMeThTe, UTO IIPI €r0 OTCYTCTBUM B KPMBYIO MOKHO OYIET «BIIMICATDH JIOMAHYI0» IIPOU3BOJIBHO GOJIBIIION
IUTUHBL ]

3.13. JudPepeHnupyembie KpuBbIe B €eBKINTOBOM IIPOCTPAHCTBE.

3aodaua 3.74. IlpuBenuTe ImpuUMep CUTyalMy, KOTJa B TeopeMe O CpeqHeM A KPMBOJ HeJb3s
HOOUTHCS paBeHCTBA HU IIPU KaKoM &.

3adaua 3.75. Beinuinte popMyny KpMBU3HBI ABaXAbI AuddepeHIpyeMOoit KpUBOIL B € BKIUI0-
BOM IIPOCTPAHCTBE, 3aJaHHON B IIPOM3BOJIBHOI MapaMeTpu3aluy. BelmuinuTe napaMeTpuuecKkoe
ypaBHEHME 3BOJIIOTHI INIOCKOJ KPMBOJ, 3aJaHHOI B IIPOM3BOJILHOI IapaMeTpU3alAIL.
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. dy _ v . .. .
[[ BocmombsyiiTech Tem, uto 7 = EAR nponuddepeHINpPYITE 9TO PABEHCTBO 110 S elté pas. B ieBoit
YacTy IOJIYYMTCSI BEKTOp, MJIMHA KOTOPOrO paBHA KPMBU3HE, a IIPOM3BOAHYIO 110 S CIIpaBa HailJuTe Kak
NPOU3BOAHYIO IO ¢, IeJEHHYI0 Ha |;|. [[poBepbTe, UTO B TPEXMEPHOM ClIydae y Bac MONydmiIach Gpopmyra
(u X v 0O3HAYAeT BeKTOPHOE IIPOM3BeeHIE BEKTOPOB U, v € R?)
/ 7
_ ' x
k= TERR
ol
TIpu BBITIMCHIBAHUM ypaBHEHMS 3BOJIOTHI 3aMeTbTe, UTO Ha IUIockocTu R? ymoGHee cumTaTh KpUBU3HY
IIJIOCKOJI KPMBOJL BEJIMUMHOI CO 3HAKOM (BEKTOpHOe IIpom3BefieHNe B (opMyJIe BbIIIe pacCMaTpuBaTh 6e3
MOJYJISL I CYMTATH YICIIOM), ECIIU TpeGoBaTh, 4T00k! B popmyiiax Ppene (T, ) Becerna GbLia IIpaBoli mapoit
BEKTOPOB. |]
d
3adaua 3.76. [TokaxxuTe, UTO JUI LIEHTPa KPUBU3HBI Ha ITOCKOCTM BBINOJHAETCA 52 = %I/ n
00BsICHUTE, KAK BOCCTAHOBUTH KPUBYIO Y 10 €€ 9BOJIIOTE .

3adaua 3.77. BeiBenute dhopMyiy IS KpydeHUS TPIDKABI AU depeHuMpyeMoil KpUBOI B IIPOM3-
BOJIBHOI, He 00s13aTeJIbHO HATYyPaIbHO, ITapaMeTPU3aLlIL.

[[ Cmauana mocmorpure Ha cmewmannoe npoussenenve (7',v”, ") B HarypanpHoil mapamerpmsanum, a
MOTOM M3Y4uUTe, KAK OHO TIOMEHSETCS NIPU 3aMeHe MapaMeTPU3alNi Ha IPOU3BOJIBHYI0. YOeauTech, 4o
NOJTydYeHHOe BaMU BBIpaKEeHIE SKBUBAJIEHTHO ClleflylolieMy (U X U O3HauaeT BEKTOPHOE MPOU3Be/leHIEe
BeKTOpOB 1, v € R?)

(,y/7 ,Y//? ,.Y///)
R

1l

3adaua 3.78. Onuiinre Kpusbie B R? ¢ MOCTOAHHOI HEHYJIEBOI KPUBU3HOI 1 TOCTOSHHBIM HEHY-
JIEBBIM KPyUYEHMEM.

[[ Honbepure Kakme-TO KpMBble M3 M3BECTHBIX BaM IV PELINTE CUCTEMY JMHEHBIX HuddepeHIanb-
HBIX YpaBHEHMII, KOTOPYI0 fgaioT ¢opmynst Ppere. OTCyTcTBUE APYTUX IMPUMEpPOB OOOCHYIITE TeOpeMoil
CYILIeCTBOBAHNS Y € JVIHCTBEHHOCTY PellleHNIT I TMHeTHbIX quddepeHIMaNbHbIX YpaBHeHnt ?7. ]]

3.14. BHyTpeHHAS MeTPUKAa MEeTPMUYECKOTO IIPOCTPAHCTBA.

3adaua 3.79. O6BICHUTe, TOUEMy MJIT BHYTPEHHEJ MeTPMKIU BBIIIOJIHSETCS HEPaBEHCTBO Tpe-
YTOJIbHUKA.

[[ Ucnomnp3ayitte KOHKaTeHAUUIO. |]

3adaua 3.80. [Joxaxure, UTO ecay MeTpuKa p B M yske Oblia BHYTpPeHHSs, TO OIlepal(s B3ATISI
BHYTpeHHell MeTPUKH, Py, JACT Ty K€ CaMyI0 METPUKY py = p.

[[ 3amersTe, UTO U3 IIpeRBIAYILIEI IEMMBI CIELYET, UTO B paCCMATPMBAEMOM CJIyUae JBe TOUKM Ha paccTo-
AHUN d MO’KHO COeIUMHITH KPMBOI IIMHBI, CKOJIb yTOXHO 61m3Koit k d. ]

3adaua 3.81. * [JokaK1UTe, UTO B METPUUECKOM IIPOCTPAHCTBE C KOMIIAKTHBIMI IIIapaMy MUHUMYM
B OIIpe/leIeHNY BHYTPEHHEI METPUKIA, €CJIV OH KOHEUHBI, JOCTUTaeTCsI Ha HEKOTOPOI (BO3MOKHO
He eJMTHCTBEHHOI) KpUBOII, Ha3bIBA€MOII Kpamuatiuet.

[[ PaccmorpuTe mociremoBaTesIbHOCTD KPUBBIX, CTPEMSAIIIMXCI K TOUHO HIDKHelT rpaHn. [lapamerpusyiire
KpUBBIE IIOUTH HATYPAIbHO JIUIIIINIEBBIM 006pa3oM U MCIIOIb3YIITe PacCy KIeHNs TIUIIA TeopeMbl Apliea—
Ackonu ??, BbIOMpast 13 IOCIEN0BATEIHHOCTI KPMBBIX PABHOMEPHO CXOMSIIYIOCS IIOAIIOCIEA0BATEILHOCTD
(cv. pasgen ??), ¢ yuétom Teopemst ??7. ]]
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4. Panpl, npubmipkeHus GyHKIMIT 1 nHTerpal Pumana
4.1. KoMIjIeKCHbIE UMCJIAa I MHOTOUWJIEHBI.

3adaua 4.1. IIpoBepbTe, YTO €CIIM COIMOCTABUTH KOMIIEKCHOMY UJVICIIy MaTPUITy 10 IIpaBMIIaM

) (a —b)
a—+ b — ,
b a

TO CJIIOKEHME VI YMHOKEHVIE KOMIUIEKCHBIX UMCEJI IIEPEXOANT B CIIOKEHIIE I YMHOKEHIIE MAaTPIIII.
2
(0 —1) B (1 0)
1 0 - 0 1/°

3adaua4.2. Ha MHO>XeCTBe UeTBEPOK [1€/ICTBUTEIbHBIX UICeJI, 3aIIChIBAeMBbIX B Bue a+ib+jc+kd
BBe,T_IéM YMHO)KCHI/Ie I10 HpaBI/IJIaM

[[ Haunwnre B IpOBepKM TOTO, UTO

=2 =k*=—1,ij =k, jk=1iki=j,ji=—k kj=—i,ik=—},

3TO HA3bIBACTCA K6AMEPHUOHBL. HOK&)KI/ITC, yToy JIF000T0 HEHYJIEBOTO KBATEPHIMOHA €CTH 06paTHI)II/“I
OTHOCUTEJIIBHO YMHOXEHUI.

[[ Ompenenure conpspkeHMe U OEVICTBYIITE KaK C KOMIUIEKCHBIMY UMCIaMIL. ||
3adaua 4.3 ([lenenne MHOTOWIEHOB ¢ octaTkoM). [{okaxkure, uro mist P, D € F[z|, npu deg D > 0,

HaliéTcs equHcTBeHHbI ocmamok R € Flz] ¢ deg R < deg D u enuncrBennoe uacmuoe () € T,
TaKye 4YTO

P=QD+R.

[[ MoskHO MCIIOTB30BaTh MHAYKUMIO 110 cTeneHn P. ]]

3adaua 4.4. [oxaxure, uro n060it MHOrouneH P(z) = ¢y + c1z + ...c,2" € C[z] crenenn n
paCKIabIBaeTCs B IPOU3BEIeHIIE

Pz)=cy(z —2z1)...(2 — zp).

[[ Homenmre MHOTOUWIEH C OCTATKOM Ha MHOTOWIEH Z — 2] M TIOCMOTPUTE, UTO OYIET, eCu 2] ObLI €ro
KopHeM. |]

3adaua 4.5. loxaxkure, uto nr06011 MHorowteH P € R[z] npencrasisiercs B Buie npousBeReHns
KOHCTAHTBI, JIMHEMHBIX MHOTOUJIEHOB BU/A T — T; U KBAJPATHBIX TPEXUIEHOB BUAA T2 + piX + ¢;
C OTpUIATETbHBIMY TUICKPUMITHAHTAMI.

[[ IIpmMeHMUTE KOMILIEKCHOE YTBEpKIOEHNE I 3aMeThTe, UTO y NeICTBUTEIBHOTO MHOIOWIeHa KOPHY UAYT
IapamMu KOMILJIEKCHO COIPSDKEHHBIX. ]

3adaua 4.6 (Anropurm EBxiupaa qyis MHOrOwieHoB). [loKaKmTe, UTO IJIs JIF00O0I ITaphl MHOTOUJIE-
HOB P, ) € F[z| naitpyrea S, T € F[z], takue uro deg S < deg @, degT' < deg P, a MHOrOUuIEeH

D=SP+TQ

aBisgercd genureineM P u (). 91or Haubomvwiuil obwuti denumenv D onpenenéH OQHO3HAUHO C
TOYHOCTBIO YMHOKeHMs Ha KOHCTAHTY.

[[ [omenure P Ha () c OCTaTKOM U IpUMEHNTE IIPEIIONIoKe e MHIYKIMN K () u octatky R. ]]

3adaua4.7. [lokaxure, uTo JTH000IT OOLINIT TeTUTENTh MHOTOUIeHOB P u () 13 IIpeqpIay1Ieit 3agaun
SBJIIeTCA TaKKe JeJnTeseM MHorowieHa [ u3 ImpenbIayIeil 3agaun.

[[ Ucnomnp3yiite ycTaHOBIEHHYIO GOPMYITy HaMOOJBIIIETO OOIIero qenmuTensd. |]
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3adaua 4.8. [IBa MHOrOUWIEeHA C HAMOOIBIIUM OOIUM AenuTtesieM crerenu O (To ecTh KOHCTAHTOM)
Ha30BEM 63auMHO npocmuimu. [Jokaxure, uro mHorowrens! P, () € C[z] BsaumuO mpocTs! TOrma
U TOJIBKO TOT/1a, KOTAa OHU He UMEIOT 001X KOpHeI.

[[ Ucnonb3yiite ycTaHOBIEHHYI0 GOPMYNy HaMOOIBIIEr0 OOIIEro MeIuTelsd 1 anrebpanyecKyio 3aMKHY-
rocth C. ]]

3adaua 4.9. MuorouneH u3 [F[x] 00K ITENBHOI CTElIeHN HA3BIBAETCS HENPUSOOUMDBLM, ECIIIL €T0
HeJIb3s [IPEACTABUTD B BUJE IPOU3BefAe st MHOrowieHoB u3 F[z] mensbiueit crenenn. [Jokaxure,
4TO JI000i1 MHOTOUIEH 13 [F[2] MOXKHO PasiioKuTh B IPOM3BeeHIIE HENPUBOOUMbIX MHOTOWIEHOB
eIVHCTBEHHBIM 00pa3oM, C TOYHOCTBIO O ITePeCTAaHOBKI COMHOMUTEJIEN ¥ JOMHOXEHNI MX Ha
HeHYyJIeBble uncia (aaeMeHTs! mous [F).

[[ BcmomHMTe, KaK B LIKOJIE JOKA3BIBAIACH €AMHCTBEHHOCTD Pa3JIosKeHNSI HATYPAIBHOTO YICIa B IPON3Be-
JleHe IIPOCTHIX. Eciiy B IIIKOJIEe e IMHCTBEHHOCTH Pas3yIoyKeHNUsI He JOKa3bIBaIach, TO JOKXKIUTE C IIOMOIIBIO
anropurMma EBknnpa cirenyroiiee yreepskaerne: Eciu mHozounenvt P u () 63aumHo npocmbl, a makice MHO20-
unenvt P u R 63aumuo npocmui, mo muozounenvt P u QQ R 63aumno npocmut. ]

3adaua 4.10. [loxaxkure, 4TO €CIM ABe palMOHATbHBIE Apodu u3 R(x) mpuHUMAT OAMHAKOBbIE
3HAUeHMs IIPU ITOACTAHOBKE B HUX JIF000ro € R, 1y KoTOporo oHM 0JHOBpEeMEHHO MOTYT ObITh
BBIUVICJIEHBI, TO OHU PAaBHBI B CMBICJIE IIPEABIAYIIEro ONpeaesIeHN.

[[ Cenmre K paBeHCTBY ABYX MHOTOWIEHOB, 3HAUEHMsI KOTOPBHIX COBIIAJAIOT HA 0ECKOHEYHOM MHOKECTBE
3HAUEHUIT TepeMeHHO. ]

3a0aua 4.11. Jokakure, 4YTO €CIII ﬁ — mpaBmIIbHAsI ApoOb, a ()1 u ()2 B3aMMHO IPOCTHI, TO
Ipo6b MOKHO MPEICTaBUTH B BUIE CyMMBbI IIPABIIIBHBIX APOGeIt

P P n Py
Ql Q2 Ql QQ
[[ HomHoxbTE TpeOyeMoe paBeHCTBO Ha ()1 ()2 1 BCIIOMHUTE IIPO BBIpasKeHNe AJI HAaMOOJIBIIIEro 0OIIero
menutens. |]
3aodaua 4.12. IIpoBepsbTe 1O OIpereIeHII0, YTO MIPOM3BOIHAS SKCIIOHEHTHI KOMIUIEKCHOTO YICIa
B KOMILJIEKCHOM CMBICJIe paBHA TO sKe 9KCIIOHEHTe.
[[ VI3 cBOIICTB 9KCIIOHEHTHI JOCTATOYHO IIOCUUTATH IIPOM3BOLHYIO B HyJIe. PasjioskuTe 9KCIIOHEHTY, KOCUHYC
¥ cunyc B BhIpakeHny 1t 2T mo dopmyse Teitnopa mo o(a) u o(b). ]]
3adaua 4.13. [lng KkBamgpaTHOTO TpéxwieHa 12 + pr + ¢, He MMEIOIIEro [eiiCTBUTETbHBIX KOPHEIT,
HalIIUTe IIepBOOOPa3HYI0 IPABUIIBHOI ApoOm
ar +b
2+ pr+q
B BIJI€, MICIIOJIB3YIOIIIEM TOJIBKO NeVICTBUTEIbHbIE UMCiia U QyHKIUIAL.
[[ Hocmorpure, Kak 3ammcaTh OTHENIBHO HEVICTBUTEIBHYI0 ¥ MHUMYIO YacTb JiorapudMa KOMILIEKCHOTO

uncna. |]

4.2. CymmupoBaHue aGCOIIOTHO CXONALMXCS PAFOB.

3adaua 4.14. Iycts psagsL y | a, U Y - b, UMeWT KoHeuHble CyMMBL. OIpenennm
ap, n=2k-—1,
bk, n = 2k.

JOKaKUTE, UTO Y - Cr =D o Gy + D oo Dy

[[ Ucnome3yitte onpenenenne 1, BO3MOKHO, HEOOXOQUIMOE yCIOBYE CXOTMMOCTH. |]

Cp =
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3adaua 4.15. [Joka)xute 10 OIpeaeIeHNIO, UTO

n=1
[[ Ucnonbsyiite nepaserctso 1/n > In (1 + 1/n). 1]

3adaua 4.16. [JoKaKUTe, UTO €CIVL PSIT - | @y, CXOOUMCS YCTIO6HO (TO €CThb CXORMUTCS, HO He abeo-
JIIOTHO), TO IIEPeCTaBIAd ero caraeMble, MO>KHO ITOJIyUNTD JII000€ UICIIo, a TaKKe —00 M +00.

[[ 3ameTbTe, UTO CyMMa IIOJIOKUTENBHBIX WIEHOB PAfa +00, a CyMMa OTPULATENbHBIX YUIEHOB —00. [yt
IEVICTBUTENHHOTO A BBIINCHIBAIITE WIEHBI PSAA TaK: eCIM YAaCTUUHAsS CyMMa MeHbIle A, To mobaBisiiTe
K Hell CIeNYIOLIUII IOJIOXKUTEIbHBIN WIEH, eClIU OoJIbIIIEe WU paBHa A — T0 mobGaBiaiiTe CIIe YOI
HEIOJIOKUTENbHBII wieH. [l A = £00 monpaspre 9Ty KOHCTPYKLIMIO COOTBETCTBEHHO. ||

3adaua 4.17 (Teomerpmueckas nporpeccusi). Joxkaxure, uro mis |z| < 1

> 1
Zz”zl_z.

n=0

[[ 3amwuimmre YacCTUUHYIO CyMMYy B IBHOM Bupme. |]

3adaua 4.18 (llourn reomerpuueckas nporpeccus). Jokaxure, uro mis |z| < 1

>ont -t
wt (1—2)2

[[ Haunnre c mponsBeeHNs reOMeTPUUECKIUX IIPOTPECCHit

o [e.e]

1
(1 — 2)2 _ sz . Zzn _ Z Ltk

k=0 n=0 kn>0

U CTPYIIUPYIiTe B HEM cllaraeMble C OMHAKOBOJ CTEIIEHbIO 2. |]

3aodaua 4.19 (Ilpusnaxk Janambepa abCOMIOTHOI CXOOUMOCTH psafa). IlycTs muis mocieqoBaTesIbHO-
CTH TIOJIOKUTEJIBHBIX UMCe (@, ) CYLIECTBYET Ipeelt

lim FL = g ¢ [0, 4+-00].

n—oo (Ln
Torpma mpu g > 1 pag » -, a, pacxomurcs, a npu ¢ < 1 — cxoqures.

[[ Amanormuno npusHaxy Korm, cpaBHUTE pSf ¢ TEOMETPUUECKOIN Iporpeccueit. |]

3adaua 4.20. IlycTh MOCIENOBATENBHOCTD IIOJIOKUTENBHBIX Uuceln (a, ) yobiBaer. [JoKaKuTe, 4TO

oo [e.e]
Zan < 40 & szGQk < +o00.
n=1 k=0

[[ Ouenure ogHo uepes gpyroe U HA06OPOT, UCIONB3YS OUEBMIHOE HEPABEHCTBO (ok—1 > Gy > (ok TIPU
yemosmm 2871 < n < 2. ]

3adaua 4.21. [Jokakure, 4TO
o0

1
Z—<+oo<:>s>1.
n:1n3

[[ Ucnomp3ayiite npeasIayInyio 3agauy. ]]
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3aodaua 4.22. Cxomurcs Iu psig

o0

1
;nlnn?

[[ AmanorunuHo mpenpIaylelt 3agaye. ||

3adaua 4.23. * [lokaxxure, 4yto nmpu s > 1

[e’s) . 1
_;n L[P—l_ps,

Ir7ie Ipou3BeeHNe OepETCs IO MPOCTHIM UNMCIaM U OeCKOHEeUHOe IIPOM3BeJeHIe IIOHMMAaeTCs KakK
Ipeesl YaCTUYHBIX IIPOV3BeIeHUII.

[[ B xoHeuHOM IIpOM3BeIEHNN PACKPOIITE CKOOKM 1 ITepefiANTe K IIpefesy 110 KOJIMUeCTBY CKOOOK. |]

3adaua 4.24. * [Jokaxure, 4TO CymMMa

pE]P’
PacXoamUTCH.

[[ Bosemure norapudm B mpeasiayLIeit popmyite, 4ToOBI CAesaTh U3 IpousBefeHns cymmy. OrieHuTe aTy
cyMMy 1 IepeiiguTe K npegeay s — 1 + 0. ]]

4.3. PaBHOMepHas CXOAMMOCTH (PYHKIVMIOHAJIBHBIX IIOCTE0BATEIbHOCTEN U PAXOB.
n

3adaua 4.25. BepHo 1u, uTo (1 + %) =g e*?

[[ CpaBHuTe mOBegeHME IKCIIOHEHTHI U €€ IPUOIIDKeHNIT Ha 6eCKOHEUHOCTH. |]
n o

3adaua 4.26. BepHo iu, uto (1 + %) ap) €7, ecu [a, b — HeKOTOpHIiT OTPe30K?

[[ Bospmure norapu¢m, BOCIOIB3YIITECH IUIMIINIEBOCTHIO IKCIIOHEHTHI Ha OTPE3Ke U, HATIPUMeED, Paso-
’XeHMeM Jorapudma mo ¢popmyie Teitopa ¢ SBHBIM BUJOM OCTaTOYHOTO UJIeHA. |]

3adaua 4.27. Ilpu xakux 3HaUeHNIX K03(pPULIUEeHTOB a,, PyHKIMOHATBHBIN PN

oo
E anx”
n=0

CXOMTCS paBHOMEPHO Ha Bcell mpsamoit R?

[[ Haunnre ¢ npuMeHeHNs HeOOXOAMMOTO YCIOBIUS PABHOMEPHOII CXOMMMOCTH psAfa. |]

3adaua 4.28 (IlepecTaHOBKa CyMMBI U Iipefena). 1lycTb pam » o, Uy () cXOmUTCA paBHOMEPHO
Ha METPUUECKOM IPOCTPAHCTBE X U I HEKOTOPOI TOUKMU Ty U JIHOOro k CyIIeCTByeT Ipemern
lim, ., ug(x). Jokaskure, uto Torma

o
lim E ug(x) E lim ().
T—TQ 1 x~>:p0

[[ Hoompenenute pyHKUMM B TOUKE T( ¥ IpUMeHuUTE ?7. ]]

3adaua 4.29. Ilycts mocnemoBareabHOCTh f,, : X — R HempepbpIBHBIX QYHKIMIT HA METPUUECKOM
npocTpaHcTBe X CXOOUTCS paBHOMepHO Ha X K QyHKUUM f, a IIOCIeN0BATENLHOCTh TOUEK (k)
IIPOCTPAHCTBa X CXOOUTCA K TOUKe To. [loOKaKMUTe, 4TO

Jim fi(ar) = f(zo)-

[[ Yoo6Ho cHauana mpuMeHUTH Teopemy ?7. ]]
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3adaua4.30. IlycTb IOCIIEJOBATENIBHOCTD HEOTPULIATEBHBIX HEIIPEPBIBHBIX HA OTPe3Ke [a, b] PyHK-
it (f,,) yObIBaeT 1o 1 ¥ MOTOYEYHO CTPEMUTCS K HyJIeBOM pyHKIyu. [[OKa)KuTe, YTO Ha CAMOM
nene (f,) CXOMMUTCA pABHOMEPHO.

[[ 3amerbre, uto must manHOrO € > 0 M JMHOGOI TOUKK T € [a, b] I HOCTATOUHO GONBIUNX 1 BBIIIOJIHAETCS
fn(xo) < €. B cuny HenpepsiBHOCTHI f,, HepaBeHCTBO f, () < € BBIIOIHAETCS B HEKOTOPOI OKPECTHOCTH
20, @ B CHJIy MOHOTOHHOCTI TIO 7. BHITIOJIHSAETCS U IJI BCeX OONMBIIMX N. VICIIONb3yst KOMIIAKTHOCTh OTPE3KA,
MOKPOIITE €ro KOHEUHBIM UMCIOM TAKUX OKPECTHOCTEN €ro TOUEK U BBIBEJUTE U3 TOTO PABHOMEPHYIO
CXOmUMOCTh [y, () mo onpenenenuto. |]

3adaua 4.31. IIpoBepsbTe, uTO ecau B TeopeMe o auddepeHIIMPOBAHNN ITOCIIeJOBATEILHOCTY (PYHK-
LT OTPE30K [a, b| 3aMeHNTH Ha HEOTPAHTUEHHBII IIPOMEKYTOK, TO CXOAUMOCTS ( f,,(x)) MoxeT n
He ObITH PABHOMEPHOIL.

[[ Hocrarouno paccMOTpeTh cirydail, KOrma f), ABIAIOTCA KOHCTAHTAMU, CXONALUMUCH K KaKOV-TO KOH-
craure. |]

3adaua 4.32 ([Ipumep HenpepriBHON HUTAEe He nuddepeHITIpyeMOiT QYHKLIUM, CM. TAKKe 3a7auy
3.47). Ilycts dyukuus p(xr) paBHa 0 B UETHBIX LIEIBIX UMCIAX, | B HEUETHBIX LEJBIX UYUCIAX,
HeIlpepbIBHA I JIMHEHA MeXAY LeabIMu ynciamu (e€ rpaduK BBITVIAUT Kak nmia). [JJokaxure,

YTO CyMMa pdaa
o0

fle) = Telar)

HeIlpepbIBHA, HO HUTAe He AuddepeHIpyema.

[[ HempepsIBHOCTS cilemyeT 13 IpusHaka Beifepirpacca 1 HeIlpepbIBHOCTY paBHOMEpPHOTo npenesna. s
ananu3aa guddepeHIPyeMOCTI B TOUKe To, I n € Z T paccMoTpute MpubIIsKeHs

ap, =m4™" <xo < (m+1)47" =b,
f(bn)—f(an)

u n3yunre npuparienne f(b,)— f(ay,). 3ameTsbre, uTo ecnu f nuddepeHMpyeMa B TOUKE X, TO
Y4 pup P 194 br—an

crpemurcs k f'(zg) npu a, — xo — 0 m by, — 29+ 0. 1]

3adaua 4.33. [JoxaxuTe, UYTO HeIpepbIBHAS Ha OTpe3Ke ITOJIOXUTEIbHON JIMHBI (PyHKIM 11160
MOHOTOHHA Ha KaKOM-TO MHTepBaJe, J0O0 IpUHMMAeT KaKoe-TO 3HaueHue OECKOHEYHO MHOTO
pas.

[[ Iposepsre, uto ecnu f(a) # f(b), To Ha oTpeske [a, b] moxkHO HaitTu Touku ¢ < d Tak urto f(c) = f(a),

f(d) = f(b) u f(le,d]) C [f(c), f(d)] mmm f([e,d]) C [f(d), f(c)]. Ipenmnonoxus, 4ro HU HA KAKOM
uHTepBane QYHKUMSA He MOHOTOHHA, IIOCTPOIITE CTATMBAIOIIYIOCS IIOCIELO0BATENBHOCTh BIOXKEHHBIX OT-
PE3KOB [y, dy], s KoTophix monepemeHHo BoinonHsercss f([cn, dy]) C [f(cn), f(dy)] mmm f([cn,dy]) C

[f(dy), f(cn)]- Hanee paccMoTpuTe 06LIYIO TOUKY 3TOII IIOCIENOBATENHHOCTI BIO)KEHHBIX OTPE3KOB 1 3HA-
ueHne [ B Heil. |]

3aodaua 4.34. CywecrByer au HenpepbiBHas pyukuus f : R — R, rakas uro B 1106011 Touke 79 € R

BBITIOJTHAETCA
) = S )]

= +o0?
zozo |z — o

[[ Bocmomp3yitrech pe3yabTaToM IpenbIAyLLeil 3agaun. |]

4.4. CtenneHHbIE PAABI U PAJUyC CXOAMMOCTMN.

3adaua 4.35. IIpoBephTe, UTO HA OTKPHITOM KPYTe CXOOUMOCTH |2 — 2| < R CTEIeHHOI P MOKET
1 He CXOAUThCI PaBHOMEPHO.

k

[[ PaccMmoTpuTe reOMeTPIMUECKYIO IIPOTPECCHIO Y oo 2 U IIPUMeHNTe HEOGXOAMUMOE YCIOBIE PaBHOMEp-

HOV CXOOUMOCTIL. |]
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3adaua 4.36. BepHo a1, UTO 100071 CTEIIEHHOII Psif] ¢ GECKOHEUHBIM PafgMyCcOM CXOAMMOCTHI CXO-
nutcs pasHoMepHo Ha C?

3adaua 4.37 (Popmyna [lanambepa s pamuyca CXOQUMOCTH). [[OKaKUTe, UTO Il CTETIEHHOTO
pama Y -, an(x — x)" paguyc CXOOMMOCTI MOXKHO HAilTI Kak

Q41

Qn

€CJIM IIpefieJl CyIeCTBYeT.

[[ CpaBHure cymmy psiga M3 MOIYJEN C FeOMETPUUECKOI mporpeccueit. ||

3adaua 4.38. IlpuBeguTe NMpUMep CTEIIEHHOTO PSAa, KOTOPBIM PACXOOUTCS B JIFO0OI IPaHUYHOIN
TOUKe Kpyra CXOOMMOCTI U IIPUMEP CTEIIEHHOI'0 pAAa, KOTOPHI CXOAUTCA PABHOMEPHO Ha 3aMbl-
KaHIM KpyTa CXOAMMOCTIL.

[[ Ucnonbsyiite popmyny Komu—-Anamapa u HabaroneHue, uto /n — 1 npun — co. |]

4.5. Panp1 Teitnopa o aeMeHTapHBIX (PYHKIIIL.

3aodaua 4.39. BeiBequre popmyny mis (ompeneaéHHOM KaK psi) 9KCIIOHEHTHI CyMMBbI, PACCMOTPEB
dyukumio f(x) = exp(z + y) — exp(x) exp(y) npu PuxcuposanuoM y u auppepeHUNPYS eé.
[[ IMoxyunre coornomenus f/'(x) = f(z) u f(x) = 0, u geiicTByiiTe AHAIOIMYHO HOKA3ATEIbCTBY TEOpe-

MbI ??. ]]

3aodaua 4.40. Onpenennre KOCUHYC ¥ CUHYC Uepe3 ITOACTAHOBKY KOMILIEKCHOTO UMCJIA B 3KCIIO-
HEHTY

e =cosx +isinx,

IIPOBEPHTE X OCHOBHBIEC CBOI?ICTB&, JICXOOA I3 TAKOI'O OIIpeaeJICHIIA. Brimuinmre nx pAObI Teﬁmopa.

3adaua 4.41. * Ucnonwsys psaabl mist € u In(1 + 2) kak onpemeneHns sTux QyHKIUI, JOKAKUTE
dopmyny ln e* = z mug qocTaToUHO OJIM3KUX K HYJTI0 KOMILUIEKCHBIX 2.

[[ Cuauana HanmiITE

R >/
k=0 :

m=n k=0
a II0OTOM
. n (_1)k+1kmzm_ n—1 k+1km_lzm
e 3 (SRS 2 (G )R
1<k<n<m 1<k<n<m

[IPOCYMMUPYIITe CHaYaja o N, MOToM 1o k. ]]

3adaua 4.42. Ycranosure pasnoxenne yukuuu f(z) = (1 + x)® B psag Teiutopa npu |z| < 1,
nonoxuB g(z) = Y (¥)2" u yeranosus popmyny ¢'(x) = 195 g(x) npu |z| < 1.

3aodaua 4.43. IIpoBepbTe, UTO TeopeMa ?? He ITO3BOJISIET YCTAHOBUTH PA3IOKMMOCTS B psifx Teitopa
(1+2)*uln(l+ z) opu |z| < 1.

3adaua 4.44. Ilpusenure npumep GeckoHeuHo nuddepenuupyemoit pynkuun f : R — R, pag
Tertopa KOTOPOI CXOQUTCS, HO He K f.

[[ Ucnomnpayitre pyukimio u3 3agaun 2.42. ]]
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4.6. YciIoBHaAsI CXOOMMOCTH PAKOB, MpU3HaKu AOessa u [{upuxire.

3aodaua 4.45. [Joxkaxure, YTO PSIABI

oo . o0
SIn nx COSnNx
D X

n=1 n=1

cxomares ipu « > () paBHOMEpHO Ha Jr060oM oTpeske [g, 2 — £], no mpu « € (0, 1] cxommmocTsb
Oymer ycioBHOI u He paBHOMepHoit Ha (0, 27).

n . n
[[ IlpumennTe npusHaK [lupuxiie, HOCUNTAB CyMMSBL » ., Sinkzu 'y J—1 COS kx, KoTopble ABNAIOTCS MHU-
MOII 1 A€/ ICTBUTEILHOI UaCThIO TeOMETPUUECKOIL IIPOTPECCHN Y 4 ¢'F_ [lns mokasaTebcTBa OTCYTCTBUS
aGCOIOTHON CXOAMMOCTY OLEHUTE |sinz| > sin?z n |cosz| > cos?z. lna mokasarembcTBa OTCYTCTBUS
PaBHOMEPHOI CXOAUMOCTH B OKPECTHOCTH HyJISl TPUMeHUTe Kpurepuit Koy paBHOMEpHOI CXOMMMOCTH.

)

3adaua 4.46. IlocnenoBaTeIbHOCTD @, CX00UMCA 6 CPeOHeM K UNCITy (, €CIIN II0CTIe0BATEIHbHOCTD

Gt aytetay

n —

n

CXOOUTCA K a4 B OOBIUHOM CMBICIIE. HOK&)KI/ITG, 4uTo ecaum a,, — a, TO En — a.

[[ Cuauasa paccmoTpuTe CXOXMMOCTH K HYJIIO, B OOIIEM CiIyuae IIPeAcTaBbTe IIOCIEL0BATENIBHOCTH KaK
CYMMY IOCTOSTHHOIT 11 6€CKOHEUHO MAJIOi. |]

3aodaua 4.47. Onuinre Bce pyuakuun f : R — R, «HempeprIBHBIE B CpeTHEM», TO €CTh TaKue, I
KOTOPBIX CXOIAVIMOCTb B CPEIJHEM T, K T BJIEUET CXOMUMOCTh B cpeqHeM f(x,) K f(xo).

[[ O6parnre BHUMAHIE, UTO ITOCITIENOBATEIHLHOCTE (:L‘n), MPUHMMAIOII[As TOIBKO ABa 3HAUEHMS @ U b, MOKeT
CONTICH B CPeJHEM K JII000IT TOUKe MexXay a m b. ]]

3aodaua 4.48. Pan 220:1 Gy, C YaCTUYHBIMIY CyMMaMI

n
Sn: E ag
k=1

cxooumcest 6 cpedHem (W cxodumest no Yezapo) K umcity S, e mocieoBaTeIbHOCTS (.S, ) cXoquTes
B cpenHeM K S. Halimure, Kyna B cpefHEM CXOATCS PSAIbI

[e.9] o
g cos nx, E sin nx.
n=0 n=1

[[ Mns BbrumcieHmit yqoGHO BOCIIONB30BAThCI €' = COSZ + ¢SINZ M CYyMMMpOBATH TeOMETPUUECKIE
nporpeccuu. ||

4.7. IIpnmOéNMKeHNeEe KyCOUHO JINMHETHBIMN (PYyHKIMAMI ¥ MHOTOUWIEHAMM.

3adaua 4.49. [Joxaxwure, uro ecnn ¢pyukuus f : R — R HempeprsiBHa U uMeeT KOMNaKmHblil
Hocumesy (TO eCTh paBHa HYJIIO 3a IIpeejaMy HEKOTOPOTo KOMIIaKTa), a t, — 0 mpm n — 0o, TO
II0CTIETOBATEIHHOCTD (PyHKIIMIL

fn(m) = f(x - tn)

PaBHOMEPHO CTPeMUTCI K f.

[[ Hoxaxmure, uyTo HempephIBHAsA QYHKIVA C KOMIIAKTHBIM HOCHUTeJIeM PaBHOMEPHO HeIlpepbIBHA. ]
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3adaua 4.50. Ilycts n — HaTypaibpHOE 4mCiIo, [a,b] — orpesok, M € R, m mocienoBaTenbHOCTD
MHorousneHoB (P;) crenenu He Gosee 1 paBHOMEpPHO OrpaHM4eHa Ha [a, b] umciaom M, to ectb
|Pe(z)] < M must moo6eix @ € [a,b] u k. Jokaxnre, yro us mociaenoBareasHocTn (Fy) MoXxHO
BBIOPATh PABHOMEPHO CXOJSIIYIOCS IIOAIIOCIIEOBATEIBHOCTD, KOTOPAs CXOMMUTCS K MHOTOUIEHY
creneHu He GoJee n.

[[ HepexomoM K IOAIOCIEOBATENBHOCTI HOOETECH TOTO, UTOOBI IOCIeq0BaTeNbHOCTD (P ) cxoqunach B
n + 1 pasHoil Touke orpeska. [lorom mpumMeHuTEe KaKkyo-HUOYAb GOPMYIy, BEIPA)KAIOIIYI0 MHOTOWIEH He
6osiee ueM n-it CTEIIEHN uepe3 ero 3HaueHus B 1 + 1 pasHoIt Touke. ||

3adaua 4.51 (Teopema YeObréBa). [Jokakure, uTo Ui BCAKON HempepbiBHOI f @ [a,b] — R
¥l HATypAJIbHOTO 7, CYLeCTBYyeT MHOTOWIEH P CTereHn 7, KOTOPbIil Ipubuiskaer f paBHOMEPHO
touHee Beex. [Tycrs d = max {|f(z) — P(x)| | € [a, b]}. [Joxaxkure, 4TO CyLIECTBYIOT 12+ 2 TOUKMK

a<Ty << Tpio <D,
takue, uro | f(z;) — P(z;)| = d nns no060ro ¢ 1 3HAKM OTKIOHEHUIT

f(z1) = P(z1), f(22) = P(22), ..., [(Tny2) — P(Tny2)
JepemyroTCs.

[[ CymecrBOBaHMe HAMIyYIIero IpUOIVOKeHN BBIBEANTE U3 pe3ysbTaTa IpeablayLeil sagaun. s no-
Ka3aTeJIbCTBa CBOJICTBA IlepeMeH 3HAKOB, PACCMOTPUTE 3aMKHYTOE MHOKECTBO

S =A{z €la,b][|f(x) - P(z)| = d}.
Ecnu nepemen 3HakoB BblpaxkeHus f(x) — P(x) Ha MHOXecTBe S 0Kasaloch He (ojiee 1, TO IOCTPOIiTe

MHOTOwIeH () crerneHu He Oosee N, Takoil uro P + t() mpubmpkaer f nyuie, uem P, npu T0OCTATOYHO
MaJIbIX ITOJIOKUTENbHBIX t. ]]

3adaua 4.52 (Muorowren YeOniépa). Haliqure MHOTOWIEH cTenieHU He 6osiee n — 1, Iyulire Bcero
npubmpKarowmit pyHkiuio x” Ha otpeske [—1, 1]. KakoBa TouHOCTS 9TOr0 NpubiKkeHns?

[[ IpmmymaiiTe MHOTOWIEH CTEIIEHN 1, KOTOPBIiL 1 + 1 pa3 Ha JaHHOM OTpe3Ke IIPMHIMAaeT CBOE HanboIIb-
IIee II0 MOAYJIIO 3HaueHne. crosp3yiiTe TpuroHoMeTpudeckre GyHKIUN. |]

4.8. IIpubMIHKeHNe TPUTOHOMETPIMYECKNMY MHOTOUIEeHAMII M o01rasa Teopema CrtoyHa—
Beitepmrpacca.

3adaua 4.53. Kaxne ¢pynkiun f : R — R MoxHO paBHOMepHO Ha BCeil IPSMOI CKOJIb YTOXHO
61M3KO0 IIPUOIN3UTH MHOTOWIEHAMN?

[[ [penmomnoxurte, uro Takoe nmpubmmkerue P, =g f BO3MOKHO 1 yOeAUTECh, UTO CTENIEHU MHOTOUJIEHOB
Py, orpannuensr. ]

3adaua 4.54. JlokaxuTe, UTO eCIU MeTPUUECKOe IIPOCTPAHCTBO X KOMIIAKTHO, TO JI06ast IOJIyHe-
npepsiBHas cHu3y [ : X — R gBiasercs moToueuHBIM IIpeIesioM BO3pacTaoIeil II0CIe{0BaTeb-
HOCTY HeIIpepPhIBHBIX (YHKI[IL.

[[ dns mro6oro HaTypaapHOroO N HAANUTE 110 OIPEeeIeHIIO IOy HEIIPEePhIBHOCTI y KaXXI0M Touky & € X

okpectHoctb U () 5 x nuamerpa MeHee 1/n, rakytouro f(y) > f(z)—1/n pnamoboity € U(x). [loab3ysch
KOMIIAaKTHOCTBI0 X, IOKPOJITE €I0 KOHEUHBIM YMCIOM Takux okpectHocteit U (x;). C moMolpio paséueHus

eqyHuue! (h;), MOMUMHEHHOTO 9TOMY IOKPBITHIO, moctpoitte fr, = —1/n + >, f(z;)hi(z) n mokaxmure,
uro f, < fu f, — f noroueuno npmn n — o0. Yro6sl cHesaTh MOCIeOBATEIFHOCTh BO3PACTAOLIIEN,
nepeiuTe K HOBOI nocienoBarensHoctu f,, = max{fi,..., fn}. 1]

3adaua4.55. BepHo i, uro m06yto HenpepbisHyko pyukuuio f : S — C,rne S = {2 € C||z| = 1}
MO>KHO CKOJIb YTOIHO 6JIM3K0 pu6amu3uth MHorouwteHoM Jlopana us Clz, z71|?

[[ Hoxaxure, uTo HEICTBUTENbHAS UacTh MHOrouleHa JlopaHa Ha OKPY)KHOCTM CaMa BBIPa)KAaeTcs Kak
muorowreH Jlopana. ]
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3adaua 4.56. BepHo iy, uto 1106y HenpepsiBHYI0 pyHKmio f 1 S — C,rpe S = {z € C| |z] = 1}
MOYKHO CKOJIb YTOJHO OIM3KO0 NpMOIn3nTh 00bIuHbIM MHOTOWwIeHOM u3 C[z]?

[[ Ilose3sHO IOCMOTPETH HA MHTETPAI | ¢ f(2) dz mnu mcronb3oBaTh Kakme-To APyTUE WHCTPYMEHTBI U3
rinaBbl ??. ]

3adaua 4.57. [JokaxkuTe, UTO €CIV HempepbIBHbIe GyHKIMNA f1, ..., [, € C'(X) He umeror 00wMx
HyJseit Ha X, TO HAAYTCA gy, - - -, g € C(X), Takue uro

g1f1+...+gnfn:1_
([ Hocrarouno momoxuts g; = f;/(f2+ -+ £2). 1

3adaua4.58. s koMrakTHOro X JOKaXKVITe, UTo AJIs iFo0oro romomopdusma anredp F : C'(X) —
R, TO ecTh NMHEHOrO OTOOpaKEHMUsI, COBMECTIMOIO ¢ yMHOKeHueM 1o ¢popmynam E(fg) =
E(f)E(g) u E(1) = 1, naitnércsa Touka © € X Takas, uro mius jaoboitr f € C'(X) okassiBaercs

E(f) = [f(z).
[[ Paccmorpure muO)ecTBO pynkumit m = {f € C(X) | E(f) = 0}. BoiBennre 13 npeasiayLieit sagaun,
uTO NMI00071 KOHeuHsIit Habop f1,..., f € m uMeer oOIMIT HYJIb. 3aKIIOUNTE 13 KOMIIAKTHOCTI, UTO BCE
GyHKUMY M3 M UMeIOT 001t Hynb & € X, a I0TOM YCTaHOBUTE HelicTBIe oToOpaxenusa I na pyHkummy,
He copeprkarmecs B m. |]

3adaua 4.59. ** [Jokakute yTBep)KIOeHMe IIPeAbIAYIIEI 3aaaun I Heo0s3aTeIbHO KOMIIAKTHOTO
MEeTPIUECKOTO IIPOCTPAHCTBA X .

[[ PaccmaTpmBas uiiib orpaHnUeHHbIE HeIIpephIBHbIE QYHKIINY, MOXKHO OIIMICATh TOMOMOP(U3MBI B TyXe
3amaun 9.165 (MogupuUUMpPOBaB IIOHATIE yIbTPAQIIbTpPa OO 3JaeMeHTa Komnakmugukayuu CmoyHa—Yexa
TOIIOJIOTMUECKOTO MPoCcTpaHCcTBa). [[oTOM MOKHO BBISICHUTH, UTO paclIMpeHye roMmoMopdu3Ma Ha Heorpa-
HUUeHHbIe QYHKIMY BO3MOXHO, TOJIBKO €CJIM TOMOMOP(M3M COOTBETCTBYeT 1eMeHTy X. ]]

3adaua 4.60 (YacTHBIII ciryyait TeopeMsbl YpbIcOHa). [JoKaKuTe, uTo 1uist 1rodoro kommnakra K C R”
Havnércsa HenpepeiBHas pyukums f : R™ — [0, 1], kotopas paBHa enunuie Ha K u paBHA HYJIIO
3a mpepenamu Harepén saganHoit okpectaoctu U, (K).

[[ TTocmorpure cHavana Ha ¢yukiyio paccrosaus dist(z, K). ]]

3adaua 4.61. *(YactHbIl ciayuait Teopemsl Turie) [JoKasknTe, UTO HEIPEPHIBHYIO Ha KOMIIAKTe
K C R" pyHKIUIO MOXHO IPOJOJLKUTH HelpepbIBHO Ha Bcé R™ Tak, uTto oHa OyaeT paBHA HYJIIO
3a mpepenamu Harepén 3aganuon okpecrHoctu U, (K).

[[ Omuu us Bapuantos pewenus: nonoxurs L = R" \ U,(K), V = R"\ (K U L) u npogomkurs f Ha
L nyném. Ilotom cpenarp pa3bueHme eqmHuUIbl 1 = Zn pn(x) Ha V Tax, utobbl AUaMeTp HOCUTENS pp,
6611 He Gosee ero paccrosaus go K U L. IloroMm qOMHOXUTE p, Ha 3HaUeHMe B OJIVDKAIIel K HOCUTEII0
P, Touke K U L 1 coXuTh pe3ynbrarhl. [[pyroit BApMAHT: BHIBECTU 3Ty TEOPEMY U3 TEOPEMBI YPBICOHA I
HEeIIPEePBIBHOCTY PAaBHOMEPHOTO IIpefiesia I0CIeN0BaTeIbHOCTY HelPePhIBHBIX (QYHKINIL, TAKMM 00pasom
JI0Ka3aB ITOJIHBIII BApMAHT TeopeMbl THUTILe I HOPMAJIBHBIX TOIIOJIOTMYECKUX IIPOCTPAHCTB. |]

3adaua4.62. * [Jokaxxurte, uto pyHKIMIO Ha MHOKecTBe X C R", koTOpas aBnsgercs 1-nmunmmmeBoin
(|f(z) = f(y)] < |* —yl|), moskHO pomokUTE Ha Bcé R™ Tak, UTO OHA OCTAHETCS |-IUIIINIIEBOIL.

[[ Hoxaxure, 4TO MOKHO IPOMODKUTH 1-TMUIIIINIEBBIM o6pasoM Ha emié omHy Touky = ¢ X. Ilorom
IIPOJOJDKAIITE [0 OJHON TouKe Ha cuéTHoe wioTHoe B R™ \ X moxmHuoxecTBO, a Ha Bcé R” npoposmkuTe mmo
HeIlpepbIBHOCTI ]

3aodaua 4.63. **(Teopema Kupmibpayna) Jokaxkute, uto orobpaxenue f : X — R™, X C R",
koropoe sBistercst -mumumuessim (| f(z) — f(y)| < |x — y| nna mobeix z,y € X), MoxHO
npoaosmKuTh 10 [ : R” — R™ Tak, uTo OHO OCTaHETCS |-IMUIIINIIEBBIM.

[[ AHanormuHo, JOCTATOUHO IPOIOJLKUTH Ha OOHY TOUKY, HO B 3TOi TeOpeMe 3TO IOCTIoXKHee. ||
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4.9. lHaTerpupoBaHue HelpepPBIBHBIX (PYHKIIWII Yepe3 MPUOIIIDKeHUA.

4.10. Pa3ouenns orpe3ka u cymmsl [Japoy.

3adaua 4.64. IIpoBepsTe, UTO OOLIee M3MeIbUCHNE NBYX pa3OMeHMiT OJHOTO M TOTO K€ OTpe3Ka
ABJIAETCA pa3OMeHMeM TOTO Ke OTpe3Ka.

3adaua 4.65. [loKaKUTe, UTO €CIIV T COCTOUT U3 7 IIPOMEXYTKOB, a 0 — U3 1M IIPOMEKYTKOB, TO B
T A 0 He 6ostee 1 + m — 1 mpoMexyTKa.

4.11. Nlaterpan Pumana uepes cryneHuaThbie (PyHKIIVIL.
3adaua 4.66. [Jokaxure, uro ecnu f, g : [a,b] — R crynmenuarsie, To
M(z) = max{f(z),g(x)}, m(x) =min{f(z) g(z)}
TOK€ CTyII€HUaThle.
4.12. laterpupyemocts o PumaHy pasHbIx ¢pyHKIIMIL.

3adaua 4.67. [lokaxnuTe yTBepKAeHMe B 00paTHYI0 CTOpoHY: [Ipeamomnoxum, uto ais nrodoro € > 0
Hatigérces 0 > 0, Takoe uto ecnu |7| < 6 u £ — cucTeMa npeacTaBUTENeN IS T, TO

b
[ 1@ de-otrme)| <

Torpa ¢pyuxuus f : [a,b] — R unrerpupyema mo Pumany.

[[ posepsre, uTo MpU GUKCMPOBAHHOM Pa3OMEHMN T M MEHSIOLIENCS CICTEME IIPEICTABUTENIEN & CyMMBI
Map6y s(f,7) u S(f, ) aBnsrorcs HIDKHEN 1 BepxHeli rpaHbio cymm Pumana. |]

3adaua 4.68. Noxaxure, uro f : [a,b] — R mHTerpmpyema mo Pumany torga u TOJIBKO TOT/a,
Korja s jroboro € > 0 Haiipytcs HempepbiBHbIE ¢, h @ [a,b] — R, rakme uto g < f < hn

JP(h(x) = g(x)) do < e.

[[ IIpoBepsre, uTo U3 MPUOIVDKEHNUS f CHU3Y U CBEPXY JIeMEHTapHO CTYIIEHUATBIMI MOXKHO IIOJTYYUTh He
CIMJIBHO OTJIMYAloIIleecs B CpelHeM IPUOIVIKeHNe CHU3Y U CBepXy HeIllpepBhIBHBIMIL B 06paTHYI0 CTOpOHY,
HAYaB C IPUOIVDKEHNA CHU3Y M CBepXy HeIIpepBIBHBIMM, NPUOJIN3bTe HellpephIBHbIE QYyHKIMN CHU3Y I
CBEpXY 3JIeMEHTApPHO CTYIIeHYaThIMI, MCIIOIb3ys UX MHTeTPUpPyeMOoCTh 1o Pumany. ]]

3aodaua 4.69 (Pyuxuns [upnxie). [Jokaxure, uro GyHKIMS, IPMHNMAOLIAs 3HaUeHe | Ha pauu-
OHaNIBHBIX umciax u () Ha MppalMOHANBHBIX, He MHTErpupyeMa o PumMany Hu Ha OTHOM OTpe3Ke
MMOJIOKUTEILHOM [JINMHEIL.

[[ 3amersTe, uro eé KoJebGaHe Ha IIPOMEKYTKE IIOJIOKUTEIBHON AINHBL paBHO 1. ]]

3adaua 4.70. IlycTs mOCIEOBATENBHOCTh MHTETPUPYEMBIX 110 Pumany ¢yukuuit f, : [a,b] — R
CXOIVITCS PaBHOMEPHO K (pyHkumn fo. [Jokaxxure, uto fy MHTErpupyema o Pumany n

b b
/ fo(x) de = lim fol(z) dz.

n—oo a

[[ Ucnomnwayiite, uto fy, paBHOMepHO NPUOIIDKAeT fij M caMO MOKET OBITh MPUOIVLKEHO CHU3Y U CBEpXY
CTyIeHUaTBIMI QYHKIMAMI C HeOOJIBIIION PAa3HOCTBIO MEXAY X MHTeTpaIaMu. ||

3adaua 4.71. [JokaxuTe, UYTO MpeabIaylilee YTBEPKIAeHUEe He BEPHO AJIS IIOTOYEYHOI CXOTMMOCTI
byHKUMIL, Kake ecy Bce 9TU GyHKIMU PaBHOMEPHO OTPaHUUEHBL.

[[ Mosxuo ucnons3oBats pyHkuuio Iupuxie. ]]
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3adaua 4.72. [loxaxure, uto ecny QyHKUMs OrpaHMUEHa Ha [a,b] u mHTErpupyeMa Ha OTpe3Ke
[, f] mpu mr06bIX @ < o < < b, TO OHA MHTeTrpUpyeMa U Ha [a, b].

[[ Homomnure pasbuenue [o, 5| mo pasbuenns [a, b| n oueHuTe T0GABKY K B3BELLIEHHO CyMMe KOJIeOaHMIL.

)

4.13. IIpuémbl MHTErpUpPOBaAHNA.
3adaua 4.73. [lokakuTe, YTO UMCIIO € UPPALIMIOHAIBHO.

[[ Mpenmonoxure e = p/q u ymHOKBbTe Ha ¢! popmyiry

1]

3adaua 4.74. JToka>kute, UTO YUCIIO T MppaliOHAJIBHO.

[[ IIpenmonokute ™ = p/q U PaCCMOTPUTE IIOCIIEAOBATENHEHOCTD

T (p — gx)"
an:/ (pi'q)sina:dx.
0 n.

" (p—axz)"

OnHa cocTONT M3 MOJIOKUTENBHBIX UICeJI, HO CTPEMNTCA K HYJII0. 3aMeTbTe, YTO BBIpaKeHIIe % He
MEHSETCS IIPU 3aMeHe T —> T — &, ero IPoM3BOgHbIE 0 (n — 1)-ro mopsjKa Ha KOHIAX OTPe3Ka PaBHBI
HYJIIO, a IIPOM3BOAHBIE IOPSIAKa N M OoJiee Ha KOHIAX OTpe3Ka SIBJISIOTCS LeJbIMU unciamu. Vcnoap3ys

3TN CBOﬂCTBa, YCTaHOBUTE MHTETPUPOBAHMIEM II0 HACTAM, UTO Gy, ABIAETCI LEJIBIM UIICIIOM. ]]

3adaua 4.75. * [Jokaxkute, uto ecau y 6eckoHeuHo nuddepeHIpyeMoil Ha MHTepBaie GyHKINN
BCe IIPOM3BOIHbIE HEOTPUIATENbHbIE, TO PYHKIMSA aHATUTIUECKAsL.

[[ Ipumennre popmyny Teitsopa ¢ OCTATOUHBIM UJIEHOM B MHTErpPaIbHOI GopMe Ha orpeske [a,b] Ha
IOaHHOM MHTepBae. [lonyunre 13 Heé OLEHKY CBEPXY OCTATOYHOIO UJIEHa TOJI )Ke (OpMyJIbl HAa MEHBIIEM
oTpeske [a, ¢|. 3amerpTe, YTO IIPY ¢ — @ < b — ¢ mOoTyYaeTcs CXONSIILMIICS K faHHOM QyHKIym psax Teiiopa
Ha [a, c|. ]]

5. Mepa u nnTterpai JleGera

5.1. dmeMeHTapHBIe MHOKecTBa 11 Mepa JKopaana.

3adaua 5.1 (Agmutusaocts Meps! JKoppana). Jokaxkwure, uto ecaun X,Y C R" msmepmmsr 1o
FKopmany, o uamepumbr X UY, X NY, X \ Y u Beimonusercs

m(X)+m(Y)=m(XUY)+m(XNY).
[[ Ecnu npnbnusnuts anementapuabiMu s C X C Sut CY C T rak uto
m(S) —m(s) <e, m(T)—m(t) <e,

To X UY, XNY, X\Y T0xe MOxXHO Gy/eT 0O4eBUAHBIM 00pa3soM NpUOIN3UT CHU3Y U CBEPXY dJIeMeHTap-
HBIMI C TOUYHOCTBIO He Ooiee 2. CpaBHUTe ¢ aHAJIOTMYHBIM yTBEep>KIAeHMeM 11 MephlI Jlebera, TeopeMoit
2?2 ]]
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3aodaua 5.2 (Kpurepuit uamepumoctut MHOKecTBa 1o Kopaany). [okaxknre, uto MHOKecTBO X C
R"™ msmepumo mno Kopmany Torga u TOJIBKO TOrAa, KOIla OHO orpaHmyeHo u Mepa Kopmana
rpanuisl 0X paBHA HYJIIO.

[[ HMomecture X B Gomproit mapamnenenunen P. Vmes smemenrapusie s C X C S, pas6eiire P Ha
MaJIeHbKI€e IapajulelelIe bl TaK, YTo0bl s, S 1 S \ § ObUIM COCTaBIEHBI 13 HEKOTOPBIX MAJIEHbKIX I1a-
pasIeneneoB pasbueHus U MMOJyUYnTe IIOKPhITIE TPAaHNIIBI HA00OPOM MaJeHbKUX I1apajulesIeNnuIIe OB,
SBJISIIOLIVIXCSL 3aMBIKAHVUSIMY TIapajuleslenuienoB, cocrasusommx S \ s. Vmes anemenrapuoe o O 0X,
pasbeiite Bech P Ha MajleHbKIe ITapaliesIelIIe bl TaK, YTOObI 0 GBIIO COCTABIEHO 13 HEKOTOPBIX MaJleHb-
KX ITapajulesIeNInIe 0B pa3ouenns, cobepuTe COOTBETCTBYIOIINE S U S U3 MaJeHbKIX ITapajulesIenuIIe/ 0B
3TOTO pa3bMeHNs, KOTOpble IIOJIHOCTHIO COfep KaTcs B X M KOTOpPbIe COCTABIISIOT 0. |]

3adaua 5.3. [Jokaxure, uro rpaduk HempepriBHo pyukunu f : K — R ma komnmaktaom K C R”
sBseTcs mogMHoxkectBoM R nynesoit mepsr JKopnana.

[[ Ucmons3ayiiTe paBHOMEPHYIO HEIIPEPhIBHOCTD U OIIpeesieHne BepxHell Mepsl JKopnana. ]]

5.2. Baemruss mepa Jlebera u e€é cBoJICTBA.
3adaua 5.4. Jloxaxure, UTO TOPM3OHTAJIbHAS MM BepTMKAJIbHASA IpsIMas Ha ILUIOCKOCTU VIMeeT
Mepy HyJIb.

3adaua5.5. JlokasknTe, UTO HAaKJIOHHAA ITpAMas Ha INIOCKOCTM MMeeT Mepy Hyb. O6paTnrTe BHIMA-
HIIe, YTO 3JIeMEeHTapHble MHOKECTBA Ha INIOCKOCTY COCTOSAT U3 IIPAMOYTOJIBHIKOB CO CTOPOHAMI,
NapasjelbHbBIMI OCIM KOOPAMHAT.

3adaua 5.6. [JokaxuTe, uTo 06pas JTr060I cupamIseMoit Kpusoit v : R — R? umeer Mepy HyIIb.

[[ cniomp3yst CUETHY IO aqAUTIBHOCTD, JOCTATOYHO JOKA3aTh yTBEP)KAEHIIE IJIsi KPUBOIAL, [TapaMeTPU30BaH-
HOIT 0Tpe3koM 7 : [a, b] — R2. [lanee MOKHO CUMTAaTh MApaMeTPU3AINIO KPMBOI HATYPATHHON U OLEHUTh
eé mepy Jle6era kak () < £(7y)?, a HOTOM IIBITATHCA IPUMEHUTD 3Ty OIEHKY TI0CTIe pasOueHus KpUBOit Ha
N KyCKOB paBHOII AJIMHBL |]

5.3. MHO>XecTBa KOHeuHOJI MepbI JIebera u Mx cBoIcTBA.

3aodaua 5.7. IIpoBepbTe, YTO MHOKECTBO HYJIEBOJI BHEIIIHEI Mepbl M3MEePUMO.

[[ IpubnnseTe ero mMycThIM 3JIeMeHTAPHBIM MHOKECTBOM. ]

3adaua 5.8. [Jokaxure, uto usmepumoe 1o Kopaany muoxxectso X C R” aBisercs MusMepuMbIM
1o Jlebery c TOJI 5ke MepoIL.

[[ 910 erKo MPOBEPUTH HEIIOCPEACTBEHHO 10 ONPENeNeHNI0. |]

3adaua 5.9. * [lokakuTe, UTO MHOXeCTBO M3MepuMbIX 110 Jlebery ¢ KOHEUHOI Mepoil MHOKECTB

B R" otHOCUTENBHO «paccrosaus» p(X,Y) = p*(XAY') asnsercs monHbIM (HO BHIPOXK/IEHHBIM)
MeTPUUECKIM IPOCTPAHCTBOM.

[[ mes dpyHmaMeHTaIbHYIO IOCIENOBATENbHOCTh M3MEPUMBIX 10 JleGery MHOKeCTB, IepeiauTe K eé
nopanocienosarenbHoctn ( Xy ), s koropoit Bernonasercs p( Xy, Xp,) < 2k npu k < m. B kauectse (ue
€[IMHCTBEHHOT0) IIpefielia 3TO MOCIIe0BATEbHOCTI MOXKHO B3sTh, HarpuMep, (pey U Xi. 1]

5.4. UamepumsbIie nio Jlebery MHO>KeCTBa ¢ 0€CKOHEUHOI MEPOIL.

3aodaua 5.10. [Jokaxkute, 4TO BCé mpocTpaHcTBO R” (Kak ITOMHOKECTBO CaMOro ce6si) M3MepuMOo
110 JleGery ¢ 6eCKOHEUHOI MepOj.

3adaua 5.11. JIokakure, YTO MHOKECTBO Ha ILIOCKOoCcTH R2, 3amaHHOe HepaBeHCTBOM |ry| < 1,
sByseTcs usMepuMbIM 110 JleGery. Uemy paBHa ero mepa?
[[ HBMepI/IMOCTb MOKHO OOKa3aThb II0 onpe,ueneHMIo, pa3pe3aB 9TO MHOKECTBO Ha OI‘paHI/I‘IeHHBIe KYCKIH,

KOTOpbIe XOPOILIO MPUOIIKAIOTCI 3JIeMeHTapHbIMIL. [lajiee MOXKHO ITOIIPOOOBATh IIOMECTHUTD B 9TO MHOXe-
CTBO 3JIeMeHTapHble MHOKeCTBa 60IbLION Mephl. |]
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5.5. VisMepuMOCTB CUETHBIX 00'beIITHEHNII 1 IIe peceYeHUII, HeIIpe pbIBHOCTH MepbI JleOera.

3adaua 5.12 (Kpurepuit usmepumoctu Kapareomopu B oguy cropony). IIycrs muoxkectso A C R”
npousBoipHOe, a X C R™ — nsmepnumoe. [Jokaknute, 4T0

pHANX) +p (AN X) = p*(A).

[[ HMomecture A B usmepumoe B, takoe uro p*(A) = p(B), ucnonp3yiite aggUTUBHOCTh MEPHI U CyDaz-
IOUTMBHOCTH BHEIIIHE MephI. ||

3aodaua 5.13 (Kpurepuit usmepumoctu Kapareomopu B apyryto cropony). [Ipenmonoxum, uro aist
manHoro MHoxxectBa X C R™ u mo6oro mHOokectBa A C R™ BrInmosHsAeTCA

p (AN X) + p (AN X) = p(A).
Hoxaxxknte, uto X M3MepmUMO.

[[ Ecnu BHemnss mepa X GecKOHeuHa, TO 3aMEHUTE €r0 Ha €ro IlepeceueHne ¢ rnapauieienumnenom P,
y0OeUBLIVICH, UTO CBOJICTBO U3 YCIIOBMS IIPOTOJIKAET BhIOIHsAeTcs: 1t iio0bix A C P. ITotom Bioxknre X
B uaMmepumoe Y (mn X N P B uamepumoe Y C P), rak uro p*(X) = p(Y'). Bosemure Y B kauectBe A u3
ycioBus 1 3aMeTbTe, uTo Y \ X OoKakeTcs M3MepUMBIM. |]

3adaua 5.14. [Joxaxxure, UTO ecay MHOKeCTBO X SBJseTCs 00beqITHEHIIEM BO3PACTaOIIIel! ITociie-
IOBATEIFHOCTY He 0053aTeJIbHO N3MEPUMbBIX MHOXKECTB

X1 CXoC---C X O,
10 limy o0 " (X5) = p*(X).

[[ MMomecture kaxxmoe X usmepumoe Yy, tak uro u(Yy) = p*(Xx). 1]

3adaua 5.15. JokakKuUTe, YTO €CIM MHOXKECTBO X IBIFETCI repeceyeHeM y6I:IB8.IOH.ICI71 Iocjeno-
BaTE€JIBbHOCTIU I/ISMepI/IMI)IX MHOKECTB

X1 2Xp 22X 2 ...

U Mepa Kakoro-To 13 X KoHeuHa, T0 limy,_, 11(Xy) = p(X). IpuBeanre npumep, Korpga Bce Mepbl
X}, 6eckoHeuHBI, a Mepa X BCE )Ke KOHEeUHa.

[ Ilpumenure apauTuBHOCTS K nepeceuenuto I = (- ; Xy u pasnoctam X, \ Xgt1. ]]

3adaua 5.16 (HempepbIBHOCTD caBUra OTHOCUTENBbHO Mepbl JleGera). Jokaxkure, uto ecmm X C R
usMepuMo 110 Jlebery ¢ KOHEUHOII MepoIi, TO Mepa

pX N\ (X +1))
crpemurtcs K Hyito ipu ¢ — 0. 3gecs X + ¢ — aro caBur MHOKecTBa X Ha ?.

[[ Bocmomsayitrech mpubnamxenueM X 31eMeHTapHBIM MHOKECTBOM. |]

3aodaua 5.17. * JJokaxuTe, UTO CyII[eCTBYeT IIOOMHOECTBO OTpe3Ka, Hem3sMepumoe 110 JleGery.
Mo>KHO MCITOTB30BATh AKCUOMY BBIOOpA.

[[ BmecTo oTpe3ka ymoGHee paccMaTpUBaTh OKPYKHOCTD, B3ITh T0BopoT R Ha yrontw ¢t ¢ Q, m mpuaymars
MHOKecTBO X , T0BOpOThI KOTOporo { R™ X },,c7 MomapHO He IepeceKaioTcs 1 TOKPHIBAIOT BCIO OKPYKHOCTb.
IMokaxkute, uro Takoe X He MOKeT OBbITh M3MepuMBIM 110 JleGery. ]]

3adaua 5.18. JlokakuTe, UTO BHEIITHAL mepa JleGera He agnUTUBHA.

[[ BospMuTe HEM3MeEPUMOE OTPaHNYEHHOE MHOYKECTBO X , IOMECTITE €T0 B apaienenunesn P i nonoxmnre
Y = P\ X.IIposepsre, uro eciu p* (X ) + p*(Y') = pu(P), ro muoxectBa X u Y [OJKHBI GbITH HA CAMOM
neye M3MepUMBIMU. |]
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5.6. VI3MepuMOCTB OTKPBITBIX ¥ 3aMKHYTBIX MHO>KECTB, PeryJIsipHOCTh MepbI JleGera.

3aodaua 5.19. [loxaxxnure, uto Mepa Jlebera OTKpHITOr0O MHOKECTBA COBITA[Ja€T C €T0 HIDKHE Mepoit
Kopnana.

[[ PaspesxbTe OTKpPBITOE MHOKECTBO Ha CUETHOE CEMEIICTBO IapalieslelInIIenoBs. |]

3adaua 5.20. [lokaxure, uTo Mepa Jlebera KOMIIAaKTHOTO MHO’KECTBA COBIIQIAeT C €ro BepXHell
Mepoit Koprana.

[[ Mo»xHO BBIBECTU 9TO YTBEPIKAEHME U3 IPEABIAYILIET 3anaun. Vi MOXHO qeICTBOBATH 110 OTIPeNeIeHIIO,
AHAJIOTMYHO T0KA3aTeIbCTBY PETyIIPHOCTH, 3aMEHNUB CUETHOE 00beAMHEHIE 3JIeMEHTAPHbBIX MHOYXECTB Ha
KOHeuHoe o0bequueHne. ||

3adaua 5.21. TocTpoiiTe MpUMepbl KOMIAKTHBIX HEIUIOTHBIX IIOJMHOKeCTB oTpesKa [0, 1], umero-
LIUX POU3BOJILHYIO Mepy B auanasoue [0, 1).

[[ Crenaiite 0600IIEHHOE KAHTOPOBO MHOKECTBO: BBIKMHBTe 13 orpeska [0, 1] mHTepBam mimMHELI €1 B
cepenMHe, y KaXIOr0 U3 IOJIyUMBIIUXCS OTPE3KOB BBIKMHBTE MHTEPBANBI IIOCEPEAUHE, JINHBI KOTOPBIX
OTHOCSITCA K JUIMHAM OTPE3KOB KaK €3 ¥ TaK Aajee CUETHOE KOJIMUeCTBO pas. IIpoBepbre, UTO Mepa II0my-
YUBLIETOCS MHOXKecTBa paBHa | [ (1 — ). 1]

3aodaua 5.22. IlokaxnuTte, UTO He KaKJ0€ M3MepPUMOe MHOXECTBO MOYKHO IPUOJIM3UTh COOeprKa-
INVMUCS B HEM OTKPBITBIMIU MHOKECTBaMM CKOJIb YTOJHO TOUHO B CMBICJIE MepPBI X Pa3sHOCTI.
[TokaxknTe, YTO He Ka)KIA0e M3MEPUMOe MHOKECTBO MOKHO IPUONMU3UTH COREPIKAIIMMIU €ro 3a-
MKHYTBIMY MHO>X€CTBAMM CKOJIb YTOJHO TOYHO B CMBICJIE MePBI X PA3HOCTIA.

[[ Ucnomp3ayiite MHOXeCTBA, ITOJyUeHHbIe B IIpeIbIAYILell 3anaue. ||

3adaua 5.23. [lokaxure, YTO eCJIM MHOKeCTBO F' KOMITaKTHO, TO JJISI Mep €ro €-OKpPeCTHOCTel
BBIIIOJIHIETCSI

lim u(UL(F)) = p(F).
e—+0
HOK&)KI/ITC, YTO 3TO MOKET OBITh HEBEPHO IJI1 HEKOMITAKTHBIX MHOKECTB.

[[ Mcmonp3yiiTe BHENIHIOIO PEryJIIPHOCTh Y HAIANUTE £-OKPECTHOCTH B IIPOCTO OKPECTHOCTM MHOKECTBA.

1]

3adaua 5.24. Jlokaxure, 4TO n3Mepumoe MHOKecTBO X C R" mosoxureiapHON Mepbl Jlebera
nMeeT MOIITHOCTh He MeHee oINI,

[[ Bnoxkure B X KOMITAKTHOE MHOXeCTBO K TOJOKUTENbHOI Mephl. [lopexxbre K OBYMS IMIIEPILIOCKO-
cramu {1 = ¢1} u {x1 = co} Ha TpU YACTU paBHOIT MepPbI, UCIIOIb3YsI HENPEPHIBHYIO 3aBICUMOCTH MEPBI
vactu {x € K | 1 < ¢} or koHcrauTs! ¢. [loToM paspexkbre KaXAyIo U3 ABYX KpaitHux uacreit Ko u Ko Ha
tpu uactu Koo, Ko1, Koz u Koo, K21, K29, 1 Tak gasnee. IIpoBepbre, uto mist 1100071 [10CI€0BATETHHOCTI
dj, HyJeil 1 JBOEK IIOCIe/I0BaTeIbHOCTD BIOKEHHBIX KOMIIAKTOB K4, 4, 4, ¥MeeT OOIIyI0 TOUKY, BCE 3T
TOUKM Pa3INUHBI, TaK YTO 2Nl okaspiBaercs Boxeno B K m B X. ]

3adaua 5.25. JJokakuTe, YTO C IIOMOIIBIO TEOPEMBI ?? MOKHO OmpeaeuTh Mepy JleGera OTKpBITOTO
U C R™ kak

mwzw{w

HOK&)KI/ITE, YTO 3Ta BeJIMUIMHA CUETHO CYGa,T_I,HI/ITI/IBHa Ha OTKPBITBIX MHOXKECTBAX, TO €CTh

M UUn gZM(Un)'

[[ Ucronp3yiiTe KOMIIAKTHOCTh HOCUTEJS, CBEAS CUETHYIO QI IUTUBHOCTH K KOHEUHOIL. |]

f dxy...dz, | no HenpepbiBabIM f : R" — [0, 1] ¢ HocuTeneM B U} .
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3adaua 5.26. [Jokaxure, uTo BHEILIHSS Mepa, onpenenénnas kak p*(X) = inf{u(U) | U 2O X}
(I10 OTKPBITBIM MHOKECTBAM C MCIIOJIb30BAHMEM OIpPEeNeIeH s U3 IPeIbIAYIINX 3a1au) o0ragaer
CBOJICTBOM CUETHOI CYOaAAUITIBHOCTI.

5.7. ismepumsie no Jlebery ¢pyHKIuII.

3adaua 5.27. Jokaxure, 410 cykeHue usmepumoit Ha X pyHkrun Ha usmepumoe ¥ C X Toxxe
OynmeT M3MepuMOIl GYHKIIMIEIL.

3adaua 5.28. [JokaskuTe, 4YTO HelpepbIBHbIe GYHKIMY Ha N3MEPUMOM MHOKecTBe X M3MepVMBL.

[[ HeitcrByitTe 1Mo ompeneseHNI0 U3MePUMON YHKIMYU U UCIIOIb3YiiTe U3MEPUMOCTh OTKPBITBIX MHO-
*)ecTB. |]

3adaua 5.29. Ilycts pynkuus f : R — R Be3sge nmmeeT KoHeuHyI0 Ipou3BOgHYI0. [JoKakuTe, YTO
eé mpousBopHas f’ usmepuma.

[[ IIpencraBpTe MPOM3BOLHYIO B BUAE IIOTOYEUHOTO Ipeaea. ]

3aodaua 5.30 (CyuiectBenHsii cynpemym). Ilycrs dyukuus f : R — R namepnuma mo JleGery, a
MHOKECTBO

S={M eR| f(x) < M nourn Bcrony }

HEITYCTO (SJICCI) noumu 60}0(3_')/ O3HAUa€T UTO MHOKECTBO T€X T, OJIA KOTOPBIX YTBEPKICHIIE HE
BBIIIOJIHAETCA, UMEET MEPY HYJIb). I[OK&)KI/ITG, uTo S MMeeT MUHMMAJIbHBIN 3JI€eMEHT.

[[ Ucmone3yiiTe HenpepbIBHOCTH MepbI JleGera. ]

5.8. bopeneBckue MHOKecTBa M GYyHKIINM.

3adaua 5.31. [lokaxure, 4To 6opeJ1eBc1<I/Ie MHO>XecTBa B R" MOKHO TakXe OIIpeleNNnTh KaK MHO-
JKECTBa, KOTOPBbI€ MOKHO IIOJIYYUTDh M3 3JIEMEHTAPHBIX MHOXECTB OIl€epalMIMII Pa3HOCTV MHO-
YKECTB, CUETHOTO O0OBeJUHEHN Y CUETHOTO IepeceueH s, a TAK)Ke IIOBTOPEHMSIMY 3TIX OIlepaLiyil
HECKOJIBKO pas.

[[ IIpoBepsTe, UTO KaXKIO€E ITIEMEHTAPHOE MHOYKECTBO (A TOUHee, KAKIBII Iapajuieenuiesn) 6opereBcKoe.
B o6parHyI0 CTOPOHY BCIIOMHUTE HOKA3aTENbCTBO U3MEPUMOCTI OTKPBITBIX MHOXECTB. |]

3adaua 5.32. Ilycts X C R"™ — HekoTOpoe MHOKeCTBO. [lOKa)XIUTe, UTO ero XapaKTepUCTIUecKast
¢byukmma xx : R" — R,
1, ecmmz € X;

Xx (@) = 0, ecmmzx ¢ X,

Oynmet usmepumoit mo Jlebery Torma u ToabKo Torga, Korga X mamepumo o Jlebery. [Jokaxure,
YTO XapaKTepucTuueckas QyHKIus OyaeT OOpeIeBCKOI TOra I TOJIBKO TOTa, KOTAa MHOXECTBO
X Oynmet 60peIeBCKUM.

[[ IIpumenure ompeneneHne u OMUIINTE, KaKue MHOKeCTBA MMer0T BUA {z | xx (z) < c}. ]]

3adaua 5.33. llyctp f : R — R usmepumas, a g : R — R — GopenesBckas. [Jokaxute, uTo
KOMIIO3ULUS ¢ O f m3Mepumas.

[[ 3amerbre, uTo eciu PyHKINI U3MepUMa, TO IIPOOOpa3 JH060ro 60peIeBCKOro MHOMXKECTBA OTHOCUTENBHO
Heé n3Mmepum 1o Jlebery. ]]
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3aodaua 5.34. IlpuBenure mpumMep, MOKA3bIBAIOIINIL, UTO KOMIIO3UIMS M3MepuMbIX 1o JleGery
bYyHKIMIT OXHOI ITepeMeHHOII He 00s3aTeIbHO M3MepuMa 110 Jlebery.

[[ MocrpoiiTe cHauaTa MHBEKTUBHYIO I MOHOTOHHYIO GYHKUUIO f, 0TOOPaKAIOIIYIO IIPIMYI0 B MHOXKECTBO
Mephl HyJIb (HaIlpuMep, HauaB ¢ OTOOpasKeHNs OTpe3Ka B KAHTOPOBO MHOYKECTBO), 13 MOHOTOHHOCTY OHA
OymeT nsmepuma 1o Jlebery. A pyHKUMIO g TOTa MOXKHO OIIpefesIaTh Ha oOpase [ Kak yroIgHO, eciIy 3a ero
IpeJesiaMII OHA paBHA HYJIIO, B JIIOOOM ciydae oHa OymeT msMepuma 1o JleGery. ITo 1o3BoJsgeT CAelaTh
¢yukuuio g o f w0601t ]]

3adaua 5.35. [oxaxure, uto ecnu pyHkius f : R — R gBisercs moToueuHbIM IpegesioM mocie-
JIOBaTEJIbHOCTY HEIPEPBIBHBIX (PyHKIMIA, TO i roboro uncia ¢ € R muoxkectsa {f(z) < ¢} n
{f(z) > ¢} aBnsaoTCH CUéTHBIMU OOBEQUHEHUSIMY 3aMKHYTHIX MHOKECTB.

[[ Boipasure muoxectso { f(x) < ¢} uepes muoxecrsa { f,(z) < ¢}, rme f, — f u f, HenpepbIBHBL ]]

3adaua 5.36. [Jokakure, uTO JI00as IOJIyHeIIpepbIBHAsA CHM3Y (CM. ompeneseHue ??) QyHKIMSI
f + R" — R 6openeBckas.

[[ Ucnomp3ayiiTe «TOMOJIOrMUECKOE» OIIpeesIeHIIe IOy HEIPEPBIBHOCTH. |]

3aodaua 5.37. [JokakuTte, uTo eciu Bce PyHKIMU B MociegoBaTenbHoCTH fi : R™ — R momyHemnpe-
PBIBHBI CHI3Y, TO QYHKINA, OIIpeiesI€éHHAasd 110 opMyIie

(@) = sup{fi(x) | k € N},
TOKE IIOJIyHeIlIpepbIBHA CHU3Y.

[[ AmamoruunHo mpenbIgylUelt 3amave. ||

5.9. NuTerpan JIebera nis cTyneHUaThIX (PYHKIUIL.
3adaua 5.38. IIpoBepbTe, UTO JI00as cTyneH4aras GyHKIMS n3Mepuma 1o JleGery.
[[ 3amersre, uro {z | f(z) < ¢} = Uy(x,)<c Xi- 1]

3adaua 5.39. [Nokaxure GopmMysly BKIIOUEHUII-UCKIIOUEHNIT I MHOXeCTB Xi,..., Xy C R”
KOHEUHOI MepbI

PG U UXN) =Y (=D Y p(X, NN X))

k=1 i< <
[ IIpounrerpupyiire crynenuaryro pyrxumo 1 — (1 — xx, ) ... (1 — xx, ), [ie X x, — XapaKTepucTIIecKast

bynxkiusa mHOXecTBa X;. ]

3aodaua 5.40 (Teopema Jlysuna). [Jokaxure, uto ecan f : X — R m3amepmma mo Jlebery, To
mis so6oro € > 0 cymecrByer MmHOkecTBO Y C X, takoe uto u(X \'Y) < ¢ u cyxenue f|y
HEIPEPHIBHO.

[[ CBemure K cayuar X KOHEUHOI MepBI M QOKAKITE YTBEPKIAEHNE IS CTyHEeHIATHIX QYHKINIL, IpUMe-
HIB K OCHOBAaHMIO KaXXIOJ CTyIeHbKH Teopemy ??. [loToM mpencraBbTe MCXOOHYIO U3MEPUMYO f B BUe
PABHOMEPHOTO IIpeesia CTyIeHYaThIX I UCIIONb3yiiTe Teopemy ??. ]

5.10. TaTerpan Jlebera oiiss mpou3BOJIBHBIX (byHKIIWIA.

3adaua 5.41. Joxaxwure, uto ecnu [ : X — R mmeer KoHeuHBIT MHTerpas, To eé CyKeHIe Ha
nsmepumoe ¥ C X rToke OymeT MMeTh KOHEUHBIN MHTETPaJ.

[[ IIpoBeprTe 3TO yTBepKOeHME M CTYyIIeHUATHIX QYHKIIAI, a IIOTOM JOKaKMTe B obIiieM ciyuae. |]
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3adaua 5.42. [lokaxure, 4TO NHTeTpupyeMas 1o PuMaHy Ha oTpe3ke QyHKIUA MHTErpUpyeMa 1
1o Jlebery ¢ TeM yKe MHTerpajoM.

[[ 3amerbre, uTo KiIacc cryneHyarsbix 1o Jlebery GyHKIUIT COTEPKAT B cebe KITace sJIeMEHTAPHO CTyIIeHYa-
ThIX (C KOHEUHBIM UIICIIOM SJIeMeHTapHI)IX CTyHeHeK), KOTOprI?I I/ICHOJII)BYCTCSI B OHpeHeHeHI/H/I I/IHTeI‘paHa
Pumana. ]]

5.11. JIMHeTHOCTH I MOHOTOHHOCTH MHTerpaia Jledera.

3adaua 5.43. Joxaxure, uro aw0basg unrerpupyemas f : X — R coBmamaer ¢ HekoTOpoOI1 Gopesnes-
ckoit pyukumeni g : Y — R 3a uckiIroueHneM MHOKeCTBa Mepbl HyJIb (B uactHOCTH (1 X AY') = 0)
U X MHTETPAJIbl COBIIAAIOT.

[[ UcnonpayiiTe TeopeMy ?? 1 IIPOBepbTe, UTO IPOUCXOMNT C MHTETPATIOM. |]

5.12. TIpuéamKeHNe MHTerpUpPyeMbIX (PYHKIIUIL B CpeFHEM.

3adaua 5.44. [Joxaxure, 4To ecan QyHKUMIO f Ha OTpe3Ke MOKHO NMPUOIM3UTH PYHKIMAMU 13
HEKOTOpPOTO Kjacca § paBHOMEpPHO, TO €€ MOKHO npuoiansuth pyHkumsamu G n B cpegueM. [{o-
Kaxute, uTo Ha npsmoit (mian B R™) u3 BO3MOKHOCTU NPUOIM3UTH paBHOMEPHO BO3MOKHOCTD
NpUONV3UTE B CPpeTHEM He CIJIedyerT.

[[ IIpoBepsTe, KOrma OrpaHNUEHHOCTH QYHKINY II03BOJISET OTPAHNYNTD €€ MHTerpal. ||

5.13. CuérHasa afAMTIBHOCTD I HEIIPePBIBHOCTH MHTerpaia Jlebera mo MHO>KecTBaM.

3adaua 5.45. Ilpusenure npumep usmepumoit Ha X = | |~ | Y}, dyukunu f, xoropas umeer Ha
KKIOM Y}, KOHEUHBIN MHTETPA, PAX

Z f(z) dx
k=1 " Yk

abCoOIIOTHO CXOOUTCA, HO f HE NMEET MHTErpajla Ha BcéM X.

[[ HoGeitrech, ¥TOOBI MHTETPAIIBI OT IIOJOKUTEIBHON YACTH f U OTpULATENbHOI YacT [ GbUIY 6eCKOHEUHBI
NP BBIMIOJHEHNY YCIIOBUI 3a1aun. ||

3adaua 5.46 (A6comoTHas HenpepbIBHOCTS MHTerpaia Jlebera). Ilycts f : X — R unrerpupyema
C KOHEeUHBIM MHTerpaioMm. [Jokaxkure, uro qig mwboro € > 0 Hangéres 0 > 0, Takoe, UTO eciau
Y C X usmepumo u (YY) < 4, to

/Y|f(x)\ dr < e

[[ Ipmbmmxaiite f orpaHMueHHbIMHU (QYHKUMSIMU, KaK B HOKa3aTeJbCTBe TeopeMbl ??. Taxske MOKHO
IIOCMOTpPETh HA AHAJIOTMYHOE PACCYKIEeHMe B JOKa3aTeIbCTBE TeopeMsl 2. ]]

3aodaua 5.47. Haitnure nnarerpain JleGera f1+°° x5 dx B 3aBucuMocTu ot s € R.

[[ O6ocuyitre cyuectBoBanue nuTerpana JleGera. [Tocunraiite MHTErpan Ha KOHEUHOM oTpeske (1, n] mo
Pumany ¢ momowsio popmynst Hetorona-JleitGHuLa 1 mepeitanTe K mpegeny n — +o0. ||

. 1
3adaua 5.48. Haitnure naterpan Jlebera fo z® dx B 3aBucuMocTH oT s € R.

[[ AmanormuHo mpenpiaylielt 3agaue. ||
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5.14. IIpenespHBIT Nepexon B mHTerpaie Jlebera mo pyHKIMAM.

3aodaua 5.49 (Jlemma ®dary). [Jokaxxure, UTO AJIs 000 ITOCIENOBATEIBHOCTY HEOTPUIATETBHBIX
usMepuMsIx yHkiuit fi, : X — R BoImonHsercs

Jim fkdw/ lim fy da.
X X

k—o0 k—o0

[[ PaccmorpuTe BospacTaoIyo IociefoBaTeabHocTb GyHKumit gy = inf{ f,, | m > k}, noitmure, x uemy
OHA CXOIVITCS, U IIPYIMEHNUTE TEOPEMY O MOHOTOHHOI CXOAMMOCTH. ]]

3adaua 5.50. oxaxurte, uto ecnu pyHKums I HenpeppiBHA Ha oTpesKe [a, b u nuddepenupyema
Ha nHTepBae (a,b) ¢ orpaHMyeHHoI npousBoaHoit f = F', 10

F(b) - Fla) = / f(a

[[ WcmonpayiiTe onpenesieHne IpOU3BOIHOIN 1 IPOMHTETPUPYIATe ero. ]

3adaua 5.51. IlycTh mOCIEqOBATENBHOCTD HENPEPBIBHBIX QyHKUMit f, : [a,b] — [0, +00) yObI-
BAeT II0 N U CTPEMUTCA K HYJIIO B cpefiHeM. [JOKa)KUTe, UTO 3Ta MOCIEJ0BATENBHOCTD (PyHKIIMIT
CTPEMMUTCS K HYJIIO TIOUTH BCIOLY.

[[ Paccmorpure mpenenbHyo GyHKUMIO f,, — f U IpuMeHNTe IpeNeabHbI epexo Mo 3HAaKOM WHTe-
rpana. |]

3adaua 5.52. *(Kpurepuit JleGera nunrerpupyemoctu mo Pumany) Jokaxkure, uro f : [a,b] — R
UHTerpupyeMa o Pumany Torma  ToJIbKO TOTAa, KOTAA OHA OIpaHIUEHAa I MHOXKECTBO €€ TOUeK
paspsiBa uMeet Mepy JleGera HyIb.

[[ IIpenmonoxxuB nHTerpupyemocts f 1o Pumany, npu6nusere f CHU3Y U CBepXY HEIIPEPBIBHBIMU, (y, <
f < hy, B cpenneM ¢ TouHOCTBIO 1/n 1O pesynbrary samaun 4.68. Crernaiite 1ocieoBaTeIbHOCTD (gp,)
BO3pAaCTAIOLIIENL, a [T0CJIeqoBaTeIbHOCTD (hy,) — yObIBatowuelt. [lpumennute 3amauy 5.51 k pasnoctu by, — gn
11 3aMeTbTe, uTo ecn hy, (z) — gn(z) — 0 B HeKOTOPOIL TOUKE X, TO f HelpepbIBHA B TOUKE .

Jns mokasaresnbcTBa B OOpAaTHYIO CTOPOHY 3aMeThbTe, UTO PABEHCTBO HYJIIO Mepbl MHOMKECTBA TOYEK
pasphiBa f paBHOCIIIBHO PaBEHCTBY HYJIIO MHTETPaia OT PyHKIUN w( 1 x) = ?— f Bobo3HaueHMx 3amaun
3.68. Mcnonb3ys pe3ynbTar 3agaun 4.54, HaliiuTe BO3PACTAIOIYI0 TIOCTIeIOBATeTbHOCT HENPEPBIBHBIX (y,,
TaKyI0 UTO g, — f, ¥ yOBIBAIOIIYIO IOCIIETOBATENHHOCTD HETIPEPBIBHEIX hyy, TaKyto uto hy, — f. [Ipumenmure

K pasHoctit by — g — f — [ Teopemy 06 orpaHmMUeHHOM CXOMUMOCTIL. |]

5.15. IIpumepsr npuMeHeHusa nHTerpaia Jlebera.

3adaua 5.53. Jlokaxxure, 4TO ecm/I f uHTrerpmpyema mo Jlebery ¢ KOHEUHBIM MHTETpaloM, a ¢
yObIBaeT 1 HeoTpUIlaTeNbHA Ha |, b], To pu HekoTropoM ¥ € [a, b]

/ e zg(a>/ff(rc

[[ Iepeonpenenure g(b) = 0 u ycroNB3yIiTE BIOPYIO TEOPEMY O CPELHEM. ]]

3aodaua 5.54. [Joxaxure HepaBeHCTBO At ) < a < b

b .
sinx 2
/ dr| < —.
e a

[[ IIpuMeHUTE BTOPYIO TEOpeMy O CpeJHEM VLM Pe3yJIbTaT IIpeabIAyIIeil 3aaun. |]
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5.16. HecobcTBeHHBINT MHTETpaJl GYyHKIINY OXHOI IIepeMeHHOI.

3adaua 5.55. [loKaKuTe, YTO MHTETPAIIBI

T ginx T cosx
— du, — dx
1 x 1 x

CXOMATCST aOCOJIIOTHO TOJIBKO IPU ¢ > 1, HO CXOIATCS YCJIOBHO B HECOOCTBEHHOM CMBICIIE IIPU
a > 0.

[[ crronpayiire mpusHak [upuxire A qOKa3aTeNIbCTBA CXOAMMOCTH, Kpurepuit Komm mis mokasareabcrsa
PaCXOIMMOCTH, U OIeHKy | sin | > sin? z s mokasaTebeTBa OTCYTCTBUS aGCOMIOTHOI CXOAMMOCTIL. |]

3adaua 5.56 (HTerpaJbHBII MIPUSHAK CXOAMMOCTH UMCIoBoro psaa). Iyers f @ [1,+o00) — Ry
y6bIBaer. [JokaskuTe, YTO

oo +00
Zf(n)<+oo<:> f(z) de < +o0.
n=1 1
[[ Hoxaxure HepaBeHCTBa
() 400 00
Ssm< [ fa)ds <y s
n=2 1 n=1

3aKIIOUMB [ MeXIy ITOAXOMSIIEN IIapoil CTyIeHUaThIX QyHKIMIL. |]

3adaua 5.57. Ilycts pynxuns f : [0, 4+00) — [0, +00) yObIBaeT 1 cTpeMMTCS K HYJIIO Ha GeCKOHeu-

HOCTMN. I[OK&)KI/ITC, qTo
—+00

(x)sinx dxr > 0.
0

[[ [IlpumenmUTE BTOPYIO TEOpPEMY O CpemHeM. |]

3adaua 5.58. ycrs pyukums f : [0,+00) — [0, +00) BBIIYKIA U CTPEMUTCS K HYJIO Ha GECKO-

HeuyHOCTU. JloKaXKITe, UTO
“+00

(x)cosx dzr > 0.
0

[[ HMompoGyitre uHTErpMpOBaTh 110 YacTIM. [[py BOSHUKHOBEHUN 3aTPYJHEHUIT C CYI[ECTBOBAHMEM IIPO-
M3BOTHOI MOKHO IIOCMOTpPeTh pasmen ??. |]

5.17. Teopema ®youHM.

3adaua 5.59. Iycrs pyaxuun f : X — Ru g : Y — R usmepumsr, a ynxmua F : R?2 — R
HenpepbiBHA. [lokaxkute, uto Beipakenue F'(f(x), g(y)) 3anaér usmepumyto pynxmmio va X X Y.

[[ IIpencraBbre oTKpBITOE MHOKECTBO { F'(2,t) < c} Kak cuéTHOE 06BEAVMHEHE IIPSIMOYTOIBHIKOB, & IOTOM
cBequTe BOIpoc m3Mepmmoctu MHoxectBa { F'(f(x), g(y)) < ¢} x usmepumocTn c4ETHOro 0ObeJMHEHMS
JeKapTOBBIX IIPOV3BeIeHMIT MHOKECTB. ||

3adaua 5.60. IIpuBenuTe MpuMep, KOrjga IIOBTOPHBIE MHTETPaIbl PYHKIMN ABYX IIepeMEHHBIX B
000uX MOPSAAKAX T,y U Y, T CYILIeCTBYIOT U KOHEUHbIe, HO MHTErpal PYHKIUA ABYX ITepeMeHHbIX
He CyILIECTBYET.

[[ Bcriomuure, uro unterpan Jlebera ot pyHkiun f aBCOMIOTHBIN, TO €CTh TOAPAa3yMeBaeT CyI[eCTBOBAHIIE
MHTerpaja ot | f|, mpuMep MOXXHO ITOCTPOUTD AaKe He IS MHTerpaa, a Iuisi IOBTOPHOTO CYMMMPOBaHMS

pﬂna Zn,meN anm- ]]
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3adaua 5.61. * JlokakxuTe, YTO Mepa IpaHULBI J000ro Beimykioro maoxecrsa C' C R"™ pasHa
HYJIIO.

[[ IIpoBepsTe, uro ecny Beimyki1oe C He COXEPKNUTCI HI B KAKOJ I'MITEPILIOCKOCT (11 IMeeM HyJIeBYIO Mepy
3aMBIKaHMsI), TO OHO CONEPIKUTCS B 3aMbIKAHII MHOYKECTBA CBOMX BHYTPEHHUX TOUEK. B rmociequem ciayyae
IpOBepbTe, UTO MMOYTH Bee rumepmiockoctn Hy, = {z, = y} nmmubo He nepecekator 3ambikanue C, 1160
nepecekaioT BHyTpeHHOCTh C'. B mocieqHeM ciryuae nposepsre, uTo mepecedenue 0C N H,, comepsxutca B
rparuue Beinykiaoro C' N Hy B Tononorny runepiutockoctu H,, 9to mo3BoIUT NPUMEHNTDH MHIYKLMIO TI0
pasmepHocTU U 1oTOM Teopemy DPybunm. |]

5.18. Mepa mox rpa¢puKoM 1 JMHEITHAsA 3aMeHa IIepeMeHHBIX B IHTerpase.

3adaua 5.62. Jokaxure, uro rpaduk iro6oit usmepumoit pyukunu f : X — R usmepum n nmeer
Mepy HyJIb.

[[ BcrmomuuTE MOKa3aTeNbCTBO JIeMMBI 72, ]]
5.19. O6pém mapa, marerpai Ilyaccona, ramma u 6era pyHKImm.

3adaua 5.63. [lokaxkute, uto mian € Z+

1 2n — !
I'(n+1)=n!, I‘(n—|—§) Zﬁ%,
roe (2n — )!I=1-3-----(2n — 1) u cunraem (—1)!! = 1.

[[ Ipumenure usBecrusle sHauenus ['(1) = 1uT'(1/2) = /7, a norom npumenuTe GopMyIIy MOHIKEHUS.

)

3adaua 5.64. IIpoBepbTe 10 onpeneneHuto, uto B(p, q) KoHeuHa mpu p, q > 0.

3adaua 5.65. Haiinute nipu w, v > —1 nHTerpan
/2
/ sin" z cos’ y dx.
0

[[ CBemure k Gera-pyHxum. ]]

3aodaua 5.66. IIpoBepbTe, UTO IIPU MTOJOKUTENBHBIX @ U IIPOU3BOJIBHBIX b U ¢

+o00 2
2 b 1
/ efax —bz—c d.’ll' 64(10\/"
— a

o0

[[ BermenuTe mosHBIN KBagpaT 1 JIMHENHON 3aMeHOI CBEIUTe K CTaHTapTHOMY uHTerpany Ilyaccona. ]]

3adaua 5.67 (O6béMm Tena Bpamenns). [lycrs dyukuns [ : [a,b] — R, usmepuma, a MHOKeCTBO
X C R3 3amano YCIOBUSMU

a<z<b yY*+22< f(x)?.
Hoxkaxxkurte, 4TO

b
2
n(x) = [ wp(a) do.
a
[[ Ucnonpayiire Teopemy PyOuHN, IPOMHTETPUPOBAB CHAUANA 10 IlepeMeHHbIM (Y, 2). ]]

3adaua 5.68. Ilycts () : R" — R — mosoxxureiapHO ornpenenéHHas KBagparnuHas ¢opma. [Joka-
x)urte GopmMyy

/ e 9@ dzy . dx, = 7% (det Q) V2.

[[ JInueltHOI OpTOrOHANBHOI 3aMeHOII IIepeMeHHBIX caeaiite () IMaroHaIbHON. |]
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3adaua 5.69. Ilycts () : R" — R — mosoxnrenpHO onpenenéHHas KBagpatuuHad popma, a Ee —
ssnncoun {z | Q(z) < C}. Ookaxure popmyiy
7Tn/20n/2
plc = —.
[(n/2+1)(det Q)Y

[[ BeiBemure U3 mpeabIOyILLIeit 3aAaUM AHAJOTUYIHO popMyIie ais o0béMa mapa. ||

/ e 1 dzy .. dx,

[[ Ucnomnsayitre reopemy OyOunu u cBeguTe K raMmma-QyHKIuM 1 00bEMY 1apa. |]

3adaua 5.70. IlocumraiiTe MHTErpa

3aodaua 5.71. Tlocunraiite MHTETpaI

2
/ lz]2e™ " dy .. d,.
n

[[ Ucmone3yitte Teopemy PyOMHY U MHTETPUPOBAHIE 10 YACTIM A PYHKIMIT OJHOI ITepeMeHHO. ]

5.20. Jlemma Be3ukoBuua u gpuddepeHpyemMocTs HIOUTH BCIOAY.

3adaua 5.72. *(Jlemma Besukosuua o mokpsitun B R") ITycTs B kaskgoit Touke = nusmepmumoro X C
R" nan HaGop 11apoB { B, ; }i C LeHTpaMu B T, pafuyChbl KOTOPBIX CTPEMSITCS K HYJIIO IIpY k — 00.
Torma u3 Bcex 3TUX IIAPOB MOXKHO BBIOpATh CUETHYIO CUCTEMY ITOIIAPHO He IIepeCceKaloIUXCs
urapos C, kotopas mokpsiBaet moutu Bcé X, 1o ectsb (X)) \ JC = 0.

[[ AHanornmuHo OQHOMEPHOMY CIIy4Yalo, Hafo BHAYaJle IIOKPBITh KOHEUHOII CUCTeMOII HellepeCeKaroIIX s
IIApOB KaKyH0-TO (pUKCMpOBaHHYI0 Hoio X. [l 9TOro Hamo HMOKPBHITH X HEKOTOPOIl ITOACUCTEMOI U3
9TUX I1apoB D, KOTOPYI0 MOXXHO PacKpacuTh B KoHeuHoe uycio M (n) LBETOB Tak, YTO LIApBI OJHOTO
nBera u3 D momapHO He mepecekarTcs. Torga omgyH U3 1BeToB GymeT MOKpbIBaTh He MeHee 1/M(n) or
mepsl X. [lng moctpoerns D MOKHO MCIIOJIb30BATh >KaJHBII aJITOPUTM, KOTOPBI CBOAMTCI K BHIOOPY Ha
Ka)K[IOM IlIare CaMoTo GOJIBIIOro 1Iapa (TouHee, GIM3KOTO K CYIIPpeMyMYy) U3 TeX LIAPOB CUCTEMBI, IIeHTPBI
KOTOPBIX He ITOKDPBITBHI paHee BBIOpaHHBIMM Iapamu. [lajlee Hafo HOKas3aTh, UTO B pe3ysbTaTe paGOTHI
’KaIHOTO JIFOPUTMa BHIOPAHHBII Ha HEKOTOPOM Iliare map repecekaer He 6oiee M (n) — 1 npensinymnx,
IUISL TOAXOMsAIIelt KOHCTaHTHI M (n), 3aBUCSAIIIEN TOIBKO OT Pa3MepHOCTH. ]]

3adaua 5.73. [Jokaxure uro ecau y usmepumoit pyukuuu [ : [a,b] — R unrerpan mo mobomy
otpesky [a,z] C [a, b] paBeH HyII0, TO OHa paBHA HYJIIO IIOUYTH BCIOAY.

[[ [IpumeHnuUTe IpERBIAYIIYIO TEOPEMY. |]

3adaua5.74. llpuBenuTe MpuMep HeIIpepHIBHOI 11 HEIIOCTOSHHOI Ha OTpe3Ke QyHKIN, Y KOTOPOII
IIPOV3BOHAA IIOYUTH BCIOAY (110 Mepe Jlebera) cyIecTByeT M IIOUTH BCIOJY paBHA HYJIIO.

[[ BcmoMHMTE IIPO KAHTOPOBO MHOKECTBO, ITYCTh (YHKIVS BO3PACTAET TOJBKO Ha HEM, & HA €r0 XOTIOJTHEHUN
KYCOUHO ITOCTOSIHHA. ||

3adaua 5.75. ** [Jokakute, YTO MOHOTOHHAsI Ha OTpe3Ke QYHKINS IIOUTH BCIOAY MMeeT IIPOU3BOL-
HYIO.

[[ HdeitcrByiiTe aHAIOTMYHO HOKA3aTeNbCTBY A depeHINpPyeMOCTH IIOUT BCIOXY JIUIIIINIIEBOI )y HKI{IL,
HO Oosiee akKypatHO. ]
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3adaua 5.76. [Jokakure, uTO JIMIIINIEBa KpuBas ¥ : |a, b] — R” mouru Bcrony nMeer nponsBoa-
HYIO 1 €€ uHa paBHa ((y) = f; |7/ (t)] dt.

[[ Hammume mmpomsBOIHOIN IIOUTH BCIOAY CIeAyeT M3 IpMMeHeHUsS TeopeMbl ?? K KOOpAMHATaM KpPUBOIL.
IIpumenute TeopeMy ?? K MHTerpaay oT IIPOM3BOSHON UM OT MOAYJIA IIPOM3BOAHOIN U NMPOBEpbTe, UTO AL
mro6oro € € (0,1), msa moutn Beex ¢ 13 TeX, 11t KOTOpsIxX ' (t) # 0, IUIs JOCTATOUHO MAJIbIX COIEPIKALIMX ¢

OTpE3KOB [c, d| BBIIOIHSAETCS ‘fcd v (¢) dt’ > (1-¢) fcd |7/ (¢)| dt. llpumenure nemmy BeaukoBuda miis mo-

JyueHvs HepaBeHcTBa ((7y) > ff |7/ (t)| dt. Hepasencrso B npyryto cropony £(y) < ff |7/(t)| dt BeIBOmUTCS

b
u3 nepasenctsa |y(b) — y(a)| < []'|7/(t)| dt n paséuenus orpeska Ha uacru. IlocieHee HEPABEHCTBO B
CBOIO OuepeNib CBOAUTCA K OTHOMEPHOMY CIIYYalo IPOeKIVell Ha IPAMYIO U IpYIMeHeHVeM TeopeMbl ?? ]

3aodaua 5.77. * [Noxaxure, uto 1-munmmieso orobpakenne f : X — R” mma X C R” (to ects
orobpaxkenue co csoitctBoM |f(x) — f(x)| < |z — y|) He yBennuuBaer BHewHOI Mepy Jlebera
MHO>KeCTBa U IIEPEBOJUT U3MEPUMbIE MHOKECTBA B ISMEPUIMBIE.

[[ Cuauana moxaxXmuTe, UTO MHOKECTBa MepbI HYJIb IIEPEXOAAT B MHOKECTBA Mephbl HyJb. II0TOM MCIIOJb-
3yiiTe MHOTOMEpHBIII BapyaHT JIeMMbI be3aukoBuua s HabopoB 11apos. ]

3adaua 5.78. *(Teopema Pamemaxepa) Jokaskure, uto jgumninuuesa pyukunus Ha obmactu U C R”
moutn Berony auddepeHupyemMa (B CMbICIIE ONpeesieHns 13 pasgeia ??).

[[ IIpoBepbTe HaMMUMe YACTHBIX IIPOM3BOMHBIX IIOUTH BCIOAY II0 OMHOMEPHOMY CIIydaro, IIOTOM JJI 3Ha-
YEeHVII 9TUX IIPOM3BOMAHBIX UCIIOIb3yIiTe MHOIOMEPHBIII BAPMAHT TEOPEMBI O INIOTHOCTH. |]

6. I'magkue oTobpaxkeHNs, MHOrooOpasus u auddepeHmanbHble GOpMbI

6.1. Iuddepenuupyempie 0TOOparkeHNA OTKPHITHIX OAMHOKeCcTB R".

3adaua 6.1. Onuumre ||A|| mus camoconpsskénnoro omepatopa A : R” — R” B Tepmunax ero
COOCTBEHHBIX 3HAUEHUIT U JOKAXKUTE, UTO I J0O0ro mHeitHOro orobpakenus A : R — R™
BBIIIOJIHAETCA

1A = | A*All = [|AA"]| = ||A%]”.

[[ puBenure B HEKOTOPOM OPTOHOPMUPOBAHHOM 0a3yce CAaMOCOIIPSDKEHHBII omepaTop A K [maroHaib-
HOMY BUJY, U3YUNUTE TaK)Ke MaKCUMyM BbIpakeHUs (r, Ax) 10 eqUHUYHBIM BEKTOPAM I IJIsL CAMOCOIPS-
xéunoro A. ]]

3adaua 6.2. IlpuBenure mpuMep, MOKa3bIBAIOIINI, UTO JMHEIHBIN OIlIEPATOpP C HYJIEBBIMIU COO-
CTBEHHBIMI 3HAUEHUSIMIU MOXKET IMETb CKOJIb YTOJHO OOJIBIIYI0 HOPMY, €CJIV MbI He IIpeIoa-
raeM ero caMoCOIPIKEHHOCTIL.

3adaua 6.3. ITpuBenure mpmMep, MOKA3BIBAIOLINIL, UYTO CYILECTBOBAHNE UACTHBIX IIPOM3BOIHBIX
IIepBOTO IIOpSIKAa B OKPECTHOCTM HYJS M (QYHKIMM OBYX IlepeMeHHBIX He TapaHTHUpyeT eé
nuddepeHIMpPyeMOCT) B HYJIE.

3adaua 6.4. IlpuBenuTe npuMep GYHKUNI IBYX ITIepeMEHHBIX, OIIpeeJIEHHOI B OKPECTHOCTY HYJIS
U MIMeIoIIlell IIPOM3BOAHEIE 110 BCeM HaIlpaBJIeHUSIM B HyJle, HO He ABJsAoLIerica quddepeHIupy-
€MOII B HYJIE.

[[ Ha camom meie Takas ¢pyHKUMS Haxke He 00sg3aHa ObITH HEIIPEPHIBHOIL B HyJIe. |]
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6.2. Popmyna Teiutopa pist GyHKIN HECKOJIBKNX II€peMEHHBIX.

3adaua 6.5. [Jokaxmnre cooTHoutenne nst nensix (ki, ..., k,) # (0,...,0)

k = k—1
ki... ky _; Evooo(ki—1).. k)’

CUMTasd, UTO eCJIM KaKas-TO M3 KOOPAMHAT OTpMIaTelIbHa, k; < 0, To MyJIbTMHOMUAIBHBIN K03(-
buLMEeHT paBeH HYJIIO.

[[ Ymo6Ho ucmonb3oBaTh BhIpaskeHME
k k
(a:1+"-+xn)k = E xll...xﬁ”,

oy otk =k N\ Lo

KOTOPO€ MOJXHO CUINTATDh OIIPpEACIIEHNIEM MYJIbTUHOMIATIBHBIX KO3(b(1)I/II_U/IeHTOB. ]]

3adaua 6.6. [IoKa>xuTe, YTO €CJIV OIPENeJEHHYI0 B OKPECTHOCTY TOUKM T (QYHKIIO MOKHO pas-
JIOKUTH JBYMsI CIIOCOOaMM

FO="Y k@ —z)" (G- z)" ol —2) =

k1+-+kn<m

= > k(G m)M (G — ) ol — o™,

ki+-+kn<m
TO Ha CaMOM JeJle Bce KO3 PUIIMEHThI PaBHBL, Gk, .k, = Dk, . k.-

[[ Hoxaskure cHauaNa 3TO yTBepKAeHMe NI QYHKIUIT OJHOI ITepeMeHHOI1. B ciyuae ¢yHKIMIT HeCKOIBKIX
IepeMeHHBIX BOCIIOJIb3YIITeCh CBeJleHIeM K (pyHKLMM OXHOII IlepeMeHHOI1, KaK B JOKa3aTeIbCTBe (OPMYJIBI
Teitnopa mi1st GyHKIUN HECKOJIBKUX IIepeMeHHBIX. IIpy 3ToM MosKeT IIOHAaTOOUTECS TaKoe YTBep KAeHIe U3
anreOpel: Ecrmu 06a MHO204IeHa OM HECKOIbKUX NepeMeHHblX UMeom pasHble 3HAUeHUs 6 Kaxcooti mouke R",
Mo OHU UMerm 00HU U me e Kodppuyuenmol. ]]

6.3. CBépTKM M IpUOIIHKeHNe PYHKINIT 06CKOHEUHO TIIaJKIIMIL.

3adaua 6.7. [JoKa)XUTe acCOLMATUBHOCTD CBEPTKU
fx(g=h)=(fxg)=*h,

11 GyHKIMIT ¢ KOHEYHBIM MHTETPAJIOM.

[[ Beimmiumre mHTErpas, KOTOPHI MOBTOPHBIM MHTETPUPOBAHMEM CBOJUTCSA K JBYM PasHbIM MOPAIKAM
cBépTKI. |]

3aodaua 6.8. Joxaxure, uto ecnin f : R — R monoToHHas, To [ * ¢ M3 TeopeMbl ?? TOXe
MOHOTOHHA4.

[[ Ucnomnp3yitte onpenenenmne CBEPTKU. ||

3adaua 6.9. * [lokaKnTe, UYTO B YCIOBUSIX TeOpeMbl ?? OKasbIBaeTcs, uto f * ¢ — [ MOTOUEeUHO
IIOUTH BCIOY.

[[ Hcnomnssyiire Teopemy 06 ycpemHeHuu ?? B OOHOMEPHOM CJydae WIIM JOKQKUTE U MUCIIOJb3YITE €€
MHOTOMEPHBIIT aHAJIOT. ]

6.4. HenpepriBHo nuddepeHMpyemMmpie 0OTOOpakeHUSI M IX OOpaTHBIE.

3adaua 6.10. IIpoBeprTe, UTO HOpMa MHTErpaja OT HEIPePHIBHOTO OTOOpa)KeHMs OTpe3Ka B IIPo-
CTPAHCTBO JMHEIHBIX OIIepPaTOpOB He OoJiee MHTerpaja HOPMBI.

[[ IIpubnmseTe MHTErpan cymMaMy PumaHa 11 IpuMeHUTe HepaBeHCTBO TPEYTOJNIbHMKA U HOPMBL ]
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3adaua 6.11. [lokaXXuUTe, UTO €CJIN y HeIpepbIBHO AuddepeHnMpyemoro orodpaxkenus ¢ : U — R”
BeITyKJoi obimactm U C R"™ mpousBogHas Dy B KaKA0M TOUKE yAOBJIETBOPSAET HEPABEHCTBY
v+ Dp(v) > 0 gus 1106010 HEHYJIEBOrO BEKTOPA U, TO Y MHBEKTUBHO.

[[ Mocmorpure Ha onpenenenne A(z', ") B mokasarenncrse memmsbt ??. ]

3aodaua 6.12. [lokakute, uTo HenpepriBHO nudpdepennmpyemoe orobpakenne ¢ : U — R", U C
Rn, Y KOTOpPOTO HKO6I/IaH HI1 B 0]1HOI7[ TOUKE HE€ pAaBE€H HYJIIO, IIEPEBOANUT OTKPBIThIE MHOXECTBA B
OTKpBITBIE.

3adaua 6.13. OToOpakeHMe MeTpUUECKOro mpocrpanctsa B cebs f : M — M wHasbiBaeTcs cicu-
Mawuwjum, ecyi OHO JIMIIIINIIEBO C MEHBIIEeN eIVHUIIBI KOHCTAHTOJ, TO €CTh €CNIM CYIeCTBYeT
koHcraHnTta 0 < ¢ < 1, rakas uto

p(f(), f(y) < cplx,y), Vz,y € M.

Hoxkaknre, uto n060€e CXKMMaloIee 0TOOpakKeHNe ITOJIHOTO METPUUECKOTr0 IIPOCTPAHCTBA B cebs
uMeeT eAVHCTBEHHY0 HEMOABIDKHYI0 TOUKY, Takyio uto & = f(z).

[[ IIpumeHUTE paccy)aeHMs U3 JOKA3aTeIbCTBA TeOPEeMbI 00 0OpaTHOM OTOOpaKeHUN. |]

3adaua 6.14. [l IOJTHOTO METPUUECKOTO IMpocTpaHcTBa M U elé OgHOTO METPUUECKOTO Ipo-
crpaHcTtBa P HemnpepsiBHOe oToOpaxkenue f : M x P — M M0KHO paccMaTpmBaTh KaK CEMEVICTBO
orobpaxenmit {f, : M — M | p € P}. [lokaxxure, uto ecnu Bce f, CKUMAIOIIME C OJHON ¥ TOI
»Ke KoHcTaHTo1 JInmnmmuna, To x,,, HeIIoABIKHASA TOUKa f,, HeIIpepBIBHO 3aBUCUT OT p € P.

6.5. KpuBosnHeliHbIe CYICTEeMbI KOOPAMHAT.

3adaua 6.15. [JokaknTe, UTO eciay B TeopeMe O HesiBHOM pyHKIuu GyHKImn fi, ..., fr cunrars
HeIpepbIBHO AM(depeHIPYyeMbIMHI TOJNBKO 110 IIEPEMEHHBIM Z1, . . . , Tf, @ II0 OCTAJIbHBIM IIepe-
MEHHBIM CUNMTATh (PYHKLIMY IIPOCTO HEIPEPhIBHBIMIY, TO YTBEPKAEHME OCTAETCS BEPHBIM C IIO-
IIPaBKOIL, UTO 0TOOpa)keHMe  OymeT HellpepbIBHBIM, HO He 00s13aTebHO AuddepeHIIpyeMbIM.

[[ Hpumennre paccyxnmeHmss u3 HOKa3aTeIbCTBA T€OPEMbI 00 0OpATHOM OTOOpPa)KEHUHU, paccMaTpUBas
Zk41,- - -, Ty KaK IAPAMETPHI B cucTeMe k ypaBHeHUII ¢ k HeusBecTHbIMU. Kak u B 3aaue 6.14 posepsbTe,
YTO B IIOCTPOEHMM BBIPaKEHUS (X1, . .., T)) Uepe3 ImepeMeHHbIE (Y1, . . ., Yi) U MapaMeTpsl (Tii1, ..., Ty)
BCE OLIEHKU CXOIVIMOCTYL MOKHO C/IeJIaTh PABHOMEPHO I10 IIapaMeTpam. ||

3adaua 6.16. [lokaxute, uTo riamgkoe orobpaxkenue ¢ : U — R™ umeer riamkoe obpaTtHoe o ' :
©(U) — U rorpma u TOJIBKO TOr/a, KOTa IKOOMAH (p HUTIE He PAaBeH HYJIIO U (0 UHBEKTUBHO.

3adaua 6.17. [Joxkaxure, uto ecnu nuddepeHimanst rmagkux GyHKInit fi, . .., fi TUHeTHO 3aBU-
CUMBI B OKPECTHOCT) TOUKMU P, a quddepennmansl GyHKUmit fo, .. ., fr JIMHEHO He3aBUCUMBI B
P, TO B HEKOTOPOJI OKPECTHOCTY TOUKM P PYHKIUSA fi BhIpaXKaeTcs uepes OCTaJIbHBIE.

[[ Cuwnraitre dyukuuu fs, ..., fi 4aCTHIO CUCTEMBI KOOPIMHAT B TOUKE P. |]

6.6. HcciemoBanue pyHKINIT HeCKOJIBKNX IIepeMeHHBIX HAa 3KCTPEMYM.

3adaua 6.18. [JokaskuTe, 4TO I HAIMUNA JIOKAIBHOTO MUHUMYyMa HeNpepbIBHO auddepeHtm-
pyemoii pyHKIMM [ B TOUKE X( JOCTATOUHO, YTOOBI [ JTFOGOTO & U3 HEKOTOPOIT OKPECTHOCTH
BBIIIOJIHSUIOCH HepaBeHCTBO df . (x — ) = 0.

[[ Ucmonsayitre nemmy ??. ]]
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3adaua 6.19. [lokaXXuUTe, UTO €CIN f M 1, . . ., Py, HeIIPepBbIBHO AU depeHupyeMbl B OKPECTHOCTI
TOYKMN D, f MEET YCHOBHLIIZ MUHVIMYM B TOUKE P IIPpU YCIIOBUAX

QOl(I') > 07 B JSOm(x) 2 07

U B TOUKE P JIMHEIHO He3aBUCUMBI Te n3 anuddepeHunanos dy;, mis KOTopbix ¢;(p) = 0, To B
TOUKE }) BBITIOJIHSAETCS

df = dpr + -+ + Apdom,
rae Bce \; = 0u \; = 0, eciu ;(p) # 0.

[[ AHanormyHo MOKa3aTeIbCTBY T€OPEMBI ?? cumraiiTe Te (;, I KOTOPBIX ¢;(p) = 0, yacThiO CUCTEMBI
KoopamHar. ||

3adaua 6.20. * [Jokaskure, 4YTO ecu f M 1, . . . , Py, — JIMHETIHbIe QyHKUMY U f MMeeT yCIOBHBIN
MUHVIMYM B TOUKE P IIPU YCIIOBUAX

e1(x) 2 0,...,0n(z) =0,

10 (6€3 TpeGOBaHMIT HEBBIPOKIEHHOCTY U3 IIPEIbIAYILEN 3aaui) B TOUKE p) BBIIIOJIHSIETCS
df = Mdpy + - - -+ Apdom,

rae Bce \; = 0u \; = 0, ecim ;(p) # 0.

[[ Or6pocere Te @;, mus Kotopbix ;(p) > 0, Tak Kak B HEKOTOPOI OKPECTHOCTU P OHU He HAJararoT
HUIKaKMX orpaHnueHuir. [Ipenmnomnoxure npotusHoe, uto df He cogepxxurcs B konyce N = {A\jdp1 + -+ +
)\mdSOm | /\i 2 0}.

Hoxaxnre samkuyTocTs N. [IpoBepsTe, uTo ecin N COmEpKNUT IMHETHOE IOAIPOCTPAHCTBO L, TO B CIITY
BBIIIYKJIOCTU L MOKHO Iepeiitu K ¢pakToprpocTpancTsy 1o L, npuuém N Gyner mpoobpasom N/ L. [lanee
3aMeThTe, YTO eCI KOHYC [N JIMHEHBIX IIOAIPOCTPAHCTB HE COMEPKUT, TO TOJIBKO TPUBUATIbHBIE KOMOU-
HAIUI €ro 00pasyoIuX n; ¢ HEOTPULATENbHBIMY K03 duimeHTaMy paBHbI Hy110. OTCI01a aHATIOTMYHO
I0Ka3aTeIbCTBY JIeMMBI ?? YCTaHOBUTE HepaBeHCTBO (A1 + -+ 4 A )? = e(A1 + - -+ + Ay )? ¢ Hexo-
TOPBIM IIOJIOKUTENBHBIM €. [Tocie aroro npencrassre N B Buie o0beIMHEHNST KOMITAKTHBIX (Kak 06passl
KoMMakToB) MHOKeCTB K, = {\ni+- -+ \pnm [ A 20, k—1 < A+ -+ A\, < k}, k € N, unposepsre,
YTO Y 110601 TOUKM €CTh OKPECTHOCTD, KOTOpAS MePeCeKaeT JIUIITb KOHEUHOE UIMCIIO TUX MHOKECTB.

IMocne ycranosnenus saMmkHyTocTy [N Haiigure Omypkaiinyio K df Touky N. C MOMOIIBIO 9TOM TOUKU
nocrporite BeKTop v, Takoi uto df (v) < 0 m dp;(v) > 0. PaccMmoTpeB TouKy p + tv npu MajbIxX ¢ ybequTech,
uro f He MMeeT MUHUMYMa B TOUKeE p. |]

6.7. OnpepnesieHNIe KacaTeJIbHOTO BEKTOpA.

3adaua 6.21. *(Jlemma Mopca) [Jokaxure, uTo JIOOYI0 IIaAKyH (YyHKINIO, y KOTOPOJ ITE€PBBIN
mnddepeHnan B HyJle paBeH HYJIIO, a BTopoit auddepeHIan HeBBIPOXKAEH (TO ecTh MaTpuUIa
BTOPBIX IIPOV3BOIHBIX < 8328];) HEBBIPOKJEHA), MOXKHO KPUBOJMHEIHOI 3aMeHOV KOOpAMHAT
IIPUBECTU K BUAY

fl@) = F0)+ > el

B HEKOTOPOI1 OKpecTHOCTHU HyJs, THe €; € {—1, 1}.

[[ HOBaxmp! ucnonbayitre ieMMy ??, a TIOTOM BCIIOMHNTE IIPOLEAYPY IPMBELEHNS KBaAPATIUUHO (opMbI
K KAaHOHMUECKOMY BULIY. |]

6.8. BekTOpHBIE OIS M IPSIMOIL 00pa3 BeKTOpa.

3adaua 6.22. TIpoBepbTe 110 ONpeNEIEHNI0 BEKTOPHOrO oJs Kak otoOpaxkenus X : C°(U) —
C>°(U), uro npousseneHue BekropHoro mois X Ha ¢pyHkuuio g € C°(U), onpenenéHHoe Kak
(9- X)(f) =g X(f), Toke ABISTETCI BEKTOPHBIM I10JIEM.

[[ IIposeprre R-nmuueitHocTs 1 npasmio Jlenbuuma. |]
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3aodaua 6.23. IIposepsre, uto mis pyukunn f : U — R orobpakeHue f, meificTBUTEIHLHO COBIIaaeT
c eé nudpdepenunanom df.

3adaua 6.24. TIpoBepbTe CBOIICTBO KOMIIO3UIUI IIIAKIX OTOOPAXKEHMI 11 IIPSIMOT0 06pa3a BeKTopa
B BugE (¢ 0 1) X = . (. X).

[[ MoskHO cociaThCd Ha CbOpMYJIy HpOI/ISBOI[HOf/I KOMIIO3NLNMY, @ MOKHO BBIBECTV 3TO M3 OIIPpENEICHIIA

(7). 1]

3adaua 6.25. IlpuBenure nmpumep riaagkoro orobpaxenus ¢ : R — R, xotopoe aBnsgerca MHbeK-
TUBHBIM, HO II€PEBOANT IJIaJIKIle BEKTOPHbIE I10JI B HETJIAJKIIE.

[[ Crenaiire Tak, uTOOBI IPOM3BOLHAS (» 00paIlaNach B Hyb. ||

6.9. PaKTOPIPOCTPAHCTBO I KOHEUHAA MOPOKAEHHOCTh BEKTOPHOI'0 IPOCTPAHCTBA.

3adaua 6.26. IIpoBepbTe, UTO CIOXKeHNE I YMHOXKEeHNe Ha CKJIIp B IPOCTpaHCTBe |/ KOPPEKTHO
MHAYILVIPYET CTPYKTYPy BEKTOPHOTO mpocrpancrsa B V/W.

3adaua 6.27. loxaxure, uro juHeitHOe orobpaxenue [ : V — U, takoit uro f(W) C Y nua
anHertHbx noanpoctpancts W C V u Y C U, KoppeKTHO oIlpenessieT JUHETHOe 0TOOpaXKeH e

F:V/W S UY.

3adaua 6.28. [Joxaxmure, uTo (PaKTOPIIPOCTPAHCTBO KOHEUHO-IIOPOXKAEHHOIO BEKTOPHOTO IIPO-
CTPaHCTBa ABJIAETCA KOHEUHO-TIOPOKAEHHBIM.

[[ TIpumeHMTE KOMITO3ULINIO CIOPBEKTUBHBIX OTOOpaskeHMIT. ||

3adaua 6.29. Ilycts maHa napa BeKTOpHbIX mpoctpascts W C V, npuuém W u V/W okasanuch
KOHEUYHO-TIOPOKAEHHBIMU. [loKaKuTe, uTO V' TOKe ABJIAETCI KOHEUHO-TIOPOKIEHHBIM.

[[ McmonbsyiiTe onycanye KOHEUHOI MOPOKAEHHOCTH Yepe3 CUCTEMBbI BEKTOPOB, M HOXKAUTECH OIICa-
Hus yepes uiaru B cieqyoleM pasgeie. ]

6.10. PasamepHOCTh BEKTOPHOI'O IPOCTPAHCTBA.

3adaua 6.30. Jokaxkure, uTO Iapbl BeKTOpHBIX noxmnpoctpancTts U, W C V knaccupunmpyrorcs
ynciaamu dim U N W, dim U, dim W, dim V', n uTo BbImOJHSIETCS COOTHOIILIEHIE

dimU +dimW =dimU NW + dim(U + W).

[[ Hoxaskmre n ucnonsayiire nsomopdusmer (U + W) /U =W/ (W NU), (U+W)/W =U/(UNW). ]]

3adaua 6.31. [loxaxure, uto eciu nose K anre6pamdecky 3aMKHYTO (HallpuMep, I10JIe KOMILIEKC-
ubIx uncen C), V — xoHeuHoMepHOe mpocTpaHcTBO Hag 9TuM moneM, A : V' — V — nuHelHbIi1
oIlepaTop, TO CyIIeCTBYeT IIOJHBIN ¢uiar B V/, MHBapMAHTHBIN OTHOCUTENBHO A (B TOM CMBICIe,
YTO BCE COCTABIAOIIME (pyIar IMOAIMPOCTPAHCTBA MHBAPMAHTHI OTHOCUTEIHHO A).

[[ Haitogure omHOMepHOe MHBapMAaHTHOE IOAIPOCTpaHCTBO st A m mepeiigure K GakTopy IO HeEMY,
IIPMMEHVB MHAYKIUO. |]
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3adaua 6.32. IlpuBenuTe NpUMepHI INHEHBIX ortepaTopoB A : V' — V| He MMeIoIIX MHBapMAHT-
HBIX IIOJITHBIX d)HaI‘OB OJId I10JId, HE ABJIAIOLIEIOCA anre6pa1/mec1<1/[ 3aMKHYTBIM (Haan/IMep, I10J1E
NEeCTBUTENbHBIX uncel R).

3adaua 6.33. Ilyctb V' — BeKTOpHOE IIPOCTPAHCTBO pa3MEPHOCTH 1, J — CeMeJICTBO er0 BeKTOPHBIX

IMOAIIPOCTpaHCTB. [loKakuTe, UTO HaIAyTCA He oosee n npexncrasureneit Ly, ..., L, € F(m < n)
TaKNe, 4YTo

m

NLi=(L=F

i=1 LeF

3aodaua 6.34. * IIpoBepsnTe, UTO B OeCKOHEUHOMEPHOM ciyuae pasmepHocTu V u V* (onpenenénusie
KaK MOILITHOCTU 06a31CcOB) He 00s13aHbI OBITh PaBHBI.

[[ IIporize Bcero paccMOTpeTh Cyuait CUETHON MPIMOI CYMMBI C caMUM COGOI OQHOMEPHBIX BEKTOPHBIX
IIPOCTPAHCTB Hax KoHeuHBIM nojeM K. ]]

3adaua 6.35. * IlpoBepbTe, uTO B OeCKOHEUHOMEPHOM ciydae s : V' — V** He sBasgercs nsomop-
¢m3mom. [TormpoOyiiTe mpuaymars anemeHT V' **, He nexammii B V.

3adaua 6.36. ** IIpoBepbre, uTo 711 ycTaHOBIEeHN paBeHcTBa rk f = rk f* mocraTouHO KOHEUHO-
CTU paHra, a8 KOHEYHOMEPHOCTDb IIPOCTPAHCTB HAa CAMOM JieJie He Hy KHa.

[[ Hoxaxmre nys Hauaia, yTo r000e anHeltHoe otoOpaxkeHnne A : Im f — K npomoikaercst mo amHeitHOro
orobpaxkerus A : U — K. [l aToro Mmoxer rmonanodurbcs siemma I{opaa (teopema ??). ]

6.11. INonumuHeliHbIe (POPMBI U e TEPMITHAHT.
3adaua 6.37. Nokaxure, uto ecmu dim V' = n, To dim A*(V*) = (Z)

[[ PaccmoTpure 3HaueHms GopMbl Ha HaGopax GA3MCHBIX BEKTOPOB. ||

3adaua 6.38. J[JokaxuTe, UTO eCJIM OIlepaTop 3ajJjaH B KOOPAMHATHO-MAaTPUUHOM IIpeCTaBICHUIN

Kak

n n n

f Z Livi | = Z Z fijajvi,

i=1 j=1 i=1

TO
det f = Z SgN T - fio) - - fno(n)-
O’GGn

[[ Honcrasere siBHO f(v1),..., f(v,) B Kakyro-TO HeHyseBylo p € A" (V™) 1 Bocmonb3yiitech TaHHBIM

BBILLIE OTIpeeIeHNeM 3HaAKa IIEPECTAHOBKIL. | ]

3adaua 6.39. Onpenenum MHOTOUIEH OT 1 IepeMeHHbIX popmyinoit D = [[ (z; — ;). po-
1<i<k<n
Bepre, gTo HepeCTaHOBKa g HepeMeHHbIX T1y.o.y Ty HpI/IBOIU/IT K yMHOH(eHI/IIO 3TOT0O MHOTOUJICHA

Ha ymcso us {—1, 1} muro BosHukarommit tak romomopduam &, — {—1, 1} coBnagaer co 3Hakom
IIepeCTaHOBKIL.

[[ HpOBepre JId HaudaJla, UTO gejyiaeT ¢ 3STUM MHOTOYJI€EHOM TpaHCHO?J/II.II/Iﬂ COoCegHMUX I‘IepeMEHHbIX r; n
Tit1. ]

3adaua 6.40. IIpoBepbTe, UTO [JIA JIMHETHOTO OIEPATOpa B KOHEYHOMEPHOM IIPOCTPAHCTBE f :
V' — V Bemmonnsercs det f = det f*.

1

[[ MoxHO yCTaHOBMTH PaBEHCTBO SgN 0~ = SN0 ¥ MUCIIONH30BaTh SBHYIO GOpMyay 13 3amauu 6.38, a

MOXHO 3aME€TIUTb, UTO /\nf* — (/\nf)* ]]



48

3adaua 6.41. IIposeprte, uto ecnu W C V mnunettnsii oneparop f : V' — V obamaer cBoiicTBOM
fW) W, 1o )
det f = det f|w - det f,
roe f: V/W — V/W unaynuposas f.
[[ Mosxmo ucromb3oBats popmymy AV (V*) = AW (j7%) @ adim V=dim W (7 /137)* yny cpenars aro

uepes moaxoaamuii 6asuc u MaTpuuHoe pencrasiaenue f. ]]

3adaua 6.42. uTepnpernpyiiTe MaTpUUHBIE 3JIeMEHTHI IMTHEITHOT'0 OTOOpasKeHMS AR FE AR (U*) —
AF(V*) B TepMMHAX MaTPUUHBIX 31eMeHTOB oTobpaxkenus f : V — U.

[[ HomkHO MoNyunThCA IMOHATHE, N3BECTHOE Y3 MATPUUHO-OPUEHTUPOBAHHBIX yUeOHMKOB II0 JIMHEITHOI
anrebpe Kak «MUHOP». ]

3adaua 6.43. Onumnre cobcTBeHHbIe 3Hauenus omepatopa AF f* @ AF(V*) — AF(V*) B repmumnax
cOOCTBEHHBIX 3HAYEHNUIT UCXOAHOTO oneparopa [ : V — V.

[[ IpuBenure f kK BepxHETpeyroJbHOMY BUAY. ]

6.12. TeH3opHOe npou3BeaeHIe BEKTOPHBIX IIPOCTPAHCTB.

3adaua 6.44. Mposepspre, uto misg mwbpix f =V = V', -V V" g W - W' ¢ W — W"
BBITIOJTHAETCS

(frof)@ (g og)=(f'@d)o(f@g)
[[ IIpoBeprTe meiicTBMeE JI€BOIL U IIPABOI YACTH paBeHCTBA HA Mapax v @ w. ]

3adaua 6.45. IIposepsbre, uro ecn dim V, dim W > 2, To 06pa3 oToOpaskeHUs TEH30pPHOT'O IIPOM3-
BegeHud V X W — V @ W He aBnsgeTcd IMHEIHBIM IOAIIPOCTPAHCTBOM.

3adaua 6.46. Ilokakute, YTO MMeeT MeCTO ecTeCTBeHHBINI n3omoppmam V @ W — W @ V.

[[ Haunwure ¢ 6mmuneitaoro orobpakerus V x W - W @ V, F(v,w) = w ®@ v. ]]

6.13. TeH30pHOe IIpoN3BeAeHNE M JBOVICTBEHHOCTb.

3adaua 6.47. Beipasute IBHO 3Ty omepaiuio ais 6asuca B V, mBoiicTBeHHOro eMmy 6asuca B V™, u
COOTBETCTBYIOII[Er0 UM IT0 ieMMe ?? 6asuca B V* @ V.

3adaua 6.48. TIpoBepsre, uTO ¢ TOUuKM 3peHns usomopdpusma V* @ V = L(V, V) cBéprka sBistercs
B34TVIEM CJIe[la JIMHEITHOT 0 oIlepaTopa.

[[ IIpore Bcero 3T0 IPOBEPUTD, PA3IIOKIUB BCE 110 Gasucy. ||

3adaua 6.49. Haitqure pasmeprocts SP (V) B 3aBucuMoCTH OT pagmepHOCTH V 1 yncia p.

[[ Bosbmure 6asuc B TP'(V) u mocMoTpuTe, Kakue ero 3JeMeHTbI IKBUBANECHTHBI B TOM CMBICIIE, UTO
IOJIYyYalOTCa OOMH U3 APYTroro Kakoi-To IepecTaHOBKOIL. IlocumraiiTe KOIMUECTBO TaKMX KJIACCOB IKBU-
BaJICHTHOCTHM (0p6um) sneMeHTOB 6asmca. [IokaxuTe, 4To OpOMTHI COOTBETCTBYIOT 3JIeMeHTaM HEKOTOPOTO

6asuca SP(V). ]]

3adaua 6.50. Tokaxure, uro SP(V') muHeHO OPOXKIEHO TeH30paMM BUAA U ® -+ - @ v, v € V.
P

[[ O606wuTe hopmyry
vtw)@v+w) —vRV—-—wRwW
2

VR W =

Ha 3HaueHus p > 2. |]
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3adaua 6.51. YcraHOBUTE N30MOP(PU3MEI

SV e W) =@ V)0 W), MV ew) =) AV) @Ak,

k=0

[[ Hns saToro ymoGHO MCITOIB30BaTh CMMMETPU30BAHHBIN MM KOCOCOMMETPM3OBaHHBIN (Kak B popmyiie
(??)) BapmaHT TEH30pPHOrO yMHOXeHMs. M30MOp(HOCTS MOXKHO IIPOBEPUTH Ha YpOBHEe 0a3MCOB B COOT-
BETCTBYIOILNX IIPOCTpaHCTBax. {151 000CHOBAHN HEe3aBMCUMOCTY Pas3jIoKeHN!s OT BbIOOpa 6asuca I0Ie3HO
II0OCMOTpeTh, Kak Ha Tensop u3 TP (V & W) neiicryer nmuHeitHOe MpeoGpasoBaHie, KOTOPOE SABIIAETCH TEH-
30pHOII CTENEeHbIO IIPSMOTI CYMMBI YMHOKEHIS Ha CKaJISp @ B IIPOCTPAHCTBe V' 1 yMHOXeHMs Ha CKaJsap b
B mmpocTpaHcTBe W. ]]

3adaua 6.52. IIpoBepbTe, UYTO ABOMICTBEHHOE K CBEPTKE OTOOpaKeHMe
K= VeV)y=2veV =2V'eV=LWV,V)

MO>KHO MHTEePIIPEeTUPOBATh TaK, UTO cKasAp ¢ € K nmepexoquT B CKaJIspHBIIT OIlepaTOp YMHOKEHWS
Ha a.

6.14. IudPepennumansubie ¢popmMbl 1 BHelTHee nuddepeHIMpoBaHIe.

3adaua 6.53. O6osnaunm m,(U) rnagkue pyukiun Ha U, KOTOpbIe 0OpAILAOTCSI B HYJIb B TOUKE
p. O6o3HAUMM mZ(U ) Te ragkue QYHKUMM, KOTOPBIE IIPECTABISIOTCS B BUJE

frgn+ fag2 + -+ frgn, Vi fiygi € my(U).
Veranosute nsomopduam TrU = m,(U) /m?(U).

[[ PabGoras B cucreme KOOpAOMHAT, II0 CyIIE€CTBY HAaO0 JOKa3aTh, UTO d)YHKIH/H/I C HyJIEBBIM 3HAUE€HMEM I

HYJIEBBIMM IIPOM3BOSHBIMI B P JIeKaT B mZ(U ). B aToM MoxeT momoub semma ??. ]

3adaua 6.54. Hajinure KoadPMULUMeHTSHI ¢, ¢, COBMECTMMBIE C ACCOLMATIBHOCTHIO BHEIITHETO YMHO-
’KeHI U yCI0BMEM HOPMUPOBKIL.

3adaua 6.55. TIposepbTe, uto ymHOxeHMe dopmer o € QF(U) ma dynkmmo f € C®(U) mo
dopmyie
(fa)<X17"‘7Xk) :fa(X177Xk>

COBIAaJIaeT CO BHEIITHUM YMHOKeHMeM f A o TIpy uHTeprpeTanuy GyHKIuM Kak Gopmsl u3 2 (U).
3adaua 6.56. Beinuinure B sBHOM Bufe aelicTBre o Ha (" B obmactax R™.

[[ B Beipaxkenne dyj A - - - A dy,, moacrassre dy; kKak quddepeHnmamsr HOBBIX QYyHKUNIT B CTAPBIX KOOPIU-

Hatax dy; = gg; dey + -+ gxy’

dl‘n I IIEPEMHOIKBTE I10 IIpABMJIaM BHEIIHETO YMHOKEHIIA. ]]

n

3adaua 6.57. [JoKaKuUTe, UTO I IBYX IJTAAKVUX OTOOpa)KeHMIT OTKPBITHIX IIOJIMHOKECTB € BKIIVI0BA
npoctpaHctBa, @ : U = V uy : V — W, nmeer mecTo cooTHOILIIeHUE

(Yop) =p oy

[[ Haunwure ¢ cooTHOIIEHMs AJISI IPSIMOTO 06pasa BeKTopa (¢ 0 @), = 1, 0 ¢, u3 3agaun 6.24. ]]

6.15. arerpan nuddepeHmmanpHoi GopMbI ¢ KOMIAKTHBIM HocuTenaeM B R”.
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6.16. Pa3doueHnune eqMHNIIBI B OKpecTHOCTU KoMmaKTa B R".

3adaua 6.58. Jlokaxkute, uto mis ceasHoit obmactu U C R™ mpocrpancteo Q7(U)/dQr1(U)
OHOMEPHO.

[[ ¥ mpomsBosbHOI GOPMBI ¥ ¢ KOMIIAKTHBIM HOcuTesleM B U MOXXHO ITOKPBITh HOCKUTENH IIapajiie-
JIennIIefaMy, KaKObIil 13 KOTOpBIX comepkurca B U. PasbmeHme enuHUIBI, IOTUNHEHHOE TAKOMY IIO-
KPBITUIO, IT03BOJIUT JOKA3aTh, YTO V IPENCTABISETCS B BUIE CYMMBI €IMHOOOPAa3HO YCTPOEHHBIX PopM
Lip(ki(x —x;))dzy N -+ - A dx,, c ueHTpaMu x; ¥ HOCUTEISIMU B COOTBETCTBYIOLLMX ITapaJUleslennesax mpu
mocratouHo Goneirrom yucie k; > 0. [Janee ocTaéres MCIIONb30BaTh (IMHEHYIO) CBI3HOCTD U OT CYMMBI
IepeiTn K OqHOI Takoil ¢popme. |]

6.17. 3aMeHa KOOPAMHAT B MHTerpaie oT (opMbI.

3adaua 6.59 (3amena KOOpOMHAT B MHTErpajle IJjid IOe-TO OQHO3HAUHbBIX COOCTBEHHBIX 0T06pa—
xeunii). Ilycts rimagkoe orobpaskenue ¢ : R™ — R” aBnsercs cob6cTBeHHBIM (I1poobpas 1r060ro
KOMITAKTHOTO MHO)X€CTBAa KOMIIAKTeH), U IJIsI HEKOTOPOTO OTKpbITOoro MHOKecTBa U C R” 0T06-
paxxenue ¢ Toxnecrserto Ha U u ' (U) = U. [lokaxure, uTo

/ gp*l/:/ v.

[[ IIposepsre, uTo M3 COGCTBEHHOCTY (Y U KOMIIAKTHOCTY HOCUTEJNS U CIeQyeT KOMIAKTHOCTh HOCUTENS
©*v. 3aMeTbTe, UTO BRIPAKEHNE CIeBa OOHYIIAETCA IPU MOICTaHOBKe v = d\ ms troboro A € QLR 1),
BriBennre, UTO BRIpasKEHNS CJIEBA U CIIPaBa OTIIMUAIOTCS APYT OT APYTa TOJBKO YMHOXKEHIEM Ha KOHCTAHTY,
n Hamure eé. |]

3aodaua 6.60. Jokaxure, uto orobpakenme ¢ : R" — R" u3 ycroBus mpenpigyleit 3agaum
CIOPBEKTUBHO.

[[ Ipmmenure pesynabraT IpeIbIAyIIENl 3amauy K GopMe U ¢ HOCUTEIEM, COCPEOTOUEHHBIM B MAaJIOi
OKpEeCTHOCTU HeKoTopoit Touku p € R”. ]]

3adaua 6.61 (3ameHa KOOpAMHAT B MHTerpaje s COOCTBEHHBIX 0TOOpakeHmit Boobie). IIycts
riagkoe oroopaxenne ¢ : R” — R" gpisgercs co6ctBeHHBIM. [JoKaKmTe, UTO

/ @*V:C@/ v,

rae koHcTanTa C, ABIgeTCA IeabIM ynciIoM. [lokaxuTe, 9o umciao C, MOKeT 0Ka3aThbCs J0OBIM
LEJIBIM UMCJIOM JUJISL IIOXOIAIIEr0 coOcTBeHHOrO @ R™ — R™.

[[ W3 mpempimyuiux paccyaeHuit MOHATHO, uTo (', CyILIeCTBYeT KaK AeiCTBUTeIbHOe uncio. [Isd moHu-
MaHIs, I0YeMy OHO Ha caMOM feJie L{eJIoe, MOTYT IIOHaJ{OoOUThCs cBefeHMs u3 pasgena ??. Kpome roro, B
paszeie ?? 6ynyT paccMaTpuBaThes 6osee obIie yTBepKaeHM. ]

6.18. 3aMeHa KOOPAMHAT B MHTerpaje oT (pyHKIINIL.

3adaua 6.62. B Teopeme 0 3aMeHe IlepeMeHHBIX B KPAaTHOM MHTeTpajle ociIabbTe yCIoBUe GecKo-
HEYHOJI INIaJJKOCTI OTOOpaKeHNS ¢ O ero HelpepbIBHOI AuddepeHINpPyeMOCTA.

[[ Hauuwure c nHTErpupoBaHusa 6eCKOHEUHO IIaAKUX QyHKINIL C KOMIIAKTHBIM HocuTeneM. [l HIX MOKHO
paBHOMeEpPHO IMpuOIIDKaTh HelpepblBHO nuddepeHIIpyeMoe 0TOOpaKeHNE (0 BMeCTe C IIPOM3BOIHBIMU
II0CIENOBATENBHOCTHI0 OECKOHEUHO INIANKIX QO U IIEPEXOOVUTH K PABHOMEPHOMY IIpefey B 00eyx YacTax
paBeHcTBa. IIpu 9TOM HamoO aKKypaTHO 00OCHOBATh MHBEKTMBHOCTH (Vf IIPU HOCTATOUHO OOJbIINX K, B
3TOM MOJKET IIOMOYb 3aaya 6.11. [Tepexon kK MHTErpUpyeMbIM (PyHKUMAM CHeJIATe KaK B JOKA3aTeIbCTBE
TeopeMsl ?? ISt TIagKuX ¢. ||
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6.19. AnbTepHaTUBHOE O0OBSICHEHNE 3aMeHbI KOOPAMHAT B MHTerpaie oT PyHKIIL.

3adaua 6.63. IIpoBepsTe, UTO BOOOIIE IIPY JIUIIIINIIEBOM OTOOpaKeHNN 00pa3 M3MEepPUMOTO MHO-
JKeCTBa MOKET HE 6I)ITI) M3MEPUMBIM.

[[ PaCCMOTpI/ITe B KQUECTBE JIMIIIINUIIEBA OTO6pa>KeHI/IH OPTOTOHAJIIBHYIO IIPOE€KUNIO Rz — Run 3aMETBTE,
YUTO MHOKECTBA MEPBI HYJIb ITI0 OIIPEAEIICHNIO I3MEPMIMBI. ]]

6.20. Biroxxemnnie mHOTOOOpasusa B RY.

3adaua 6.64. IIpoBepbTe, uTo MH06as chepa B R™ aBisieTcs BI0KEHHBIM MHOT000pasueM pasMep-
HocTM . — 1.

3adaua 6.65. IIposepsre, uto Kpait JV MHOroobGpasus ¢ kpaem M cam 1o cebe sBisercs (n — 1)-
MepHBIM MHOTroo0Opa3ueM 6e3 Kpas.

3adaua 6.66. * Tyctb dyukmua f : (—oo,0] x R"! — R menmpepniBHa U Bce eé yacTHBIE MPO-
M3BOAHBIE oIpeneseHbl mpu 1 < ( U HempepbIBHO mpopospkaprced no 1 = 0. [Jokaxure, 410
(GYHKIUIO MOKHO IIPOJOJDKATH 0 IIagkoit GyHKIuy Ha Bcém R”.

[[ Hna perreHns aToil 3amauy IOJIE3HO PEIINTD 3a4ady 2.43 Tak, YTOOBI €€ pellleHye IVIAKO 3aBICEIO OT
BO3MOKHBIX IIapaMeTpoB. ]

6.21. AOGcTpaKTHOE OIpeeIeHIIe MHOTOO0pa3msi.
3aodaua 6.67. Iloctpoiite cuéTHy!o 6a3y Tomonoruu B R”.

[[ Ucnomnp3ayiiTe CUETHOCTD MHOKECTBA PALIIOHAIBHBIX YUCET. |]

3aodaua 6.68. [IoKaK1Te, UTO €CIM y TOIIOJIOTMUYECKOTO IIPOCTpaHcTBa X ecTh CuéTHas 6asa TOIo-
JIOTMU, TO U3 JIOOOTO €ro IOKPBITUS OTKPHITHIMM MHOKECTBAMI MOKHO BBIOpaTh He OoJiee ueM
CUETHOE IIOAIIOKPDBITHE.

[[ Ous xkaxmoit Touku ¢ € X HaitguTe MHOXKeCTBO 6a3bl V; O , KOTOpoe COMEPIKUTCS B OTHOM 113 MHOYKECTB
JAHHOTO ITOKPBITHUL. |]

3adaua 6.69. IIpoBepsTe, UTO MOAMHOXeCTBO X abCTPAaKTHOTO MHOT006pasus M OTKpPBITO TOTAA U
TOJIBKO TOTZa, KOraa 06passl ¢, (X M U,) 3T0ro MHOXeCTBA BO BCEX B KAPTaX OTKPHITHI (OTKPBITHI
otHOcuTeNnbHO (—00, 0] X R"™! B ci1yyae MHOTOOGpasus ¢ Kpaem).

[[ O6paTuTe BHMMAaHME, UTO HA OTKPBITOM HOAMHOKeCTBe U JIF0O0TO TOIIOJIOTMYECKOTO IpocTpancTBa M
MHIYLMPYETCS TOIOJIOTMS, COCTOsIIas 13 BceX OTKphIThIX V' C U. ]]

3adaua 6.70. IIpoBepsbre, uto kpait M abcTpakTHOro MHOroobpasus ¢ KpaeMm M ecTecTBEHHBIM
obpasom siBisiercst (n — 1)-MepHBIM aGCTPAKTHBIM MHOr00OpasueM 0e3 Kpas.

[[ 3amersre, uto Ha OM ysKe 1O OIpeneNeHNI0 eCTh KOOpAMHATHBIE KapThl. Tomonornio Ha 0M MOKHO
OIpemeNnUTh Kak MHAYyUUpoBaHHYIO ¢ M, a musd ymo6cTBa MOKHO IIPOBEPUTH, UTO ITOAMHOKeCTBO ONM
OTKPBITO TOTJA U TOJIBKO TOTa, KOTJa ero o0pas B KaKI0Jl KapTe OTKPBIT. |]

3aodaua 6.71. * Iloctporite takyto f : U — R,.

[[ IIpexncrasbre U B Bume 00beAnHEHNS [T0CIE0BATEIBHOCTI KOMIIAKTHBIX TogMHOKecTB K1 C Ko C ...,
TaK 4TOOBI BHYTpeHHOCTH K, 1) comepxana K. [lasee cTpoiiTe QPyHKIMIO 10 MHIYKLIAY, JOOMUBAsCH TOTO,
uto6sl f(K,q1 \ Kp) € (n— 1,n + 1). MosKHO 1OJIB30BaThCS Pe3yIbTaTOM 3afauu 4.60 s IOTyUeHUs

HeIIpepbIBHBIX QYHKIMIL, a IIOTOM MX CIIIaKUBATh, WM CPa3y pelunTh 3amauy 4.60 oI riagknx QpyHKIIL.

1]
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3adaua 6.72. Paccmorpute Ha R! mBe kapter 4 @ R — R, pa(z) = 2 u pp : RY — R,
¢p(r) = 3. TlpoBepbTe, UTO OHU He MOTYT OJHOBPEMEHHO COCTOSITh B aTjlace OIHOTO M TOTO e
[JIaJJKOT0 MHOT000pasusl.

[[ PaccMmoTpmre BBIpaXkeHUE 4 O (pgl. 1]

3adaua 6.73. TIpoBepbre, UTO ecay HOOABUTH K aTjacy JABe KapThl ( U ) ¢ TIaAKUMU 3aMeHAMMU
KOOPIMHAT MeKIy HOBBIMU KapTaMI U KapTaMMU aTjiaca, TO 3aMeHa KOOPAMHAT MEKIY (0 1 ) TOKe
Oymer riIagKoii.

3adaua 6.74. Ilycts X — MHOKECTBO, IIOKPBITOE CBOUMU HoaMHOKecTBamu { U, }, oToOpakeHms
¢o : Uy — R" MHBEKTUBHBI U MMEIOT OTKPBITBIE 00pasbl ¢, (U,) C R", n xaxmoe pgz o ¢, Ha
CBOEJI eCTeCTBEHHOI 00JIacTy oIpefeseHus aBisgeTcs quddeomMopdusMoM MeKAY OTKPBITHIMU
noamHoxectBamu R”. Onpenenum tomosoruo Ha X, 00BIBUB MHOKeCTBO U OTKPBITHIM, €CJIN
0o (U NU,) otkpsrTo quist no6oro «. [IpoBepsre, UTO 9TO OIpeeeHne 3aJaéT TOMOJIOrMIo Ha X .

3adaua 6.75. B ycioBusix mpenbiayiei sagauu nposepsre, uto ecu V. C U, u ¢, (V') otkpsrTO,
TO V' OTKPBITO B OIIpeeIEHHOI BBIIIIE TOIIOJIOTI.

[[ Ucmonsayitre pesynbrar 3amaun 6.12. ]

3adaua 6.76. B YCIOBUAX MPEeNbIAYINMX 3aay IIPOBEPBTE, UTO €CIN U3 IMOKPBITUL {Ua} MO>KHO
BbI6paTb CY€THOE IIOAIIOKPBITHE, TO OIpefes]€HHas B IIpeAbIAYILell 3aJade TOIIOJIOTUS MMeeT
cuéTHYyI0 6asy.

[[ Ucnomnsayitre pesynbrar 3agaun 6.67. ||

3adaua 6.77. B YCIOBMAX NPEABIAYILINX 3aad IIPOBEPHTE, UTO OTHEIMMOCTD IIOCTPOEHHOI B HUX
TOIIOJIOTUML TAPAHTUPYETCS BBHIIIOJIHEHNEM CIIeIYIOIero ycaoBus. [Iis qobbix Touek © # y € X
nnbo cymectByioT Kaptel U, 3 = m Ug 3 y ¢ mycTBIM IepecedeHneM, J100 CyIIeCTByeT KapTa
Uy > x,y.

3adaua 6.78. BBemuTe CTPYKTYpY IVIAKOT'O MHOT000pa3ys Ha MHOXeCTBe O{HOMEPHBIX JIMHEITHBIX
noanpoctpancts B R™TL, 310 6yner sewjecmeentoe npoekmusnoe npocmparcmeo RP™,

[[ O6bruno B RP™ BBOmAT 00HOPOOHDIE KOOpOuHambL (Lo : X1 : -+ : Xy ), KOTOPbIE HE BCE OJHOBPEMEHHO
PaBHBI HYJIIO I OIIPpEAEJIEHBI C TOUHOCTh JO OJHOBPEMEHHOI'O YMHOXEHNI BCEX KOOPAMHAT Ha OOHO I
TO Xe HeHyJeBoe umciao. Ha mogmuoxectse U; C RP", na koropom x; # 0, BBeméM agpunnyto kapmy
KoopzHaTaM (2 /;) ; ;- BPIIIMIIIITE 3aMeHBI KOOPAMHAT MEXK/Y KAPTaMiL U yOeqUTeCh, 4TO OHM MIaIKIE.
Omnpenennre Tononoruo Ha R P" kak B 3amaue 6.74. [IpoBepste, uro muoxectso U C RP™ orkpsITo Torga
¥ TOJIBKO TOT/Ia, KO/ ero mpoobpas mpu mpoexkmmu R" T — RP™ orkpor. |]

3aoaua 6.79. I[OK&)KI/ITC, qTo MHOFOO6paSI/Ie ABJIAETCA CBA3HBIM TOIIOJIOTMMUECKUIM ITPOCTPAHCTBOM
TOrga U TOJIBKO TOTMa, KOrga OHO JIMHEITHO CBI3HO.

[[ 3ameThTe, UTO OKA3ATENBCTBO TEOPEMEI ?? paboTaeT ¢ MUHUMAIBHBIMU MOIUpUKAAMH. |]

6.22. Tnagkme oToOpa>keHNsI MeXKAY MHOTO00pa3sMsMMI.

3adaua 6.80. IIpoBepsre, uto eciirt M m N — 3TO OJHO M TO K€ TOIOJIOTMYECKOe IIPOCTPAHCTBO
C OBYMS IJIafAKUMM CTPYKTYpaMU, TO TOXKAECTBEHHOe OTOOpa)keHNe, paccMaTpuBaeMoe Kak [Ba
orobpaxerus M — N u N — M rnagko B 06e CTOpOHEI (TO ecTb sBJIseTcs Auddeomoppusmom)
TOT'/Ia ¥ TOJIBKO TOT/a, KOTJa 9T! JBe IVIa[fKIe CTPYKTYPhI COBIIAAIOT.

3adaua 6.81. * Omuinre Bce KOMIIAKTHBIE OMHOMEpHBIE INIafKIe MHOroo6pasus (BO3MOXKHO C
KpaeM) ¢ TOUYHOCThI0 10 auddeomopdusma.

[[ KoMmOaxTHOCTb IIO3BOJIIET OCTAaBUTH JIMIIh KOHEUHOE UMCIIO KapT B aTjlace€, KapThbl IIpM 3TOM MOKHO
CUNTaTb CBA3HBIMIL. HOKa)KI/ITe, uTo MHOI‘OO6paSI/Ie pacriaga€Tcsa Ha KOMIIOHEHTBI (.TII/IHeﬁHOﬁ) CBA3HOCTH,
KOTOPBIX OKa3bIBAE€TCA KOHEUHOE UIICJIO. I[anee 3y4uuTe CBA3HbIE KOMIIaAKTHbIE MHOI‘OO6paSI/IH. ]]
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3adaua 6.82. * OnuimTe Bce He 00s3aTEIbHO KOMITAKTHBIE OJHOMEpHBIE IVIaKIie MHOI000pasus
(BO3MO’KHO C KpaeM) ¢ TOUHOCThIO 10 auddeomopdusma.

[[ HeiicTByiiTe aHAJIOrMUYHO IpeAbIAyIIeil 3amade. B maHHOM ciydae He 00sS3aTeNIBHO €CTh KOHEUHOE
MOKPBITIE KOOPAVHATHBIMM KapTaMM, HO IIO OIpefeJIeHNI0 MHOT000pas3Ms eCTh CYETHOe IIOKPBITHE, C
KOTOPBIM Ha0 aKKypaTHO Iropaborats. ]]

3aodaua 6.83. [okaxnre, uto ecau orobpaxenme F' : M — R" rmagkux MHOroo6pasuit MHBEK-
tusHo, rk DF' = dim M Bcropy u M xomnaxkTHo, To ero o6pas F'(M) saBisiercss BiokeHHBIM B R”
MHOT000pasueM.

[[ Hago mpoBeputs, 4TO B HOCTaTOUHO Majoit okpectHoctu V' S F(p) Huuero kpome F'(U) ue Gyner. ]]

3adaua 6.84. [okaxure, uro auddeomopdusm riaagkux mMHoroodbpasmit ¢ kpaem F' : M — N
IepeBOOUT Kpall B Kpail.

[[ Ecnm xakas-to Touka p € M He u3 Kpasg MA€T B Kpall, TO pacCMaTpuUBasg CUTYalNIO B JIOKATBHBIX
KOOpAMHATAX MOKHO IIOJIYYNTh IPOTUBOpEUNEe C TeOpeMoit 06 oOpaTHOM oTOOpakeHUU. ||

6.23. Pa3OueHNne egMHUIIBI HA MHOTOO0Opa3unm.

3adaua 6.85. [JokaXuTe, YTO KOMIIAKTHOE IIOJJMHO>KECTBO aOCTPAKTHOTO INIAIKOTO MHOT000pasmst
ABJIAETCA 3aMKHYTHIM.

[[ Wcmonpayitte CBOMCTBO OTAENMMOCTH U TOIOJIOTUUECKOE ONPeeeHIe KOMITAKTHOCTH. [IoKakuTe, 4To
€CIIM TOUKA He JIEKNT B 3aJaHHOM KOMIIAKTHOM IIOJMHOKECTBE, TO 3aJaHHOe KOMITAKTHOE ITIOJMHOXECTBO
U TOYKA UMEIOT HellepeceKarmecss OKPeCTHOCTH. ||

3adaua 6.86. Ilycts MmHOTOOGpasme M Bioxeno B RY. [Jokaxure, uTo mobad rmagkas QyHKIIA
f: M — R aBnsercs cyxerueM Ha M HekoTopoit rnagkoit gymkmum f : RY — R.

[[ JomuoxbTe f Ha pasbueHMe eOVHNUIIBI M CBEINITEe YTBEPKACHNE K IIPONODKEHNIO PYHKIMM B KOOPIU-
HATHOJ OKPECTHOCTH, KOTJa €€ HOCUTeNb ObLI M OCTAéTCs B KOOPAVIHATHON OKPECTHOCTH. ]

3adaua 6.87. IIpoBepbTe, UTO BEKTOPBI, BeKTOpHBIe 1o 1 quddepeHIanbable GOpMbI Ha MHO-
roobpasun M mMoxxkHO onpenenuts Kak nuddepenmyposanns C(M) — R B Touke, nuddepen-
nuposauus C*(M) — C*(M), u xococummerpuunsie O (M )-nonununeitasie Gpopmsr ot k
BEKTOPHBIX ITIOJIEIL.

[[ IIpoBepsbTe, uTO CAENAHHBIE BBIIIE ONIpefeIeHNs JJIT OTKPBITOro mogMHokectBa R™ B kauecTBe MHOTO-
00pasus IpOXoAAT 1 B 001eM ciaydae. JlJokanbHOCTD omepannit ArddepeHIMPOBaHUA JOKa3bIBAETCA TOUHO
TaK jKe U II03BOJIAeT IIepeXOJUTh B KOOPAMHATHYIO KapTy. B ompenenenun nuddepeHunanbHoin GopMsel
BoiBeuTe 13 C°°(M)-nmuHeiHOCTI €€ JIOKAIBHOCTD, TO €CTh 3aBUCUMOCTD 3HAUEHVISI pe3yJbTaTa B TOUKe
TOJIBKO OT 3HaU€HMIT BEKTOPHBIX I10JI€I B CKOJIb YTOJTHO MaJIOJ OKPECTHOCTY TOUKH. ITO IMIO3BOJIUT II€peiT
B KOOPAMHATHYIO KapTy 1 MIPUMEHUTH JeMMYy ?? IUIS OTKpPBITOro moaMHoxecTBa R"™. ]]

3adaua 6.88. IIposepbre, uro romomopduamsl anrebp C(M) — R gns muorooGpasust M coort-
BETCTBYIOT TOUKAMV MHOT000pasus.

[[ B oguy cropoHy oueBMaHO, mis nr06oit Touku p € M oroGpakenne Boruncienus f — f(p) aBisercs
romomopdusMoM anre6p. B 06paTHYIO CTOpOHY, MpPENIOIOKNTE, UTO MHOTOOGpasme BioxeHo B RY u
IIpUMeHUTEe TOMOMOP(U3M K OrpaHNMYeHuAM KoopauHaTHeX Gyrkumit RY ma M. [IpumenuTe pesyabrar
IpeRbIAYILIelt 3aKaun U JeMMy ??, uTOOBI BBIACHUTD, KyAa IIepeXoUT 00pas MPOM3BOIBHON QYHKIINY IIPK
romomopdusme. |]
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3adaua 6.89. * [Tokaxxure, 4to 06011 R-nnueitupiit romomopduam kosery C (M) — C na camom
nene nmeet obpaz B R C C.

[[ Tpomomxkure romomopduam e : C°(M) — C po C-nuneitHoro romomMopdpmsamMa Koublla KOMILIEKC-
HosHauHbIX pyHKumit e : C°(M,C) — C. [Joxaxure, uto mjs 11000 KOMIUIEKCHO3HAYHO QyHKUnM f
uucno e f) € C sapusercss sHaueHneM [, IpUBeAs K NPOTUBOPEUNIO IPENIIONOKeHE 0 ToM, uTo f — e(f)

obparuma B C° (M, C). ]]

3adaua 6.90. * [lokaskuTe, UTO TIaKIE OTOOpaKEeHMs MexK Ty MHOroo6pasusmu M — N Haxopmarcs
B O[IHO3HAUHOM COOTBETCTBUU C 2oMoMoppusmamu anzebp C°(N) — C°(M), To ects oTobpaxke-
HUSAMU KoJel QyHKII, COXPAHSIOINX CJIOKeHIe, YMHOKeHIe, Y IIePeBOISIIINX KOHCTAHTY B TY
K€ KOHCTaHTYy.

[[ B ogay cropony oueBmaHo. OGpaTHO, KEMCTBYIITE AHAIOTMYHO PEIIeHNIO 3aaun 6.88. ]]

3adaua 6.91. * Ecan BbI 3HAaKOMBI ¢ anreOpoil, OMMUIINTE BCe MAaKCUMaJIbHbIE MBI B KOJIbIIE
C°° (M) mist KOMIIAKTHOTO [JIAAKOTO MHOroobpasms M.

[[ IIpoBeprTe, uto perrenue 3amaun 4.58 IPOXOANUT NPU 3aMeHe HeNPephIBHBIX (PyHKIMIT Ha rIankue. |]

6.24. OpueHTAMSI MHOTOOOpAa3us.

3adaua 6.92. Tlpuaymaitre atnac Ha R', 13 KoToporo Heb3s BHIOPATh MOKpbIBatormit R momaTiac
C ITOJIOKMUTEJIBbHBIMU HKO6I/IaHaMI/I nepexona, qaxe €CiIm pa3p€llanTh IIEPEBOPAUMBATh KOOPAMHATHI
(r — —) B Kaprax.

[[ Moxpoiite R! nByM™Ms KapTamMu, 0671acTh OIIpe/ieIeHNs OIHOI 3 KOTOPBIX COCTOMT U3 JBYX MHTEPBAJIOB,
a 3HaK IIPOM3BOIHOI 0TOOpaskeHMs ( KapThl MeHseTcs. ]

3adaua 6.93. [lokakuTe, UTO Ha CBI3HOM OPMEHTMPYyEeMOM MHOT000pa3ni CyIIeCTBYeT POBHO [IBe
opuenTaruy. CKOJIbKO OPMEHTAIMII MOKeT OBITh Ha HECBI3HOM MHOT000pasmm?

[[ Emgé omHy opmMeHTanMIO U3 IEPBOI MOXKHO IIOJIYUMTh, HA3HAUNUB ITOJIOKUTEIBPHBIMI BCE KapThI, I
KOTOPBIX IKOOMAH IIepexo/ia M3 KapT IIepBOIi OpMEeHTAI[MI BCIOAY OTpUIaTelieH. To, UTo PYIuX OpMeHTaIil
Ha CBSI3HOM MHOT000pasuy He OyIeT, IIpoIlie BHIBECTH U3 CJIEAYIOIell HIKe JeMMBbI. |]

3adaua 6.94. [Joxkaxxure, YTO opmeHTanNN MHOTr0o00pasus M"™ cOOTBETCTBYIOT HUT/IEe He HYJIEBBIM
dopmam v € 2"(M) ¢ TOUHOCTBIO 1O YMHOKeHMsI (OPMBI Ha TIOJIOKUTENBHYI0 (YHKIUIO.

[[ MMosicaure, uto yMHOXeHMe HOPMBI Ha IIOJIOKUTENbHYI0 (QYHKIUIO He MEHseT IIOCTPOEHHYI0 B JOKa-
3aTeJIbCTBE MPeNBbIAYIIEl] JIEMMbI OPMEHTALMIO, & YMHOKEHVE Ha HEHYJIEBYIO He Be3[e IOJIOKUTENbHYIO
byHkumio — meHsger. ||

3adaua 6.95. Onpenenure opuenTanuio Ha equaununoit chepe {r? + y* + 22 = 1} ¢ momomurso
KaKo-HIOyIb GOpPMBI BTOPOIL CTeIeH M, He 0Opallfaiolieiicss B HyJIb IIPU OTpaHMueHnN Ha cdepy.

[[ Hanpumep, MOCMOTpUTE Ha CMeITaHHOE TIpou3BeTenye B R? 1 mocTaBbTe B HETO OJTHIM M3 ApTyMEHTOB
BEKTOD (, Y, ), IPEeNCTABIAIOLUI JAHHYIO TOUKY cdepsl. |]

3adaua 6.96. Tlpemmomnoxum, uro MmHOToo6pasme M C RY pasmeproctu n ompenensercs cucre-
MOII I'MIaJKNX YpaBHEHUI

fl(x):()a sy fon(x):Oa
u nuddepeHINaIbl 3TOM CUCTeMBbI YpaBHEHNII JIMHETHO He3aBUICHMEI B KaXmoll Touke M. [Joka-
xure, uto M opueHTUpYeEMO.

[[ s BBISCHEHWS OpMEHTALIY KApThI M3 KOOPAMHATt1, . . . , t, Ha M momonHwure eé pyHkumamu fi, ..., fv—n
II0 cucTeMbl KoopauHat B obmactu RY. ]]
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3adaua 6.97. IlpoBeppTe, IIpU KaKUX 3HAUEHMSIX 7 Bell[eCTBEHHOE IIPOEKTUBHOE IIPOCTPAHCTBO
RP™ (cm. 3amauy 6.78) opueHTHPYeEMO.

[[ MoskHO ITOIIBITATHCS BBECTM OpMeEHTAIMNM Ha atiace ahpUHHBIX KapT IPOEKTUBHOIO IPOCTPAHCTBA, a
TaK)Ke U3YUUTH IIpoobpassl GopM n-i1 creneHy Ha R P" Kak MHBapUMaHTHbIE OTHOCUTENBHO OTOOPaXKeHsT
x +— —x dopmsbl Ha cepe S™, cpaBHUBAS UX C OPUEHTUPYIOLIEN chepy Popmoit n3 3amaun 6.95. ]]

6.25. TaTerpan popMpI IO OPMEHTUPOBAHHOMY MHOT000pa3uio u ¢popmyiia Crokca.

3aodaua 6.98. Pacupoctpanute popmyny CTokca Ha 3aMKHYTBIN napauteitenunen B R” u Ha cum-
IIJIEKC

{(x1,...,2n) |21, yxy 20,2 + -+ + 2, < 1},
CUMTAasI MHTETpaJ 0 Kparo KaK CyMMY MHTETPaJIOB II0 IPaHIM C IIPaBWJIBHON OpUeHTaluel.

[[ MosxHO 0600IMTH paccysKaeHue B OCHOBHOM JOKa3aTeNbCTBE Ha CIyuail, KOrja MHOKECTBO, II0 KOTO-
pOMy MHTeTrpupyIoT dcr, yCTPOEHO KaK OTHENVIMOE TOIIOJIOTNYECKOe IIPOCTPAHCTBO, KOOPAMHATHBIE KAPThI
KOTOPOTO JAi0T FOMeOMOP(GU3MBI €r0 OTKPBITHIX IOAMHOKECTB C OTHOCUTEIBHO OTKPBITHIMY ITOJMHOXKeE-
crBamu (—00, 0¥ x R *mpu k = 0,...,n. ]

6.26. YactHble cxyuan ¢popmysabr CToOKca U €€ IpMMeHEeH .

3adaua 6.99. IlpoBepbTe, UTO OpMEHTALMS KPUBOI, KOTOPYIO MBI OIpeRessUIM IIPU M3yUeHUN
KPUBBIX, I OpMEHTAIMs BJIOKeHHOJ KPMBOJ KaK OJHOMEPHOTO MHOT0o0o0pasmd HaioT IO CYTHU
OJIHO JI TO K€ TIOHATIE.

3adaua 6.100. IIpoeprTe, uto opuenrarusa OG B popmyie 'aycca-OcTporpaackoro qomkHa ObITh
TaKasi, YTO B IIOJIOKUTENbHOI KapTe Ha G ¢ KoopamHaTamu (u, v) BEKTOp [r), X 7| TOpUNUT BOBHE

G.

3adaua 6.101. IIpoBepbTe, YTO PN COTIIACOBAHHOI OPMEHTALNMN ITIOBEPXHOCTI U €€ Kpasd B TPEX-
MepHoI1 popmyiie CTOKca OpMEeHTUPYIOLINIT KacaTeJIbHbIN BeKTop 0.5, OpueHTUpyoLas HOpMab
S (Bupma [r], X 7)] IS HEKOTOPBIX IOJIOKUTENBHBIX KOOPAMHAT (U, V)), ¥ KacaTeJIbHbIN BEKTOP K
S, HaIpaBJIeHHBIT ePIEHANKYIIpHO 0S5 B HallpaBiIeHNN OT S, TOJKHBI 00pa30BbIBATE IIPABYIO
TPOIIKY.

3adaua 6.102. Pacnipoctpanute ¢popmyiry CTokca Ha cirydail, KOrja  HellpepbIBHA Ha BCEM MHO-
roobpasunu, audpdepenunpyema Ha ero BHyrpeHHoct M \ OM ¢ 0KalIbHO OrpaHMUYEHHBIMI
IIPOM3BOIHBIMIL, a dv INIOGATIBHO MIMeeT KOHEUHBIN MHTErPaJI II0 er0 BHYTPEHHOCTIL.

[[ IIpuBenénnoe qoxasaTenbCTBO GpopMyssl CTOKCA IIPOXOIUT, €CIIN €70 MPABMIBHO ITIOHMMATD U eCIIN IPU
JIOKAJIbBHOM PAacCMOTPEHUN CHauasla qoKasaTh popMyiy mias obmactu 1 < —€ < 0 U IIOTOM yCTpeMUTh
€ — 40, ncnonp3ys HelpepbIBHOCTE MHTerpaja Jlebera 1 HeNpepbIBHOCTD (v BIUIOTH OO TPAHMIBL. |]

3adaua 6.103. [JokaxxurTe, 4YTO ILJIOIAAb 0OIaCTH, OrpPaHMYE€HHOI 3aMKHYTON INTaAKOJ KPUBOIM 0es3
camorepeceuenuit C' C R?, MmoxkHO mocunrats 1o dpopmye:

A:i/xdy,
c

e 3HaK BBIOMPAETCS B 3aBUCUMOCTU OT OPUEHTALMN KPUBOIL.
3adaua 6.104. * Yerslpe 3aMKHYThbIe KPUBBIE HA IUIOCKOCTU
. 2
a,f,7,0:[0,1] = R
He JMEIOT caMOIlepeceueHNII ¥ OTPaHIUMBAIOT 00IaCTH IJIOMIAeit Sy, Sg, Sy, Ss. Takke okasa-
JIOCh, UTO B JI060i1 MOMeHT Bpemenu Touku a(t), 5(t),v(t), 5(t) obpasyror KkBagpar B yKa3aHHOM

HOpsAKe, OPMEeHTIPOBAHHBIII I10 UaCOBOI cTpeiike. Kak HailTu Iuromaab OGHOI U3 3TUX ob1acTelt,
3Had IUIOLIaAM TPEX APYTUX?

[[ Bemmmiure moranu no gopmyste 'puna. ]]
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3adaua 6.105. [lokaxure, uto 06béM 06acty B R3, orpaHmaeHHOI CBA3HOI BI0OKEHHO KOMITAKT-
HOJT MOBepXHOCTBIO 6e3 kpas S C R3, MosxHO mocumrars o dhopmyre:

A:j:/xdy/\dz,
s

rJe 3HaK BBIOMPAETCS B 3aBUCUMOCTY OT OPMEHTALMM IIOBEPXHOCTY, He 3a0bIBast IIPO ITOJIOKI-
TeJILHOCTb 00BbEMA.

7. TomoTonuuecKue MHBAPMAHTBI, BEKTOPHBIE I10JIT Y1 PUMAHOBBI CTPYKTYPHBI
7.1. Ilorenumansl guddepeHINATBHBIX (OPM IIEPBOIL CTEIIEHN.

3adaua 7.1 (IlopsIOK TOUKM OTHOCUTEIBHO KpUBOIL). [l 3aMKHYTOJ KyCOUHO-TJIAAKOM KPUBOIL
v C R? He mpoxopsieit yepe3 HauaJlo KOOPAMHAT, 0003HAUMM MNOPS0OK HAUALA KOOPOUHAmM

OMHOCUMEIbHO KPUBOTL 7Y
(+,0) 1 / xdy — ydx
w(y,0)=— | ————.
2 1 .2
2 ), r*+y
JToKkakyuTe, UYTO TO UNMCIIO HEe MEHSeTCS IIPY HellpepBIBHBIX AedopManysax KpUBOIL, IIPU KOTOPBIX

OHa HE IIPOXOONUT U€pE€3 HauaJI0O KOOpAMHAT. ,HOK&)KI/ITC, YUTO 3TO UMCIIO KOPPEKTHO OIIPENETIEHO 1
AJIA HEIIPEPBIBHBIX 3aMKHYTBIX KPUBBIX, KOTOPBIE HE ITPOXOOAT UEPE3 HAUYAJIO KOOPAMHAT.

[[ BripaskeHme ITOJ MHTErpasoM JOKAIBHO SBISETCS IONHBIM AnddepeHInaTom (ICIONb3YiiTe apKTaH-
T€HC), YTO MIO3BOJIAET JOKa3aTh MHBAPMAHTHOCTD IIPY HEIIPEPBIBHBIX Je(OopMaLMsax U ONpeaeUTh YUCIO
IUIS HeIIPEePBIBHBIX KPUBBIX. |]

3aoaua 7.2. I[OKEI)KI/ITG, YUTO ITOPAAOK TOUKM OTHOCUTEJIBHO Kp]/[BOf;I ABJIAETCA LIE€JIBIM.

[[ Ecu xpuBast He mpubIMIKaeTcs K Hauary KOOpAMHAT OJIVDKe UeM Ha €, TO €€ paBHOMepPHOe IIPUOIKeHIe
JIOMaHOJ C TOYHOCTBIO £/2 He MeHseT IOPSAAKA TOUKY OTHOCUTEIBHO KPMBOIL. [IJIs IOMaHOIT )Ke MOXKHO C
MTOMOIIBIO JIOKAJIBHOI MePBOOOPA3HOI MHTEPIIPETUPOBATH BKIAI KAXKIOTO €é OTpe3Ka B MOPATOK TOUKI 1
CMBICJI CYMMBI 3TUX BKJIAIOB. |]

3adaua 7.3. Joxaxure, 4To NOPAAOK Havajla KOOPAMHAT OTHOCHUTEJIBHO HE IPOXOOAILEll uepes
Hero HeuéTHOI (Kak otobpaxenue v : St — R? co cBoitcrBoMm v(—u) = —~y(u)) KpuBoOit ABIAETCS
HEUETHBIM LI€JIbIM UUCIIOM.

[[ MocMmoTpuTe Ha OIpeResIAIOIINIL IIOPIOK MHTETPAI II0 ITOJIOBMHE HEUETHOI KPUBOIL. ]

3adaua 7.4. IlycTs riagKas KpyBas Ha INIOCKOCTY 3aMKHYTA U MIMEET BCIOAY HEHYJIEBYIO CKOPOCTb.
JlokaskuTe, UYTO MHTETPaJ KPMBUSHBI (B3ITON CO 3HAKOM)

Ak(s) ds

II0 HaTypaJIbHOMY IIapaMeTpy ABJISETCS 1[eIbIM UJCJIOM, YMHOXEHHBIM Ha 27.

[[ ocmoTpuTe HA CKOPOCTH TOI KPUBOI U IMOPSAOK HYJISI OTHOCUTENBHO CKOPOCTIL. |]

3adaua7.5. lokaxuTe, 4TO eCJIM Ha IIIaAKOM MHOroo6pasun M mobas 3aMKHyTas IIafKas KpuBas
v : S! — M moxer 6bITb TIaKO CTSHYTA B TOUKY, To ycnosue da = 0 ans o € QY (M) ssnstercs
JOCTaTOYHBIM i cyiiecTBoBanus f € C°°(M), rakoit urto o = df.

[[ Docrarouno mokasaTh, UTO fv o = 0 mng Bcex 3aMKHYTBIX KyCOUHO-TJIAAKMX KPUBBIX Y ¥V JaHHOTO (.
CHauasa Ioyle3HO IpMOIM3UTH KyCOUHO-IVIAAKYI0 KPUBYIO IVIAIKOI M IIPOBEPUTH, UTO yciaoBme do = 0
rapaHTUPYeT PaBEHCTBO MHTETPAJIOB IO MCXOTHOI KPMBOIL U IPUOIMIKEeHHOIA.

CrarusaHume y B TOUKy p € M MOXHO MOHMMATh Kak oTobpaskenue h : S! x [0,1] — M c h(t,0) = (1)
u h(t,1) = p. [na noxasareiabcTBa fv o = 0 nepeitgure k paccmorpenno h*a ¢ dh*a = 0 Ha unnuHgpe

St x [0, 1] u mpumenuTe popmymy CTokca He IUTMHApE. |]
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7.2. TlepBooOpasHsble auddepeHnaNbHBIX opM 1 Koromosrorun ge Pama.

3adaua 7.6. [Jokakure, 4TO BHEIIIHee IIpOM3BefeHNE 3aMKHYTON (GOpPMBI Ha TOUHYIO popMy —
TouHas popma.

[[ Ucnomnsayitre npapmto JleiOHMUIIA IS BHELIHETO IIPOU3BENEHN. ||

3aodaua 7.7. Ilycts M — mHoro06pasmue, a N C M — HeKkoTOpoOe ero mogMHoroodpasmue. BepHo i,
uTO orpaHuueHue samkuytoit « € Q*(M) Ha N sBaserca samkHyToit Gpopmoit? BepHo s, uro
orpanuuenue Tounoit popmel € QO*(M) na N sBnsercs Tounoit popmoir?

[[ Ucnomsayiite ToT daxt, uro orpanuueHne GopMbl Ha IOAMHOroobpasye KOMMYTHUPYeT C BHELIHUM
nuddeperimpoBannem. |]

3aoaua 7.8. ,HOK&)KI/ITC, YTO rjagkKad IOMOTOIIHOCTb ABJIAETCA OTHONIICHVEM 3SKBUBAJICHTHOCTN
MeXOy INIagKMUu 0T06pa>KeHI/IHMI/I MHOI‘OO6p&3]/H7I.

[[ IIpoBepbre TpaH3UTMBHOCTH, ONpENENNB M NaHHBIX romoromnmit hi(z,t) u ha(x,t) npu ycaoBun
hi(z,1) = ha(x,0) HOBYIO romoronuto h3(x,t), paBuyto hi(x,2t) nput < 1/2m ho(2t — 1) nput > 1/2.
O6ocHyiiTe €€ rIagKocThb. |]

3adaua 7.9. TocTpoiiTe TOMOTONINIO MeXKTy TOKIECTBEHHBIM oToOpaxkeHreM S® — S* u oTobpa-
KeHIeM T —> —x Ha TOIl Xe cdepe.

[[ Ucmonsayiite oToxaectsiaenne R* = C2. ]]

3adaua 7.10. IIpoBepsre, uTo pasnoxenue popmbl o Ha M X [0, 1] B cymmy dpopm, oj1Ha M3 KOTOPBIX
menutcs Ha dt, a gpyras — HeT, He 3aBUCKT OT 3aMeHbI KOOPAMHAT Ha MHororobpasum M.

[[ MoxHO IIpOBEPUTH HEVICTBIE 3aMEeHBI KOOPAMHAT HEITOCPEICTBEHHO. TaKkKe MOYKHO BOCIIOJNIb30BATHCS
BHYTPEHHUM yMHO)XeHIEM, OIpefesieMbIM fajee B paspgeie ??, mpoBeputh popmyny « = dt A ¢ o0 +
t

io (dt A\ @) u IpOBEpPUTD, UTO OHA NAET HYKHOE pa3oKeHMe. ]
ot

3adaua 7.11. Tlpunymaitre popmy o € Q?(R3 \ {0}), y xoropoit daw = 0 u mas Koropoit He
cymectsyer (3 € QY (R? \ {0}), Takoit uto dff = «.

[[ TTocrapaitrech mpuayMaTh 3aMKHYTYIO (¢ TaK, YTOOBI €€ MHTETrpaI 110 e JUHIYHO cpepe ObLI HeHYIIEBBIM.
Torpma oTcyTcTBUE «IIEpBOOOPa3HOIT» OymeT ciaemoBarh n3 popmyast CTokca. |]

3adaua 7.12. [okaxure, uto npu ycnosun do = 0 gna o € Q' (M) unrerpan no kpusoii f7 o
MO>KHO OIIpeeINTh JJI HeIIPepbIBHBIX KPUBBIX Oe3 TpeboBaHMs auddepeHIpyeMoCTH.

[l VrBep:xaeHNe cTaHeT JIOKAJIBHBIM, €CJIM OIIpeieJIEHHAasA HaMI BeJIM4IHA 6y;[eT afAMTUBHA I10 KPUBBIM.
IToatromy cHauana moxHo paborats B U C R" u cunrats, uto o = du. Torma mHTETrpan MO>KHO OIIPeIeIUTh
KaK pa3HOCTb [TIOTEHIIVAIOB B KOHIIe 11 B Hauase. ||

3adaua 7.13. * JlokaxuTe, uto mus mpoussoibHoit @ € O (R™) MOXHO KOPPEKTHO OMpeeNuTh
MHTETpaJ o He o0sg3aTenbHO quddepeHIMpyeMoit KpruBoii 7 B R”, yqoBiIeTBOpSIONIell yCIOBUIO
I'énbnepa

() =4t < Ol —2]°
¢ mokasareneMm o > 1/2.

[[ HpM6JII/I>KaI7[Te KpUBYIO BCE OoJlee MEJIKO BIIMCAHHBIMIU B Heé JJOMaHBIMU U AOKAXKUTE, UTO MHTETPAJIbI
II0 IOMAHBbIM COCTABJIAIOT (bYHIIaMeHTaJIbHYIO ITIOCJIEAOBATEIIBHOCTD. ]]
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3adaua 7.14. * [lna He 06s13aTeIPHO KOMIIAKTHOT'O MHOT000pasus 6e3 kpas M paccMoTpuM aumd-
depeHumanbHbIe POpMBI ¢ KOMIIAKTHBIM HocuTeneM §2' (M) u onpenenum kozomonozuu de Pama ¢
KOMNAKMHbIM HOCUmMeem

HE(M) = (kerd : QF (M) — QY (M) / (Imd : QF (M) — QF(M)) .

Hoxkaxure, uro ecnu n = dim M, M opuentupyemo u csizuo, o H!' (M) ogaomepno. Yro Gyper,
ecnu M cBA3HO, HO HE OPUEHTUPYEMO?

[[ Jlemma ?? mokassiBaer sto misa R”, moguuuupyiite qoka3aTeabCTBO AJIA IIPOMU3BOJIBHOTO CBI3HOrO M.

1]

3adaua 7.15. * Paccmorpurte Top 1™ = R™/Z" u onuiute ero koromosoruu fe Pama HE o(T™).

[[ 3amerbre, uto TOp meiicTBYeT caM Ha cebe caBuramu 7,(x) = x + v. IlpoBepbTe, UTO CABUT T, TOMO-
TOITeH MOCTOSHHOMY OTOGpaskeHMI0. BasB KaKywo-To 3aMKHyTyI0 hopmy o € QF(T™) o memme o IemHo
FOMOTOMMY HAMTUIIIATE T, (v — & = df3,, tre B, € QF~1(T™) rmaaxo 3aBUCHT OT v B CUITY ABHOI OPMY I
nenHoit romorornuu. [[pounrerpuposas sty popmyy mo v € [0, 1)", momyuure, uto ycpenHeHme GopMsbl «
o BceM caBuram (popma ¢ IOCTOSHHBIMU K03 PUImeHTaMI) OTINYAETCA OT (¢ Ha TOJIHBIN quddepeHIan
oT f[O,l)” By dv. Tlorom mpoBepbTe, uTO HopMa € MOCTOSHHBIMU KO3GGUUMEHTAMI TOYHA TOJBKO TOTTA,

KOI'/[Ia OHA paBHA HYJIO (HAIIpuUMep, MHTETPUPYS €€ 1Mo k-MepHBIM IToATopam). ||

3adaua 7.16. ** [JokaxkuTe, 4TO H(’f(R”) =0mnpu k #nu H'(R") =R.

[[ Hus cayuas k = 0 yrBepskaeHMe HeaeTcss BPYyUHYH0. B ocTalpHBIX ClIydasx 3aMeTbTe, UTO LIEITHAsS
TOMOTOINMS C COXpaHeHIeM KOMIIAKTHOCTY HOCUTENISI BO3MOXKHA IS COOCMEeHHbIX 0TOOpaskeHIIT 1 TOMO-
TOINIA, TO €CTh OTOOPaKEHMIT I TOMOTOIMIT ¢ KOMITAKTHBIMU IIpoobpaszamu koMmmaktoB. OTclona ciIenyer,
uro a € QF(R™) romonormuma ¢ xommakTHeIM HocuTeneM dopme f*a, rme f : R® — R™ — mo6oe
IJIafikoe COOCTBEHHOE 0TOOpaKeHIe, TOMOTOITHOE TOKAECTBEHHOMY C IIOMOILBIO TJIAKOI COOCTBEHHOII Io-
MOTOIIMM. AHAJIOTMUHO Hpe}lblﬂyﬂ.{ef/l 3ajavue IIOJIyUITE TOMOJIOTMUYHOCTD (¥ C KOMIIAKTHBIM HOCHUTEJIEM eé
yCpeIHEHUIO 10 BCeBO3MOKHBIM BpaleHnsaM R™ Bokpyr Hauajga KOOpAMHAT U U3YUUTE IIOIYUAIOIIecs B
pesyibrare ycpenHeHus: GOpMBI CTeIleHN k, MHBApUAHTHbIE OTHOCUTEIBHO BpallleHuiL. |]

7.3. Kputnueckue 1 peryiasipHble 3HaueHusA, Teopema Cappaa.

3adaua7.17. OnuimnTe KpUTUUECKUE U PeryaspHble 3HaueHus yHkunu f (g, T1, To, T3) = —T2+
x3 + 2k + 23,
3adaua 7.18. [JOKaKuTe, UTO MHOKECTBO MATPUI[ C eAVHUYHBIM netepMmuHanToM SL(n, R) sBis-

2
€TCA I'IagKIIM HOI[MHOFOO6paBI/IeM B IIPOCTPaHCTBE MAaTPUIL i X N, paCCMAaTPMBA€MOM KakK R™,

[[ PaccmoTrpuTe I1ONIOKUTETIBHOE PEryJSIpHOE 3HaUeHNMe QYHKIMM HeTepMUHAHTa MATPUIIBI, MacIITabu-
PyJiTe MHOXeCTBO COOTBETCTBYIOILNX eMy MaTpuil. |]

3aodaua 7.19. [Joxaxxure, UTO MHOXECTBO OPTOTOHATBHBIX MATPUI] O(n) SIBJIAETCI TJIAOKUM IIOMI-
2
MHOT000pa3ueM B IIPOCTPAHCTBE MATPUIL] 1 X N, paccMaTpuBaeMoM Kak R™ .

[[ Paccmotpure oTo6paxkerue X +— X! X mpocTpaHCTBa BCeX MATPWI[ B IPOCTPAHCTBO CUMMETPUUHBIX
IIOJIOKIUTEIBHO II0JIyOIpeleIEHHBIX MAaTPHLL M €0 ITOJIOXIUTEIbHO ONpeeIéHHOE PeryIIpHOe 3HaUeHHe.
[ToxaskuTe, UTO CIJIOV HaJ KaKMM-TO PeryJIIpHBIM 3HaueHueM anddeomopden caoro Haj eqUHIYHON Mart-

pumeit. ]
7.4. CTemeHb INIAIKOT0 OTOOparKeHMSI.

3adaua 7.20. Joxaxure, uTo 6e3 IpenmoNoKeHns 0 KoMIaKTHOCT N miIu coOCTBEHHOCTH O0TOO-
paxkeHus [ mpenbIaylas JieMMa HeBepHA.

[[ IMocrpoiiTe KOHTPIIPUMED 13 OTHOMEPHBIX MHOIOO0OpA3NIL I OTOOpaKEHNIT MEXIy HUMM. |]
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3adaua 7.21. Ilycts f : N — M — riagxoe co6CcTBeHHOE OTOOpasKeHIe OPUEHTUPOBAHHBIX MHO-
roobpasmit 6e3 Kpas OJHOI M TOI ke pa3mMepHOCTU N, npuuém N cBsasHo. [Jokakure, UTO IS
sro6oit popmbl w € Q7 (M) BeIOIHSETCS

/Nf*w=degf-/Mw-

[[ MocmoTrpuTe Ha W ¢ HOCUTENIEM B OKPECTHOCTU PETYIILPHOrO 3HaueHUs. [IponsBOJIbHYIO W pasberite B
cyMMy (opM ¢ MaJIeHbKMMY HOCUTEIIMMY U C IIOMOILBIO JIEMMBI ?? CIBUHBTE UX C KPUTUUECKUX 3HAUEHMIT
Ha peryJisipHble. |]

3adaua 7.22. Ilyets f : N — M — rnagkoe oToOpaskeHMe KOMIIAKTHBIX OPMEHTMPOBAHHBIX
MHOroo6pasmit ¢ KpaeM OHOI U Toi1 ke pasmepHoctu, npuuéMm f(ON) C OM u M casHo.
JIokakuTe, UTO B 9TOM CiIyuae CTelleHb f KoppeKTHO onpeneneHa u deg f = deg fon.

[[ MosxHO paccysKaaTh reoMeTpUUIECKH (320/HO JOKa3aB BapMaHT YTBEPKAEHIUS IJIs YETHOCTEI! IIPI OTCYT-
CTBUN OPMEHTALIAI), & MOXXHO MCIIOIB30BaTh IIpeAbIAYyIIyIo 3agauy u ¢popmyiry CTokca, MOAUPUIUPOBAB
paccykaeHus st MHOroo0pasuit ¢ kpaem. ||

7.5. IIpMeHeHUs CTeIleHN OTOOparkeHIsI.

3adaua 7.23. IlpuBenure npuMep KOMIIAKTHOT'O MHOTO00pa3usa C KpaeM IOJIOKUTEIBHOI pasMep-
HOCTM, Y KOTOPOTO TOXAECTBEHHOE 0TOOpa)KeHe TOMOTOITHO ITIOCTOSSHHOMY.

3adaua 7.24. BeiBenute Teopemy Bpayspa u3 Teopemsr ?7.

[[ Camemnaitre Tak, uro6s1 oTrobpaxkerue f : B™ — B’ 1uro ctporo BHyTpb IIapa U IOCTPOIITE PEKTPAKIIMIO,
paccmarpuBas npsmele [, f(x)], KoTOpble BCe HEBBIPOKAEHBI IIPU YCIOBUM OTCYTCTBUS HEMOMBIDKHBIX
ToyeK. |]

3adaua7.25. [Jokaxure, uro Hemyctble oonacTu U C R" V' C R™ He MOryT GBITh rOMeOMOP(HBI
IpU N 7# M.

[[ IIpenmonoxus, uto n > M, NPUMEHNUTE TeopeMy 00 MHBAPUAHTHOCTY OONACTY K KOMIIO3UIINY TOMEO-
mopodmama f : U — V u Bnoxkenus g : R™ — R”. ]]

3adaua7.26. * [lokaxxuTte, 4To roMmeoMopdn3M (He 00g3aTeJIbHO INIAJKOe HeIIPepbIBHOE OTOOpaxe-
HIIe C HeIIpephIBHBIM 0OpaTHBIM) INIAAKUX MHOroobpasmit ¢ kpaeM f : M — N mepeBogut Kpaii
B Kpail.

[[ Ecam xaxas-to Touka p € M He u3 Kpast UAET B Kpali, TO MOXKHO PacCMOTPETh CUTYALNIO B JIOKATBHBIX
koopauHaTax. [[oToM MOKHO IPUMEHUTH TeopeMy 00 MHBapMaHTHOCTM o0aacTy. ]

3aodaua 7.27. *(Bropas monosuna Teopemsl Kopaana) [Jokaxure, 4TO TOMOIHEHE K 00pa3y MHB-
eKTUBHOTO HelpephIBHOTO oTobpaxkenus [ : S — R? okpyHOCTM B TIOCKOCTh pa3buBaeTcs: Ha
IBa CBSI3HBIX MHOJKECTBA.

[[ IIposepsTe aTO yTBepKaeHUe IS JOMAHBIX. B3SB IIOJOXUTEIbHOE §, KOTOPOE MEHbIIIE IIOJOBIHBI
MIUHMMAJIBHOTO PAcCTOSTHUS MEXAY ITapoil HellepeceKaloIMXCs OTPe3KOB JIOMAHOIL, IIPOBEpbTe, UTO -
OKpeCTHOCTb JIOMAHOII COCTOUT U3 He Oojiee ueM ABYX CBI3HBIX KOMIIOHEHT. [IpoBepbTe Takke, UTO €CJIN
JBe TOUKM P M ¢ Je)KaT Ha PAcCTOSHUN He MeHee € OT JIOMaHOI, MOTYT OBITh COeJUHEHBbI KPUBOIL, He
IepeceKaolleil JJOMaHy0, HO He MOTYT OBITh COeUHEeHBI KPMBOJL, JeXalllell Ha paccToSHuM Goyee J OT
JIOMaHOI1, TO Ha JIOMAHOJI eCTh I1apa TOUeK Ha PAcCTOSHUU He GoJiee 20 APYT OT ApYyra, KOTOpbIe pa3oMBAIOT
JIOMaHyI0 Ha [{Be JIOMaHbIe JuaMeTpa He MeHee £ Kaxaas.

[TIpu6nm3bTe paBHOMEPHO HEIPephIBHYI0 KPUBYIO JIOMAHOII f,, M cIeJaiiTe 9TO JOCTATOUHO aKKYpaTHO,
YTOOBI JIOMaHasi He MMeJla caMmollepecedeHmit. [l MCXOMHOM HeNpephIBHOM KPUBOIL [ IIPeRIIONIOKUTE
IPOTMBHOE M PACCMOTPUTE TPY TOUKH, HUKAKIE [IBE M3 KOTOPBIX HEJb3s COeNMHUTD Kpusoit B R? \ f(S).
Ilepesias K IIOAIIOCIEOBATEIBHOCTY JOMAHBIX, CUMTANITe, YTO KaKMe-TO IBe TOUKMU P M ¢ U3 ITUX TPEX
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IUIsL JIF060T0 M MOXKHO COERVMHIUTH KPUBOI 7Yy, He mepecekatoiein f,(S). Boibepure 7, Ha MakcuMAaJIbHO
BO3MO)XHOM paccTosHuy ot fy,(S). BeiBegure, UTo p U ¢ MOKHO COEMHUTD ¥ KPUBOIJL, He IepeceKaroIet
f(S), paccmorpes ormensHO ciyuan, Koraa npenei dist(vy, fn(S)) momoxurenbHbit (3T0 IPOCTO) U KOTAA
OH paBeH HYJIIO (C ITOMOILIbI0 HabII0AeHN U3 NIpeabIayiero ab3ara). |]

3aodaua 7.28. [Joxaxure, uTo J1000€ BBIMTyKIOe KOMITaKTHOe MHOXecTBO ' C R™ romeomopdHo
Iapy HEKOTOPOI pas3MepHOCTM U I HeIpepbIBHBIX orobpaxenuit [ : K — K Toxe BepHa
teopeMa bpayapa.

[[ Heperigure u3 R™ B adbdurnyo obomouxy K (HammeHblee adpduHHOE TOAIPOCTPAHCTBO, COMEPKA-
mee K). 3amersTe, uTo B 910i1 adduHHOM 060I0uKe K ¥MeeT HEIyCTyI0 BHYTPEHHOCTb, [IOMECTIUTE BO
BHYTPEHHOCTb HayaJIo KOOPAVHAT, JOKa)XXITe, UTO IS JIyUeil 3 Hauajla KOOPAVHAT pacCTOsHIeE OT Havaia
KOOpAMHAT 0 NepeceueHus jayua ¢ 0K Oymer HempepbIBHO 3aBMCeTh OT jyua. [locie 9TOro BBINIMILIETE
romeoMopusm IBHO. |]

3adaua 7.29. [JoxakuTe, UTO 151 HEIIPephIBHOTO oToOpa)keHUs cdepsl B cebs f : S” — S nubo
HaléTca x, Takas uto f(r) = —x, mubo f CIOPBHEKTUBHO.

[[ HompoGyiiTe cenaTs FOMOTONNIO MEKAY f M TOKIECTBEHHBIM O0TOOpaKeHIIEM KPATUAIIIIIM II0BOPOTOM
ot f(z) k x. Ucnomnpayiite TOT GaKT, UTO CTEIEHb KOPPEKTHO OIpeeieHa IS BCETO JIMIIE HellPePhIBHBIX
orobpaskeHuUit. ||

3aodaua 7.30. [JokaxuTe, UTO €CJIM CTeIleHb HeIpepbIBHOTO oToOpakeHus f : S” — S" He paBHa
(—=1)""!, To f umeer nenonBUKHYIO TOUKy f () = T.

[[ Paccmorpure orobpaskeHue, neiictsyioiiee 1o gopmyne g(x) = —f(z), u npuMeHUTE IPERBIYIIYIO
3apmauy. ]

3adaua 7.31. [loxaxuTte, uTo ecau Ha cpepe S"” ecTh BCIOAY HEHYJIEBOe KacaTeJIbHOE BEKTOPHOE
I10JIe, TO 7 TOJDKHO OBITH HEUETHBIM.

[[ OmguH cr1oco6: TOCTPOUTH 13 HEHYJIEBOTO BEKTOPHOTO HOJIs 0ToOpaskeHue cepsl B cebst 6e3 HEMOqBILK-
HBIX TOYEK, TOMOTOITHOE TOKAECTBEHHOMY. [[pyroii croco6: IOCTPOUTh M3 HEHYJIEBOTO BEKTOPHOTO IIOJIS
TOMOTOIIMIO MEXAY TOKIAECTBEHHBIM 0TOOpakeHmeM cdephl U oToOpakeHUEeM & — —x. |]

3adaua 7.32. IlpuBegure npuMep BCIOAY HEHYJIEBOI'O KacaTeJIbHOI'O BEKTOPHOIO IOJNA Ha cdepe
HEYETHON pa3MepHOCTI.

[[ Paccmotpure chepy B R?" xak chepy 8 C™. ]]
P 197 197

3adaua 7.33. KnaccuduiupyiiTe HempephIBHbIE 0TOOpakeHMs oKpykHOocTH B ceba f : S' — Sl ¢
TOUHOCTBIO O TOMOTOIIUIL.

[[ Paccmorpure cTammapTHyIo mapamerpusamuio 7 : R — S u maitmure menpepnisaoe ¢ : R — R, Takoe
41O T 0 g = f O T, U3yUUTE CBOMCTBA TAKUX (. |]

3a0aua 7.34. * Jlokaskute, 4TO M1060€e BIOKeHHOE B R? KOMITakTHOE IByMepHOe MHOT00Opasue 6e3
Kpasi S OpUEeHTHUPYyeMO.

[[ TTompo6yiiTe MOCTPOUTH OPUEHTALNIIO C IIOMOILLBI0 HEIIPEPHIBHOIO BIOOpA HOPMAJIV K JaHHOII I10BEpX-
Hoctn S C R3. 3amernre, uto eciu 310 He MOMyUnTCs, TO AomoHeHMe R3 \ S cBasHo. s mo6oit TouKM
p ¢ S paccmoTtpuTe oToGpakenue g, : S — S2, samanHoe KaK g,(z) = (v — p)/|z — p|. Nokaxure, uto ero
CcTerneHb (KaK OCTATOK I10 MOMYJIIO [Ba) He MEHSeTCs Py HeGOIbIINX M3MeHeHVSX p. PaccMoTpes Ginskue
K S TOUKU JOK&XKITE, UTO CTEIEeHb ¢, MPUHIMAeT 00a 3HAUEHMsI OCTATKOB II0 MOIYJIIO [JBA M IIOJNYUNTE
nporuBopeune. ||
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7.6. BHyTpeHHee yMHO)KeHIe U pousBogHas JIn.

3adaua 7.35. IlpoBenuTe BBIKIAAKU AU IpoBepKy ¢popmyiibl Jleit6HMIA 11 BHYTPEHHETO YMHO-
KeHUs Ha 6a3MCHBIX popMax ¢ MoMOIIbIo GopMyIsl (?7).

3aodaua 7.36. Ilycts i x — BHyTpeHHee YMHOKeHMe Ha BeKTop X, a €, — BHeIlIHee YMHOKeHIe Ha
nuHeitHyI0 ¢popmy «. Haitnure coOCTBeHHBIE 3HAUEHIIS OIIEPATOPA i x €, + €4%x Ha KOCOCUMMET-
pUuHBIX popMmax.

3adaua 7.37. Ilycth i x — BHyTpeHHee YMHOKEHIe Ha BeKTop X, a €, — BHeIlIHee YMHOKeHIe Ha
nuHelHyo0 Gopmy a. Onpenenym JuHelHbIN oneparop Ax , Kak cymMMy ix + e,. Haitoure ero
cOOCTBEHHBIE 3HAUEHMSI Ha KOCOCMMETPUYHBIX (popMax U MX KPaTHOCTb.

[[ 3amersTe, uUTO €r0 CiIEN paBeH HYJIIO U M3YUNUTE €ro KBaapar. ||
3adaua7.38. * Iycts B 6yeBom ky6e {0, 1}" ormeuena 2"~ 41 pepurnna. [lokaxuTe, uTo HalAETCS

OTMEUE€HHAasA BEpIINHA, Y KOTOpOI?I HE MEHEE \/ﬁ OTMEUECHHBIX COCCJICf/I (BepIIII/IHI)I CUNTAITCA
COCEeTHIIMI, €CJIVI OHM OTJIMYAIOTCI TOJIBKO B OHOI KOOpIII/IHaTe).

[[ OroxpecrBute Gasmc Bo BHelllHel anreOpe ¢ BepiumHamnu OyieBa KyOa. Paccmorpure omeparop us
IpenbIayLIeit 3agaun ¢ BekTopoM X u GopMoit o, MMeIMMY Bce KoopanHatel 1. O6parure BHUMaHue,
YTO MaTpUUHBIE JT€MEHTHI 3TOTO OIlepaTopa COOTBETCTBYIOT TOJIBKO COCENHNM BeplumHaM Kyoa. Haitnure
COOCTBEHHBI BeKTOP Ay o, Y KOTOPOTO OTIIMUHEI OT HYJIS TOJIBKO KOOPAMHATEI, COOTBETCTBYIOIINIE OTMe-
YEHHBIM BEPIINHAM, U VCIIONb3YIITe 3HAHMSA O COOCTBEHHOM 3HAUEHUN. ||

3adaua 7.39. Ilycre f — rmagkasd dyHKIuA, a X — BeKTOpHOe 1oJe. Beipasure meiictBue Ly Ha
nuddepenunanpuyio popmy uepes geiictsue Lx Ha Ty ke popmy.

3aodaua 7.40. BeiBequre npaBmito JleriOuuia o mpoussBogHoit JIn u3 npasuna JlertOuuia st
BHYTpPEHHET0 YMHOKeHUs 1 paBua JleitOHmIa 011 BHEIIHe !l IIPOM3BOSHOIL.

3adaua 7.41. [loxaxuTe, 4T0 Mpou3BoaHas JIu BLoIb BEKTOPHOro 1mosist Ly KOMMYTHPYeT C BHEIII-
HuM nquddepennupoBanueM d ais GopM 000 CTEITeHN.

[[ Ipore Bcero 3T0 BBIBECTU HEMOCPEACTBEHHO U3 ONpeneIeHns. ||

3adaua 7.42. Bemunre siBHOe BoipakeHue muis LyY = [X, Y| uepes KoopamHATBI BEKTOPHBIX

- _ 0 _ 0
moneit X =3, Xip-uY =3, Yig-.
[[ MoxHo moBectu mo sBHOro Braa hopmyiry (??). B urore momKHO MOTYUNTHCS

0 0 oYy; 0 0X; 0

Z?]

1l

3aodaua 7.43. Ilycts BekTOopHOe mose X B R™ 3amaHo Tak, YTO B TOUKe p HAXOQUTCSI BeKTOp Ap,
rae A : R” — R" — nuHeNHbIT omlepaTop, aHAJIOTMYHO IIyCTh €CTh BEKTOPHOE IoJIe Y, 3aJJaHHOe
AHAJIOTMYHO Kak p — Bp. [locunraiite kommyrtatop X m Y.

[[ MokHO BOCIIOJIB30BATHCA KOOPAMHATHOM popmyIoit. ]

3adaua 7.44. [Joxaxxure GopMyiy s BeKTOpHbIX mmoieit X, Y u nuddepenimanpHo Gpopmsr o
Z'[X7y]0é = dixiya + ixdiyOé - iydixa - iyixda.

[[ Haunnre ¢ dopmymner Jeit6unua Ly (iy o) = iy, vy + iy L x (, KOTOpyI0 HaBepHOE IIPOLI[e BCEro 00bsic-
HUTH C IIOMOIIIBIO TeopeMsl ?7. ]]
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3adaua 7.45. IIpoBepbTe, UTO IS ABYX HEOJHOPOMHBIX JIMHEIHBIX AU(PepeHINAIbHbBIX Ollepa-
TOPOB IIEPBOIO IIOPAAKA, KOTOPbIE B KOOPAMHATAX UMEIOT BU
of of

= X = +---+ X,
/ 18x1+ + ox,,

KOMMYTaToOp 6YII6T UMETH TaKOI Ke BUO.

+ Xof

[[ IIpoBepsTe, UTO MOCIE KOMMYTUPOBAHNS IIPOU3BOHBIX BTOPOTO IOpsIAKa He Oymer. ]

3adaua 7.46 (Teopema o museprenuun). Ilycts Ha MHOroobpasmm )M paHa HUTOe He HyJeBas
dopma v € Q*(M) nmpu n = dim M. UHTerpupoBanme 31011 GOpMBI 3aJaET HEKOTOPOE IOHATIIE
006BpéMa (Mepbl) Ha MHOT0OOpasuu. Torga AMBepreHINI0 BEKTOPHOTO OIS X OTHOCUTEIBHO 3TOTO
00BéMa MO’KHO OIIpeeJINTh KakK

Lxv = (div, X)v.

Kak manucarts JHTETrpaJ 110 MHOFOO6paSI/IIO C KpaeM

/M (div, X)v

yepes MHTerpa 1o kpaio OM?
[[ Bcmomuure dopmyny mias mpoussoguoit Jlu nuddeperumanpaon GopMbl 1 npuMeHUTe QOPMYILy

Croxkca. ]]

3adaua 7.47. Ilycts Ha MHOroobpasun M mana popma v € "(M) npu n = dim M. [Jokaxure,
uyro mius moboit pyukuuu f € C°°(M) n moboro BekTopHOro mois X Ha M BbIIOIHSETCS

df A iXy = X(f)V
[[ 3amersre, uto df A v = 0 U IpUMeHNTe K 9TOM PaBEeHCTBY BHyTpeHHee YMHOKeHMe Ha X. ]]
3adaua 7.48. [lokaxkute, uto mus aoboit rimagkoit yukumu H : M — R (eamumvmonuarna) Ha

CUMILJIEKTYECKOM MHOT000pa3uy HaMAETCI eNMHCTBEHHOE 2aMUIbIMOH060 6eKmopHoe nome Xy
CO CBOJICTBOM

iXHw = —dH.

[[ ObpaTture BHMMaHMe, UTO HEBBIPOKAEHHAsS OyinHeltHasd popMa yCcTaHABIUBAET M30MOPPIU3IM MEXAY
BEKTOPHBIM IIPOCTPAHCTBOM U €r0 JBOVICTBEHHBIM. |]

3adaua 7.49. [Jokaxure, UYTO B YCIOBMS IpeabIAYyIIEN 3a1aun
XH(H) :0, LXH(.O:O.
[[ IIpoBeprTe BCé aTO 11O OIpegeseHno. |]
3adaua 7.50. [lokaknuTe, YTO Ha CUMILJIEKTMUECKOM MHOrooOpasmm omepanusa ckoOkm Jlu Bek-

TOPHBIX IIOJIeNI MOKeT OBbITh IIOJHATA (B CMBICJE COIIOCTaBJIeHMSI (YHKIUU €€ TaMIIbTOHOBA
BEKTOPHOTO IT10JIs) KO onepauuu ckobku ITyaccona GyHKUIMIL CO CBOJICTBAMU

{f.9y =g/} {fden}} +{g.{n 3} +{h{f.9}} =0, [X;, X, = Xirgp-
[[ Hocmorpure Ha Boipaxkenue w(X ¢, Xy) = X9 = — X, f u mposepsTe paBeHcTBa
d(Xyg) = Lx,dg = —Lx,ix,w = —Z'foxgw —ix, Lx,w = —ix; x,w;

BO3MOYKHO, 9T PAaBEHCTBA IIPOIL[e ITOHATD U3 TeOMETPIUECKOTO CMBICIIA IPOU3BOAHOI JIu B CMBICIIE Teope-
Mol ??7. ]]
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7.7. VIHTerpMpoBaHUe BeKTOPHBIX moJieii u AuddepeHIaIbHbIe YPaBHEHS.

7.8. THTerpupoBaHye BEKTOPHBIX IT0JIEV HA MHOTO00Pa3Ny, reoMeTpUUeCKIUII CMBICII IIPO-
n3Boguo Jlmn.

3adaua 7.51. IlpoBephTe, UTO €CIV B yCIOBUSAX TEOPEMBI O BBIIPIMIICHUN TOYKA P COXEPKUTCI B

TUIIePIIOBepXHOCTU [, NI KOTOPOIL BeKTOp X He ABJIETCSI KacaTeJbHBIM B TOUKE ), TO 3aMeHOII

IIepeMeHHBIX B HEKOTOPOII OKPECTHOCTH! p) MOKHO OJJHOBPEMEHHO CHeJIaTh BeKTOpHOe Ioje X =
o)

g, Y TUIIEPIIOBepXHOCTD H = {z; = 0}.

[[ Bosemure B KauecTBe y; B {OKa3aTeJIbCTBE TeOpeMbl ?? ypaBHeHMe rumeproBepxsHoctu H. ]]

3aodaua 7.52 (Popmyina JInysuwisa—Octporpanckoro). Ilycrs muHeitnoe nuddepeHnnatpHoe ypas-
Henne & = A(t)x + b(t) moposkmaer cemeircTBo adpPuHHBIX AnpPeoMopdHusMoB ¢, 4, : R — R",
IIpoBepsbre, uTo A1 adpPMHHOTO OTOOpa’KeHNI KOPPEKTHO OIIpeeIéH JeTePMIHAHT Y TOKaXKIUTe,
YTO BBHINOJHAETCS PopMyia

d
— det py, 1, = tr A(t1) det gy, 4,
dt,

[[ Y6enurecs, uTo moKa3aTeIbCTBO TeOpEMEI ?? paboTaeT U NI BEKTOPHBIX II0JIET], 3aBUCSIIINX OT BpEMEHIL.

1]

3aodaua 7.53. Ilyctp BekTopHBIE 1O X7, . . ., X} JIMHEITHO HE3aBUCUMBI B TOUKe P MHOr000pasms
M. lokaxknre, UTO eCiIv Kakasi-To ckobka [X;, X;| B Touke p He SBJIS€TCS JIMHETHO KOMOMHAIVIEN
X1, ..., X} B KaKkoi1-To TOUKe, TO He MOXeT ObITh k-MepHBIX ImoamMHoroodpasmit N C M, N > p,
y kotopbix T'N = (X7, ..., X}) B okpecTHOCTH .

[[ IIpoBepsTe c MOMOIIBIO TEOPEMBI ??, UTO eCIM [ABa BEeKTOPHBIX ITOJIS Kacaiorcd /N B HEKOTOPOIL OKpPeCT-
HOCTHU P, TO X KOMMYTaTop Toxe Kacaerca N. ]]

7.9. IHTerpupoBaHue CYCTEMbI BEKTOPHBIX ITOJIEL.

3aodaua 7.54. Ilyctp BekTopHBbIE 1O X7, . . ., X}, JIMHEITHO HE3aBUCUMBI B TOUKe P MHOT000pasms
M. okaxknre, UTO eCiIy Kakasi-To ckobka [X;, X;| B TouKe p He SBJIS€TCS JIMHETHO KOMOMHAIVIEN
X1, ..., X} B CKOJIb yTOTHO GIM3KUX K P TOUKAX, TO HE MOXKeT OBbITh k-MepHBIX IIOAMHOT000pasmii
N C M, N > p,yxoropbix T'N = (X7, ..., X)) B okpecTHOCTH .

[[ IIpoBepbre, uTO €CiIM ABAa BEKTOPHBIX ITOJIST KacaoTcs [N B HEKOTOPOI OKPECTHOCTH P, TO X KOMMYTATOP
Toxxe Kacaercsa N. ]]

3adaua 7.55. B ycnoBusax teopemsl PpobeHmyca paccmorpure obbenuHeHme N BceX INIAIKIX
KpuBbIX B M/ c HaualoM B D, KacaTeJIbHbIe BEKTOPBI KOTOPBIX JIEKAT B JIMHEITHOV 000JIOUYKe
(X1,...,Xk). BBenure Ha HEM CTPYKTYpY (CBA3HOIO) INIAAKOrO MHOTOOOPA3Ms U ITOKAXKUTE, UTO
orobpaxenne N — M riagkoe 1 ero npou3BOAHas MMeeT BCIOAY PaHT k.

[[ O6paruTe BHMMaHMe, yTO TorToorus N He o6sa3aHa ObITh MHAYHUpOBaHa ¢ M . OmpenennTe OKpecTHOCTD
p € N Kak OKpeCTHOCTb p B HEKOTOPOM JIOKQJIbHOM MHTETPaJIbHOM IIOJMHOTI000pasuy, IIpoXoIIleM uepes
p. Bosemure koopauHarTHble Kaptel 1uist N 13 reopemsl Ppobennyca. |]

3adaua 7.56. Ilycts B Kaxmoil Touke p mMHorobpasma M man dmar 0 C Fi, C --- C Fy, C
T, M, KOTOPBIII TIATKO 3aBUCUT OT TOYKM p. IlycTp Taroke g JTIOOBIX ABYX BEKTOPHBIX ITOJIEN
u3 BximoueHus X,Y € F; Bo Bcex TOUKax MHOroo0pasus cieqgyer, 4YTo ckobka JIu okasbIBaeTcst
Toxe B F;. JlIokaxure, 4T0 Y KaKmoit Toukyu M ecTb KOOpAMHATHAS OKPECTHOCTD, B JIFO0OII TOUKE
KOTOpOI1 7151 J1to6oro ¢ = 1, ..., k BeITONHSIETCS

0 0 >
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[[ HeitcrByitte Kak B qoKasarenbcTBe TeopeMbl PpobeHnyca, B3siB BEKTOPHOE IIose B F] U BBIIPAMUB €ro
0
a0 5.1+ 1]

7.10. T'pynnsr JIu, neBoMHBapMaHTHbIE BEKTOPHbIE IIOJIA M OJHOIIapaMeTpu4YecKnue Moja-
Tpynmsbl.

3adaua 7.57. BeinuimmTe SBHBI BUX OTHOIIApAMETPUUECKUX IIOATPYIII IPYIIIIbI 00paTUMBIX MaT-

pur GL(R™).
[[ UcmonpayiiTe MAaTpUUYHYIO SKCIIOHEHTY
A - A¥

k!
k=0

1l

3adaua 7.58. Ilycts A C L(G) — nopanre6pa Jlu (To ecTh BEKTOPHOE IPOCTPAHCTBO, 3aMKHYTOE
OTHOCKTEJIBHO omneparun ckooku JIu). [Jokaxnre, YTO CyIeCTBYeT MHBbEKTUBHBIN roMOMOphU3M
I : H — G rpynn Jln, takoit uro rpynmna H cesasua, a DI, : L(H) — L(G) (mpoussonuas [ B
equuuLe rpynnsl H) ects mabekius ¢ obpasom [ (L(H)) = A.

[[ Beibpas 6asuc X1, ..., Xi B A, MBI MOXeM IIPUMEHUTD K ITOV CUCTEME JIEBOMHBAPMAHTHBIX BEKTOPHBIX
nosiett Ha G Teopemy Ppobennyca. Vcronb3ys pesyiabraT TeopeMbl Ppobennyca i 3agaun 7.55, MbI IOy UM
MHBEKTUBHOE [IIAKoe oToOpakeHme MHOoroobpasuit I : H — (G, mpomusBogHass KOTOPOTO BCIOAY MMeEET
panr k. CpaBuuBas o6pas [ (H ) ¢ ero jeBbIMY CABUTAMI Ha 9JIEMEHTHI 13 CAMOr0 06pasa U UCIIOIb3YIO ero
CBSI3HOCTB, MOYKHO IIOHSATH, uT0 00pas / (H ) MHBapMaHTeH OTHOCUTENBHO JIEBBIX CABUTOB HA €0 3JIEMEHTHI.
9r0 03Hauaer, uro o6pas I (H ) sensercs noarpymnmnoit G, a Ha H MOXHO BBECTU CTPYKTYPY CBA3HOI IPYILIIBI
Jn. 1]

3adaua 7.59. Yeranosure usomopdusm anredp Jlu mexnay L(GL(R™)) u anre6poit matpui n X n
C omepanuen

[A, B] = AB — BA.

[[ BeiBemmre omucaHme JTeBOMHBAPUAHTHBIX BeKTOPHBIX moselt Ha rpyne GL(R™) ns onucanus eé ogHo-
IapaMeTpuyecKnx MoArpymi. IlpumeHnTe reomeTpuueckoe onpeneaeHne npoussogHoir JIn. ]

3adaua 7.60. Oupenenure, xkaxoi moganredpe L(GL(R™)) coorsercrByer anre6pa Jiu L(O(n))
OPTOTOHATBHOI IPYIIIIEL

[[ Amanmoruuno mpenbiayleit 3amave. ||

3adaua 7.61. Onpenennre, xkaxoit nopanredpe L(GL(C™)) coorsercrsyer anrebpa JIn L(U(n))
YHUTAPHOI IPYILIbL

[[ AnasornuHo npenpIAyLIen 3agave. |]

3aodaua 7.62. [Huggpepernyuposaruem anredpsr Mmatpuiy M, pasmepa n X n HasbpIBaeTcs JI0O0e JIu-
HeliHOoe oTobpaxenue D : M, — M,, ynosierBopsmolee npasury Jleit6Hura

D(AB) = D(A)B + AD(B), VYA,Bé€ M,.

Hoxkaxure, uto onepauus Dy, Dy] = Dy o Dy — Dy o Dy 3a1aér Ha BEKTOPHOM IIPOCTPAHCTBE
nnddepeHIIPOBaHMIL aIreOphI MATPULL CTPYKTYPY aiareopsr Jlu.

3adaua 7.63. * Onmmnure Bce nuddepeHmpoBanns anredpsl Matpui M,,.
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[[ PaccMoTpuTe MaTpUUHYIO 3KCIIOHeHTy auddepennuposanus ¢ = e u moxaxkure, uto oHa sBIAETCS

a@momopdﬁuw\dom aJII‘e6pI)I ManI/II_I, TO €CTb HMHEIZHBIM I/I3OMOp(i)I/I3MOM, yJIOBJIeTBOpHIOH_H/IM paBEHCTBy
©(AB) = p(A)p(B), VA,B¢& M,.

Jl1st ycTaHOBIIEHMS CTPYKTYPBhI aBTOMOP()HU3Ma  PACCMOTPIUTE MATPULIBI €;j C eAMHNIIel B o3uumu (i, j) u
C HYJIIMU B OCTAJIBHBIX MecTax. Pasioxure eqmmHMYHYI0 MaTpuny I, B BUIe CyMMBI IPOEKTOpoB I, = e11 +
-+ 4 €pp, IPOBEPHTE COOTHOIICHMS €4;€j; = 0;;€;; U IIOCMOTPHUTE, UTO MPOM3OIAET C STUM Pa3JIOKEHMEM
nocie npuMeHeHus aBToMopdusma . C IOMOINBI0 COOTHOINEHMIA €€k = 0;ie; pa3bepurech, demy
JOJDKHBI OBITH PaBHBI P(€5). ]

7.11. PuMaHOBBI MHOTOOOPA3MsI I PUMAHOB 00'BEM.

3adaua 7.64. [Jokaxkure, 4TO I JIOOBIX JBYX PYMAHOBBIX CTPYKTYp ¢ U ¢’ HA OJHOM U TOM
ke MHOroobpasuu M n t € [0, 1] 6uwnneitnas popma (1 — t)g + tg' Toxe Oymer puMaHOBOII

CTPYKTYPOIL.

[[ [IpoBepbTe MOIOKUTETBHYIO ONPENETEHHOCTD. ||

3adaua7.65. [Jokakute, uto ojis runeproBepxuoctu H C R gpusromreitcs rpaduKoM riagKoi
byukuun f: U — R,

H=A{(x1,...,200,Tps1) | Tni1 = f(x1,...,2,), (x1,...,2,) € U},

pUMaHOB 06BEM B MHAyHMpoBaHHO ¢ R™ piManoBoii crpykType HaxonuTces mo dpopmyste

2 2
VolH:/ 1+(6_f) +---+<af> |dxy A -+ Adx,] .
U 6$1 al’n

[[ YcranoBute cHauana popmyiry A eTepMUHAHTa KBaAPaTUUHON GOPMEI go + o ® v, The gy — I0JIo-
JKITEJIFHO OIpefeséHHasA KBaapatnuHad ¢popma, a o — nuHeitHas popma. ||

3adaua7.66. IlpoBepbTe, UTO €BKINAOBA CTPYyKTypa Ha R" ABISeTCA MpoM3BeieHIeM 1 pUMaHOBBIX
CTPYKTyp Ha npsamoit R,

3adaua 7.67. Mocuuraiite oAb OBEpXHOCTH Topa B R*?, 3amanHoro ypaBHeHUIMNI
2, .2 2, .2

[[ MoxkHO mocumraTh B 100, @ MOKHO IPOBEPUTH, ABJSETCS JIM 3TOT TOP MPOU3BENEHMEM PUMAHOBBIX
MHOro00pasuit. |]

3adaua 7.68. Tocunraiite TIOLIIaNb TOBEPXHOCTY (PUMAHOB 06BEM) enqUHMUHOI chepbl B RP.

[[ HapameTpusyiite eé KakuM-1160 06pazom. ||

3adaua 7.69. Y BBIMYKJIOr0 MHOTOTPaHHMKA B R? B3y HopMany K rpaHaM {n; } 1 MIOMIamm STux

rpaueii { A;}. [Jokaxunre, 4To

[[ IMomurerpmpyiite 1o IIOBEPXHOCTY MHOTOTpaHHMKa popMsl TuIa dz A dy ¥ CBIKITE 3TO BRIpaKEHME C
IJIOLIANIMMY IpaHeit. |]
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3adaua 7.70. * Paccmotpum otobpaxkenue enuuuunoit cdepor S**~! C C" B (n — 1)-mepHbrIi
cummnexc A"t C R" o dpopmyne

(21, 20) = (J21 o |zal?) -

Jlokaskute, YTO pMaHOB 00BEM Ha cpepe IIpM TOM IEPEXOJUT, C TOUHOCTHIO IO YMHOXKeHUS Ha
KOHCTaHTY, B PUMaHOB 00'béM Ha CUMILIEKCE.

[[ PumanoB 06béM Ha cepe onpeneéH MHBAPMAHTHO OTHOCUTEJIBHO BpAIleHNIT ¥ 9Ta MHBAPUAHTHOCTD
XapaKkTepu3yeT ero OgHO3HAaYHO C TOUHOCTBIO JO KOHCTAHTBHI. 3HAUUT CYLLECTBYyeT KOHCTAHTA Cp, TaKad,

uTO JIA JMI0GOTO M3MepUMoro MHO)ectBa X C S2"~! ero mMepa oTHOCHTENBHO pUMaHOBa 06BEMA paBHA

. _ 5|2
rayccoBoif Mepe ¢ IUIOTHOCTBIO ¢ "I komyca max muoxectBom X, {tx |t > 0, = € X}. [aree yxe

HEeTPYJHO IIOHATb, BO UTO IIEPEXOMNT TayCccoBa Mepa IpY PacCMaTpUBaeMOM B 3a7aue OTOOpaKeHM!. |]

3adaua 7.71. * JlokaxxuTe, uTO IS ABYMEpPHOI KOMIIAKTHOI ToBepxHOCTH ¢ KpaeM S C R* n
UHIynMpoBanHoi ¢ R? eBKIMIOBOI CTPYKTYpBI BBITONHSIETCS

vol, S > / dri A dzre + dzs N dxy.
s

Korpa BeINoJIHAETCA paBEHCTBO?

[[ 910 Ha camoM [esIe TOKATBHBII BOIIPOC, KOTOPBIIL B KAKIOI TOUKE CBOJUTCS K PACCMOTPEHMIO By MEPHBIX
JuHeHBIX TopoctpatcTs R, Ero yoGHO pemraTh, BBe[s KOMILIEKCHYIO CTPYKTYpy Ha R%, To ecth cunras
mapsr (21, T2) u (73, 24) IByMs KoMIuiekcHbIMU KoopauaaTamu B C2. ]]

7.12. 3Bé3gouka XomKa, rpagieHT, pOTOP, AMBePreHII.

3adaua 7.72. O6bACHNUTE, KaK CBA3aHBI MATPUIIEI G;; U §;; (IIOCTEHIOI B TEOPETMIECKOI PU3MKe
nUuIyT Kak ¢'), mpeacrasisoniye (I10Jy)pUMMaHOBY CTPYKTYpy Ha MCXOJHOM KacaTeJIbHOM IIPO-
CTPAHCTBE U COOTBETCTBYIOIIYIO OMINHelIHY0 (OpMy Ha IBOVICTBEHHOM K HEMY KOKacaTeJIbHOM
IIPOCTPaHCTBeE.

3adaua 7.73. [lokakuTe HEpaBEHCTBO IJII PMMAHOBOI CTPYKTYPBHI g, BekTopa X 1 (OpMBI IIepBOil
CTENEHN (v B TOM K€ TOUKe

a(X>2 < g<X7X> '§<a=a)'

([ IIpu npaBMIBHOM BBIGOpE CHCTEMBI KOOPAMHAT HOJDKHO IOJIYUNThCS HepaBeHCTBO Komm—ByHsakoBckoro.

1]

3adaua 7.74. IIpoBeppTe HEBBIPOKAEHHOCTh BHEIITHETO YMHOKEHNS B KOOpJAMHATaX B KauecCTBe
yIpasKHEeHU.

3adaua 7.75. JloKaKuTe, YTO Ha N-MePHOM (I10JIy)pMMaHOBOM MHOTOOOPAsUy [JIs 3BE3IOUKM * :
OF (M) — Q%(M) sermonusercs

s x o= (—1)" P ggndet g - a.

[[ IIpoBephTe B KOOpPAMHATAX, B KOTOPBIX § MMEET QUATOHATIBHBIN BuM ¢ £1 Ha guaroHanm. ||

3adaua 7.76. [JokakuTe, UTO OIS IOJOKUTEIHHO OIpPENENEHHOI ¢ 3BE3MOUKa XOMKa SIBIIETCI
M30MeTPUeN IS CKAJIIPHOTO MPOM3BENeHNs § HAa BHEITHMUX (pOopMaxX KacaTeJIbHOTO IIPOCTPAHCTBA
B TOUKe.

[[ HposepsTe B KOOpAMHATAX, B KOTOPHIX ¢ MMEET AMATOHANBHBIN BuL ¢ 1 Ha quaroHamu. |]

3adaua 7.77. [Jokaxure, 4TO OIpefeieHIe TUBEPreHIUN JJI pMaHOBa MHOT000pasys COrIaco-
BAHO C OIIpejieJIeHIIeM NVBEPreHIII OTHOCUTEIBHO opMbl 06béMa Kak div X vol, = Ly (voly).

[[ Mcnonpayiite opmyny Kaprana Lx = ixd + dix u dopmymy *1 = vol,. ]]
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3adaua 7.78. Moxkaxwurte uto rot grad f = 0 m divrot X = 0.
[[ Bemommmure cBoitctso d2 = 0. ]]
3adaua 7.79. [Jokaxute AJIs IIAAKOTO BEKTOPHOTO ITOJIS Ha ]R?’, yro ecan rot X = 0 Ha Bcém Rg,

1o X = grad f, nna sexkoropoit ynkuuu f. A ecnu div X = 0 ma Bcém R?, 10 X = rotY, mus
HEKOTOPOTO BEKTOPHOTO 1ot Y (mocienHee pu3MKy Ha3bIBAIOT «BEKTOPHBIN ITIOTEHIMAT»).

[[ CBemure k Teopeme ?? po obpareHne oneparuu d. ||
3adaua 7.80. Bernnumre omeparop Jlammaca mus ¢yHKuumit B chepuuecknx KOOpAMHATAX T =
rcospsind, y = rsingsind, z = r cosv.

Hcnonp3yiiTe BeIpaskeHme A = *xd * df uTor aKT, UTO BEKTOPHDBbIE IT0JII 2 s 2 s 2 OpTOroHaJIbHbI (HO
or’> 0’ 09
He opToHOpMupoBaHsl). Haunute ¢ qokasarenscrBa Gpopmy

g=dr@dr+r*dd®dd+r’sin?9 dp @ dp,

1 1
g (dr,dr) =1, g(d¥,dV¥) = =, g(dp,dp) = ——-—
g(dr,dr) =1, g(dd,d0) = 5, g(dp, dp) = 5 5,
1
sdr = r2sin® dd A dp, *d9 = sind do A dr, xdp = — ﬁdr/\dﬁ.
sin

1l

3adaua 7.81. * Oyukius f Ha puMaHOBOM MHOTr000pa3uy Ha3bIBAETCH 2apMoHuueckot, ecnmu A f =
xd x df = 0. [Jokaxure, 4T0 y rapMoHmueckoit Ha R" ¢pyHKIMM Bce cpegHMe 3HaUeHMs Ha cepax
C LIeHTpaMU B HyJie paBHBI e€ 3HaueHuo f(0).

[[ 3amersTe, uto omeparop Jlartaca nuHeeH U MHBapMAHTEH OTHOCUTENIBHO BpallleHUII, CIeTOBATEIBHO
$yHKUMs, HoNyUarowmasicsa u3 [ ycpeHeHueM OTHOCUTEIBHO Beex BpaweHuit SO (1) Toxe rapMoHmUecKas
7 3aBUCUT TOJIBKO OT PACCTOSHMS [0 Hauaja KoopamHat. Haitqure obiuuit Bug rapMoOHNUecKUX QyHKIII
B R", 3aBUCSIIMX TOJIBKO OT PACCTOSTHUS A0 Hauajga KOOpAMHAT. |]

3adaua 7.82. [JokaknTe, UTO HEIIOCTOSHHAs FapMOHIYecKas PYHKIUS Ha MHOrooOpasnu 6e3 Kpas
He MOKET IMeTb KOMITIaKTHBII HOCUTEJIb.

[[ Beipasure unrerpan [,, |df|> voly = [}, df A *df uepes namnacuan Af. ]]

3adaua 7.83. B oproroHanbHol MaTpuue A ¢ IOJOKUTENbHBIM JeTEPMUHAHTOM pasMepa n X n
B3SULI JIEBYIO BEPXHIOIO TogMaTpuiy B pasmepa k X k u npaByto HikHIO0 nogmatpuny C' pasmepa
(n — k) x (n — k). Hokaxure, uro det B = det C.

[[ HeitcrBue oproronanbHoro onepatopa A MoxkHo pactpoctpanuts Ha A*(R™), HazoBéM 3TOT OmepaTop
AA, ero MaTpUYHBIE 3JIEMEHTHI ABJIAIOTCI MITHOPaMI MCXOAHOI Marpuiibl A. 3amerbre, uTo A A KOMMYTH-
pyer ¢ mericrBueM 3Béznouku Xomka Ha A*(R™) u 3Bé3mouka Xomka cama OpTOroHaIbHA. ||

3adaua 7.84. IlpoBepbTe, UTO MOXKHO IIOROOPATh IIOHIDKAIOIINI CTelleHb (GOPMBI Ha eNVHULY
nuddepentmanbubiit oneparop d* : Q*(M) — Q*~1(M), rakoit uro s GopM ¢ KOMIAKTHBIM
HOCUTeJeM Ha MHOroobpasuu 6e3 Kpas OyJeT BBIITOTHATHCS

/ i(da, 8) vol, = / i, d*8)vol,
M

M
[[ Hompo6yitre Boipaskerme d* = =+ * d* u moxgbepnre B HEM 3HAK. |]

3aodaua7.85. Oneparop Jlannaca Ha quddepenmaIpbHbIX popmax (¢ TOUHOCTHIO O 3HAKA) OTIpee-
nserca kak A = (d+d*)?, zapmonuueckue gopmbl OTIpeieNTIOTCA Kak perteHus ypasHenus Aa = 0.
Hoxaxure, 4T0 Ha MHOroo6Opasuu 6e3 Kpast Gopma ¢ KOMIIAKTHBIM HOCUTEJIEM (v TapMOHIYECKas
TOTHA M TOJBKO Torna, kKorma da = 0 u d*a = 0.

[[ Paccmorpure Boipakenne [, g(a, Ac) voly. 1]
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3adaua 7.86. * PaboTas ¢ IMHETHBIM IPOCTPAHCTBOM V' ¢ CUMMeTPUYHOI OMIMHEIIHOM (hopMoit
g 3amamuM muis r6oro Bektopa X € 1V omepaTop Ha KOCOCMMMETPUYHBIX (pOpMax MIPOCTPAHCTBA
V kak e(X) : A*(V) — A*(V) kak
e(X):am X’ Na+ixa,
IZie oIleparysi b oIpe/eieHa uepes ¢. [JOKaKuTe, 4TO ITU OIIEPALIY Y JOBIETBOPSIOT COOTHOLIIEHIIO
e(X)e(Y)+e(Ye(X) =29(X,Y).

Jlokaxure, YTO OHM IIOPOKAAIOT (B CMBICIE JIMHEHBIX KOMOMHALNIT M YMHOXEHUs) anze6py
Knuggopda pasmeproctn 24V

[[ Bemuumre seipaxenne e( X )e(Y) + e(Y)e(X) mo onpenerermo, ncromsayiire uto X A Y? 4+ Y? A
X" =0,4 xty + tyix = 0 u npaBwo Jleit6unma s ¢y u ¢y. Jus BbIUMCIEHUsS Pa3sMEPHOCTH JOKa-
Kure, yto ecau pukcuposats 6asuc Xi,...,X, B V, to anrebpa Kinddopaa mopoxmena MmoHoMamMu
e(Xi,)e(Xi,) ... e(X;, ) mus BceBo3aMOXHBIX HabopoB 1 < i) < ig < - -+ < i < 1 (910 OLleHMBaAET pa3Mep-
HOCTb CBEpXy) U Ipu 9ToM 06011 smemeHT A* (V) MOXHO monyunts, yMHOXas obpasyromyio A (V) Ha
ropxonguumit aeMeHT anre6psr Knmuddopaa (310 oreHnBaer pasMepHOCTH CHI3Y). ]

7.13. KoBapumaHTHas1 IpoM3BOXHAas.

3adaua 7.87. [lokaXuTe, UTO YCJIOBUE OTCYTCTBMS KPYUeHUsS SKBUBAJIEHTHO TOMY, UTO T GOpM
nepBoﬁ CTEIICHI BBIIIOJIHACTCA

(Vxa)(Y) = (Vya)(X) = da(X,Y).
[[ Bemomuwmre, uto da(X,Y) = X(a(Y)) — Y(a(X)) — a([X,Y]). 1]

3adaua 7.88. Ilonyunure BeIpaskeHMe B KOOpAMHATAX (34€Ch MHAEKCHI Y BEKTOPOB INIIIEM CBEPXY,
KaK B TeOpeTUYeCcKoil pusuKe) At

za _ za _ za
X:Z:X%,Y_Z:Ya—%,z_;za—%

npu ycaosun VxY = Z Kak

ZF = Z X %Zf + ) THXYY.

i?j
[Iposepsrre, uto cumeonvr Kpucmogpens

MOKHO B KOOpAMMHATax HaTU KakK

1 (Oge agej agij)
Ty == — )
g 2 (8.§CJ + 6:1:1 8375

[[ IIpuMeHnTe MMHEITHOCTD IO IEPBOMY apryMeHTy 1 mpasuio Jleit6uuma mo Bropomy. [locnenusas ¢op-

MyJia — 3T0 1O cyTu popmyna Kosrons nis momapHo KOMMYTUPYIOUMX BEKTOPHbIX TOJEH 3 -, %, 8%[
i J

1]

3aodaua 7.89. Ilycte N sBiseTCA BIOKEHHBIM IIOJMHOTro00pasyeM B PMMaHOBOM MHOI000pasmuu
M, a pumanoBa cTpykTypa Ha N MHOyIMpOoBaHa pMMaHOBOI CTpyKTypoil Ha M. O6o3HauMM
koBapuauTHble mpoussoaubie Ha N u M xax VY u VM coorsercrsenno. [Jokaxurte, uTo mis
BeKTOpHBIX Toseit X u Y, kacaTenbHbIx K N, KoBapumauTHas npoussogHas VY'Y pasna oproro-
HaJBHOI MPOEKIUY KoBapuaHTHOI mpoussonuoit VY Y Ha kacatenbHoe mpoctpanctso T'N.

[[ Ilposepsre, uto mpoexmms VY ma kacarenpHoe mpocTpaHcTBO K N yHOBIETBOpPSIET BCeM CBOMCTBAM
KOBapUaHTHOT ipoussoanoit Ha N u pasra VY'Y B cuty enuncrsennoctu. ]
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3aodaua 7.90 (Bropas pynmamenTanpHas popma nmogmuoroobpasus). Ilycts N saBiseTcs BIOXKeH-
HBIM IIOIMHOT000pa3ueM B piMaHOBOM MHoroo6pasun M, a pumaHoBa CTpyKTypa Ha N MHIyI1-
pOBaHa pMMaHOBO CTPYKTypoii Ha M, Kak B IpeabIayLei 3agaue. [[OKaKUTe, UTO JIT BEKTOPHBIX
monteit X u Y, kacarenpHbix K N, oproronansHas K I'N (1o pe3ysbraTy IpembIAyILIeil 3aKaumn)
KOMIIOHEHTA

Iy(X,Y)=VYY - VXY
ABJIAETCA CUMMETPUMUYHBIM TEH30POM OT XnY.

[[ IIpoBeprTe, Kak IIOMEHsIETCSI HOpMaJIbHAsE KOMIIOHEHTA, eIy X YMHOKUTCI Ha PyHKUMIO f, C IOMOIIBIO
mpasuia JleitGHMIa I KOBApMAHTHON IIPOM3BOLHOIN Vﬁ\(/[ Y. IlpoBepsTe, Kak ITOMeHAeTCA HOpMaJIbHAT
KOMITOHEeHTa Ipu repectaHoBKe X U Y ¢ IIOMOIIBIO OTCYTCTBUS KpyUeHus. |]

3aodaua 7.91 (Bropas ¢pyHmameHTanbpHas GopMa ABYMEpPHOI IOBEPXHOCTM B €BKJINAOBOM IIPO-
ctpacTse). [Iyctb N sBIseTCA BIOKEHHON OpPMEHTUPOBAHHOI By MepHOIT ToBepXHOCThIo B R3 ¢
PMMaHOBO CTPYKTYPOIL, MHAYIIMIPOBAHHOI OOBIUHBIM CKJISIPHBIM IIpou3BeeHMeM. Tormga Mox-
HO CUMTaTh, UTO eé Bropas ¢pyHOaMeHTadbHas GopMa IPUHMMAET CKaJIIpHbIe 3HAUEHUS I10CIIe
CKaJIIPHOTO YMHOKEHM Ha COIVIAaCOBAaHHBIN C OpMeHTauuell BeKTop HopManu v. [lokakuTe, 4To
€CJIM IIOBEPXHOCTH IIapaMeTpM30BaHa Kak 1 = 1 (u, v), To Bropas pyHIaMeHTaIbHast popMa B 9TUX
KOOpAMHATAX IMeeT BUL

Iy = Ldu ® du + Mdu ® dv+ Mdv ® du+ Ndv ® dv,

rae
I o a0
L=r, v, M=r,, -v, N=ry,- v

[[ 3amerbre, uTO B €BKIMIOBOM IIPOCTPAHCTBE KOBapMaHTHAas IpousBopHast VxY mpocro nuddepen-
mypyer KoopauHarsl Y B Hampasienuu X (cumBoisl Kpucroddens pasusl Hymo). B kauecrse X n Y
BO3bMITE pasHble KOMOMHALMIU U3 BEKTOPOB 7, U 7', IPOMOJKUB ITapaMeTPU3aLMIo TI0BepXHOCTH (U, )
10 IapaMeTpusanuu eé okpectHocTH (U, v, w) — r(u, v) + wr. ]]

7.14. [InuHa KPpUBOIL, felICTBME U ypPaBHEHIIE reofe3ndyecKoIl.
3adaua 7.92. IlpoBephTe IBHO, UTO AJIMHA KPUBOIL He 3aBUCUT OT BBIOOpA eé ImapaMeTpu3aliini.

3adaua7.93. IIpoBepbTe aKCMOMBI METPMUECKOTO IIPOCTPAHCTBA AJI METPUKI CBA3HOTO PUMaHOBA
MHOT000pasnus.

[[ HamMeHee TpMBMATIBHO IIPOBEPUTH HEBBIPOKAEHHOCTb METPUKIH, UTO MEKAY ABYMs PasHbIMU TOUKa-
MM OKa3bIBaeTCs ITOJIOKUTEIbHOE pacCTOsIHIE. 3aMeThbTe, UTO OLIeHUTDh CHM3Y pacCTOSHMe MOKHO, eClI B
KaKIX-TO KOOPJAMHATAaX OKOJIO TOYKI P 3aMEeTUTb, UTO JIF00ast KpUBas M3 TOUKM P B TOUKY ¢ HOJIKHA Ilepecedb
HEKOTOPYIO MaJIeHbKYI0 chepy S BOKPYT p, a fajiee OLEHUTh METPUKY B 9TOI KOOPAMHATHOI OKPECTHOCTI
CHI3Y MEeTPMUKOIL, IPOIIOPUMOHAIBHON eBKINTOBOI M OLEHUTh AJIMHY YacTU KPUBOIL OT p O0 S. MoxHO
TaKKe JCIIOJIb30BaTh MeHee 3JIeMeHTapHYIo JIeMMy ??, JoKasbIBaeMylo faiee. ]

3aodaua 7.94. TIpoBepsbTe, UTO IapalIeIbHBII ITIEPEHOC BEKTOPOB 113 Hayajla KpMBOJ B KOHeIT sIBJII-
€TCsI OPTOTOHATBHBIM (OTHOCUTEJIBHO () OTIepaTOpOM.

[[ Hcnonpayiite coBMecTMMOCTb V ¢ METPUKOI U KoBapuaHTHO npoguddepenuupyitre g(X, X ) mo cko-
pocTtu KpuBoit. ]

3adaua 7.95. IlpoBepbTe, uTo ypaBHeHMe ditnepa—Jlarpanka HeiICTBUTENBHO [aéT TO )Ke ypaBHe-
HIIe Te0Ie31UeCKOll B KOOpAMHATAaX.

[[ B mporuecce mpeobpazoBaHmit MOKET TOHATOOUTHCS CBOICTBO OTCYTCTBMS KPyUeHUs, B KOOPIAMHATAX
k _ 1k
BbIpakeHHOe Kak ['7; = I'};. 1]
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3adaua 7.96. Bekmoprvim nomem Kunnunea Ha (1mosry)puMaHoBoM MHoroo6pasuu (M, g) Hasel-
BaeTcs I10JIe, COXpaHsollee (II0JIy)pUMaHOBY CTPYKTypy ¢. JloKaKuTe, UYTO BeKTOpHOe moje K
siByIsteTcs mmosieM Kiutnmera Torma u ToIbKO TOTAA, KOTAa AJIs JI00BIX IBYX BeKTOPHBIX mosteit X, Y
soinonasercs ¢(Vx K, Y) + g(X, Vy K) = 0.

[[ Haunwure c pasencrsa tuma ¢opmyist Jlenbuuna (Lxg)(X,Y) = K(g9(X,Y)) — g([K, X],Y) —
9(X, [K,Y]) u Beipasure B HéM BCé uepes KoBapuantHoe nuddepeHnuposanme. |]

3adaua7.97. llycts K — BexTopHOe moje Kuuinara Ha (mosry)pumasoBomM MHoroo6pasuu (M, g).
Hoxkaxkure, uro ¢pyukuus g( K, K) MHBapuaHTHA OTHOCUTENHLHO /K, a HeTpUBUAIbHAsL NHTETPATIb-
Hasg KpuBad nosisd K gBigeTcd reofe3mMdecKoil TOTJA M TOJIBKO TOTAA, KOTJa OHA COCTOUT U3
kputnueckux rouek pyuxuuu g( K, K).

[[ Paccmorpure mponssosnsHoe BekTopHOe mose X u Haunute BoimucsiBars X (¢(K, K)) = 29(Vx K, K).
[IprMeHUTE TOXKAECTBO I BEKTOPHOTO 1ouis KyumHra us mpeabIayIeit 3afaun IJIs IMoJIydeHns MHPOp-
maruu 06 yckoperun Vg K. ]]

3aodaua 7.98. [lokaknTe, YTO eIy pMMaHOBO MHOroo0pasue /N BJIO’KEHO B pIMaHOBO MHOT000pa-
sue M n Ha N paccMaTpuBaercs MHAYIMPOBAaHHASA PUMaHOBA CTPYKTYpa, ypaBHEeHNUeE reoe3uue-
ckoil Ha [N B TepMIHAX YCKOPeHM I KOBapMAHTHO IPOM3BOAHOI Ha M mMeeT BUL

5 =VMy L N.
[[ Ipumenure pesynbrar 3agaun 7.89. ]]

3adaua 7.99. [Jokaxure, UTO €CJIV pPMMaHOBO MHOT000pa3ue /N BIOKEHO B pMaHOBO MHOT000pa-
sue M mua N paccMaTpuBaeTcs MHIyMPOBAHHAS pUMaHOBa CTPYKTYpa, TO JIFo0asi reoe3nuecKast
MHOT000pasus M, moxHOCTbhIO Jexaras Ha N, aBiseTcs reome3ndeckoin N.

[[ Ucnomp3ayiite pe3ynbTaT IpeabIAyILell 3aqauyl YV BApUALIMOHHOE OIIMICaHIe Te0e3MUecKoIl. |]

7.15. JKCIIOHEHIIMAIbHOE OTOOpa>kKeHMe U JIOKAIbHOE CyIlleCTBOBaHMEe KPAaTUaIINX.

3adaua 7.100. Eciu pacemotpers (exp,)”! B MOCTATOUHO Majoii OKPECTHOCTH P, TO IIOTYYAIOTCS
eeode3uueckue KOOPOUHAMbL B OKPECTHOCTY TOUKM. [IOKaXMTe, UTO B ITUX KOOPAVHATAX CHMBOJIBI
Kpucrodddens obpararorcs B HyJIb B TOUKE P.

[[ U3 ypaBHeHHUS reomesmuecKoil B KOOPOMHATAX M TOTO, YTO BCe IPSIMBbIe Uepe3 Hayalo KOOPAWHAT B

reoie3MuecKoll CUcTeMe KOOPAMHAT SIBJISIOTCS TeONe3MYeCKIMI CJIeyeT, UTO AJII JTF000To &k 1 TI0060ro0 BekK-

TOpa v B HauaJle KOOPAMHAT BBIIIOJIHSETCS ) j Ffjv’vj = 0. [lasree BOCIIOJIB3yIITECh CBOVICTBOM OTCYTCTBUS
2.

Kpy4eHUs B BUJE Ffj = 1";“2 1]

3adaua 7.101. [Jokaxure teopemy ??, IpoBepus, uto PYyHKUUS T —> arccos(r - xp) uMeer Ha
eIVHUYHOI chepe eAVMHUYHBII IPafAeHT.

[[ YTBepx)meHMe CBOAMTCS K HAXOXK/AEHMIO KpaTUANIIIINX KPUBBIX Ha chepe, CpeRy BCeX CIIPSIMIIIeMbIX KpU-
BBIX MEKOY AByMs TouKamu. [lociie IpoBepKy e IMHMUHOCTY IPafiMeHTa AeICTBYIITe, KaK B JOKAa3aTeJIbCTBE
sgeMMBlI ??. UTOOBI MIMeTh OLeHKY MJIMHBI IJISI JI0OBIX CIIPAMIISeMbIX KPMBBIX Ha cdepe, UCIOTIB3YITe UX
JIUIIINALEBOCTh X BO3MOXXHOCTB IpUMeHsTh popmyny Herorona-Jleit6Hura u3 Teopemsr ??. ]]

3adaua 7.102. [Joxaxure, YTO IJIA JIFOOO HATypaJbHO IIapaMeTPU30BAHHO OTPE3KOM reoje3u-
yecKoit cyectByer 0 > () Takoe, UTO 1100071 €€ KyCOK AJIMHBI He Gojiee ) SIBISeTCI KpaTYaiiIinM.

[[ Ucnomp3ayiite npeapIOyIIyIo IEMMY U KOMIIAKTHOCTb OTpe3Ka. |]
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3adaua 7.103. [JokaXuTe, YTO €CJIN IBE TOUKU puMaHOBa MHor006pa31/m COeNMHEHbI KpaTJaiien
CIIPAMIIAEMOI KPUBOIJ, TO 3TO KpUBasA — reoje3nuecKad.

[[ HapameTpusyiite cripsaMiIseMyio KpUBYIO HaTypaJbHBIM IIapaMeTPOM, TOTJa OHA CTAHeT JIMIIIINIIEBOIL
B CMBICJIe PIMaHOBOJ MeTPUKI. 3aMeThTe, UYTO B KOOPAVHATHBIX KapTaX KOOPAMHATHI KPUBOII TOXKe OyyT
3aBJICETh OT HATYpaJbHOIrO ITapaMeTpa JIOKAJIBHO JIMIIINIEBBIM oOpa3oM. Torma Teopema ?? IIOKaXer,
YTO y KPMBOIL CYIIECTBYeT CKOPOCTBb IIOUTH BCIOAY ¥ €€ KOOpAMHATBI MHTerpupyeMsl. OObicHUTE, UTO
HepaBeHCTBO C MHTErpajioM B JOKa3aTeJIbCTBE JEMMBI ?? IIPOXOAUT M IIPOXOIUT JOKA3aTeIbCTBO CIeICTBIIL
2?2 ]]

3adaua 7.104. [Joxaxure, uto Ha (1OJIy)pMaHOBOM MHOT000Opasum M niist 1106011 rnagkoit QyHK-
nuu f seipakenue hess f = X (Y (f)) — (VxY)(f) (eeccuar dyuximm f) muueitHO OTHOCUTENBHO
YMHOX€HVSI BEKTOPHBIX moieit X u Y Ha miagkue QyHKUMM M CUMMETPYUHO OTHOCUTEIIBHO
nepectaHoBku X m Y.

[[ C°°-nnueitnocts Mo X oueBupHa. CUMMETPUUYHOCTH ITOCIEAYeT M3 OTCYTCTBYS KPyUeHMs Uit KOBapu-
aHTHOI IIpoM3BOAHOIL. JIMHeTHOCTD 10 Y TOrda ImocjieayeT 13 BO3MOKHOCTH IepecTaBuTh X n Y. ]]

3adaua 7.105. [Joxasknre, uTo Ha (I10JIy)pIMaHOBOM MHOT000pasum M 1is iar060ii rnagkoit GyHK-
1y f U reofe3nuecKoil y Bropasi Ipou3BoaHast Kommosuwuu f o vy pasHa hess f(,%).

[[ IpumenuTe ompemeneHne reccuata U ypaBHeHIe reoqe3nuecKoir. ||

3adaua 7.106. [Joxaxxure, uTo ynr0bas TOUKA pMMaHOBA MHOT000pasys MMeeT I'e01e3MUeCKI BbI-
IIYKJIy OKPECTHOCT.

[[ Bosbmure mr06yio ¢pyukuuio f ¢ muaumymoM f(p) = 0 B maHHOI TOuKe p € M U IOJOKUTENHHO OIIpe-
IeJIEHHBIM TeCCaHOM B 3TOI TOUKE, & 3HAUNUT, I B HEKOTOPOII e€ oKpecTHOCTH. PaccMoTpuTe okpecTHOCTHI
U > p, 3amaHHble HEPABEHCTBOM f (q) < € IS TOCTATOUHO MAaJIbIX ITOJIOKUTENBHBIX €, UTOOBI YTBEPKEHUE
JIeMMBI ?? BBIIOJHAJIOCH B HECKOJIBKO OOJIBIIIENT OKPECTHOCTH P. ]

3adaua 7.107. Ha monypumMaHOBOM MHOrooOpasuy HeT MOHSATHS KpaTdaiillleil, II03TOMY YTBep-
KIeHue MpeapIaylieil 3agauy He nMeeT cMbicia. ChopMyupyiiTe MpaBUIBHBIN aHAJIOT 3TOTO
YTBEpKAEeHNA B IIOJIyPUMAaHOBOM CiIydae.

7.16. IloxHoTa 1 reoage3nmueckKasda IoJIHOTa, IrJI100ajJIbHOE CylieCcTBOBaHIIE KPaT‘IaﬁIHII/IX.

3adaua7.108. [Jokax1Te, YTO eCIU pUMaHOBO MHOT000pasue IIOJIHO B CBOEII BHyTpEeHHel MeTpUKe,
T0 J1060€ pABHOMEPHO OrpaHMUEHHOe BeKTOpHOe 1moje X (B cmbicie orpanuuersoctu g(X, X))
Ha HEM MMeeT UHTerpaIbHble KPUBBIE, ONPeNeIEHHbIe A BeexX ¢ € (—00, +00).

[[ Paccysxpaiite aHAJIOTMYHO QOKA3aTENbCTBY IIPENbIAYILIE TEOPEMBL. |]

3adaua 7.109. * Jlokaxure, YTO Ha KaKJOM MHOrooOpasmm 0e3 Kpas MOXHO BBECTM IIOJHYIO
PUMaHOBY METPUKY.

[[ Hompo6yiiTe ncroap30BaTh pasbyeHye eqUHNILBI, 103a00TUBIINCH O JOCTATOYHO OBICTPOM POCTE MeT-
PUKM «Ha GECKOHEUHOCTII»; VIV MICIIONIb3YIITe TeOpeMy YUTHM O BIOKeHMM. |]

3aodaua 7.110. * [JokaxuTte, uTo J1060€ KOMIIAKTHOE IIOJMHOr006pasue S, BI0KeHHOe B MHOT'000-
pasue M, umeer mpy6uamyrw okpecmrocmv U u rnagkoe otrobpaxenue (pempaxyurw) v : U — S,
1is KoToporo 7| g = idg.

[[ Bossmure mHOTOOGpasue Ny S, cocraBiennoe us mnap (p, v),rae p € S, a BEKTOP ¥ B TOUKe P KaCATEIbHBII
K M u neprmeHaukyssapHsbIi S. DKCIOHEHIMANbHOE OTOOpayKeHIe MOXHO PacCMaTPUBATH KaK IUIAgKOe
orobpaskenue exp : NgM — M. IIpoBepbre, uto oHO ABIgeTcH AubPeoMopPU3MOM B OKpecTHOCTHI S, TO
€CTh IS OCTATOUHO MaJIbIX v. PeTpakiuio mosyunre Kak KOMIIO3UIIIIO OGPATHOTO K 3TOMY OTOOpaXKeHUIO
u ecrectBeHHOIT mpoexkuuu NpsS — S. 3amersre, uTO r OymeT TakKe Mempuueckoi npoekyueti Ha S,
COITOCTABJIIIONIET Kaykoit Touke U equHCTBEHHYIO OIIDKAIIIYIO K Hell TOUKy S. ]
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7.17. KpuBM3Ha pUMaHOBBIX MHOTOO0OPa3MIi.

3adaua7.111. HanuimmTe BpIpaskeHUs AJIs1 KOOPAMHAT TeH30pa KpUBU3HBI PriMaHa uepes CMBOJIBI
Kpucrodddens.

9 0 _ k_0_
[[ Opumennre ompeneneHne K 6a3MCHBIM BEKTOPHBIM ITOJIAM x;» TTOMHSA, UTO \Y% 2B, = Zk T ij Dy
7

HO.T[)KHO IIOJIYyUYNTBHCA

ort ort
¥4 k E 0 § 0
¢ J m m

1]

3aodaua7.112. TIpoBepsTe, uTO BEIpaKeHMe V x Y He sBiIgeTCca TeH30poM 110 Y . [IpuBenure npumep,
KOTJIa B OJTHOJI CUCTeMe KOOpAMHAT Bce cuMBoJIbI Kpucroddeis obpararorcs B HyIb, a B APyTOII
— HeT.

3adaua7.113 (Bropas xkoBapuaHTHas IpousBogHas). [IpoBepsTe, UTO BBIpaKeHIIE V%QYZ =VxVyZ—
Vv, v Z (ananornyHoe reccuany us 3afgaun 7.104) aBisgeTcs «TeH30poM 110 X 1 Y », TO eCTh YMHO-
KaeTcd Ha QyHKUMIO, IIPY YMHOXEHIN Ha 3Ty (QYHKIINIO OMHOTO 13 BeKTOPHBIX IoJeit X mmm Y.

— 2 2
[Iposepbre, uTo O0HO He cuMMeTpuuHO 110 X, Y uuro RxyZ = Vi 2 — Vy x Z.

[[ Ucmoneayiite mpasmio JleitGHmIa NI KOBApMAHTHON IIPOM3BOMHOI M OTCYTCTBUE KpyUeHns. |]
3aodaua 7.114. Ilycts BexkTOophl X M Y HellapaJuleJIbHBI B TOUKE P I IIPOOJIKEHBI O KOMMYTUPY-

IOINVX BEKTOPHBIX I10JIeJ B OKPECTHOCTH . [loKakuTe UTO IIpU IepeHoce BEKTopa £ 110 KOHTYpPY
MaJIEHBKOT'O ITapajijiesiorpaMmMa OKOJIO TOUKM ) ¢ HalpaBIeHUIMY CTOpOH X 1 Y OH MeHseTcd Ha

—RX7yZ
\/g(X, X)g(y, Y) - g(X’ Y)2

rae A — mwiomane mapauierorpaMmma.

A+ o(A),

[[ IIpoposskuTe BeKTOP Z € IOMOLLBIO CBA3HOCTH I10 JIEBOTL CTOPOHE ITapalIeIorpaMMa, a IOTOM C IIOMOLLBIO
CBSI3HOCTM IIPOMOJDKUTE €0 CieBa Hampaso. IIpogoiskurte BeKTop 7' ¢ MOMOLIBIO CBSISHOCTY II0 IIPABOIL
CTOpOHE IapajuIeJIorpaMMa, a II0TOM IPOJIOJDKIUTE ero CIIpaBa HaJeBo. 3aMeThTe, UTO IPK 9TOM B IIPABOIl
gacTy GOpMyYJIBI ISt f7 9(V4Z,T) dt ocranercst TOJIBKO MHTErpal OT (GOPMBI KPUBUSHBEL ]

3adaua 7.115. [lokakuTe, UTO IIPU TOKAECTBEHHOM pPaBEHCTBE HYJIO TeH30pa KPUBUS3HBI (II0-
JIy)pMMaHOBa MHOT000pasys pe3yJIbTaT llepeHoca BeKTOpa BOJIb KPUBOIL He MEHSETCS IIPU F'OMO-
TOIIMAX KPMBOI ¥ B OKPECTHOCTY Ka’K[0J TOUKM MHOT000pa3!s CyIIeCTByeT CiCTeMa KOOPAMHAT,
B KOTOPOJI KOMIIOHEHTBHI ¢ TIOCTOSHHEI.

[[ Paccmorpmre roMoTONMI0 MeXAy KPUBBIMM KaK ITOBEPXHOCTh C KOOPAMHATAMI U,V U3 HEKOTOPOTO
IIpSAMOYTOJIbHMKA, IIPONOJKEHMI BEKTOPOB IO BEeKTOPHBIX ITOJIell cHejaiiTe Kak B IpedbIOyIlell 3amade.
IlepeHoca HesaBMCHMMO OT IIyTU BEKTOPBHI M3 JAHHON TOUKM B €€ OTHOCBI3HYIO OKPECTHOCTD, IIOJIyUITe
0asuc BeKTOpHBIX mojeit X, ..., X, B 9TOIl OKpeCTHOCTH, KOTOpPBIe £-OpPTOHOPMIPOBAHHI B JII000II TOUKE
U KOBapMaHTHas IIPOV3BOJHAS JII0OOT0 13 HUX I10 TI000MY BeKTOPY paBHa HYJII0. [lOKaXXITe, YTO BEKTOPHBIE
nonsg Xy, ..., X, INOIapHO KOMMYTHUPYIOT, I HAIAUTe B HEKOTOPOJ OKPECTHOCTM JAHHON TOUKM CHCTEMY

KOOpPAMHAT, B KOTOPOI! 3TM BeKTOPHBIE I10JIS PaBHBI 6%1’ ceey %. 1]
n

3aodaua 7.116. [Jokaxure mepBoe TOXAECTBO BhsHKM:
RxyZ + Ry zX + RzxY =0.

[[ Mo>xHO IIPOXOJLKUTH BEKTOPHI IO IIOIIAPHO KOMMYTUPYIOIINX BeKTOPHBIX ITOJIENl U IPUMEHUTH OTCYT-
CTBIE KpyUeHMs IJI KOMMYTUPYIOIINX BeKTOPHBIX ImoJieil B Buge VyY = Vy X. ]]
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3adaua 7.117. Joxaxure, uto popma KpuBM3HBI PuimaHa
R(X,Y,Z,T)=g(RxyZ,T)
MeHsIeT 3HaK IIpy ItepecTaHoBKe X 1 Y, MeHsieT 3HaK Ipu IlepecTaHoBKe Z u 1 U He MeHseTcs

npu oomene map X,Y u Z,7T.

[[ Cumras BeKTOpHBIE ITOJIS IIOIIAPHO KOMMYTUPYIOIMIL, MOKHO M3 COBMECTMMOCTI V C METPUKON U
¢dbopmynbl Ko3roisa moayunTs BeIpaxkeHUe

R(X,Y,Z,T) =
= SX(Z((V, 1) + 3Y (T(g(X, 2))) ~ S X(T(o(¥, 7)) ~ 3¥ (Z(9(X, T))+
+9(VxZ,VyT) - g(VyZ,VxT),

KOTOpoOe uMeeT TpebyeMble CBOMCTBA CUMMETPIUH C YUETOM KOMMYTUPOBaHVI BEKTOPHBIX ITOJel. ]

3adaua 7.118. IlomyunTte BeIpa)KeHN [ KOOpAMHAT (GOPMBI KpUBU3HBI PrMana
R(X,Y,Z,T)=g(RxyZ,T)
uepe3 KOOPAMHATHI (.

[[ HoncraBpTe GasducHbIE BeKTOPHBIE ITOJIS 8% B popMyIy U3 IpeabIayLIell 3agaun. |]

3adaua7.119. * [Joxaxure, uto popMa KpMBU3HBI PMaHa IOIHOCTHIO OIIpeaesIsieTcsI 3HAaUeHUSIMU
R(X,Y, X,Y) Ha BceBO3MOXKHBIX TTapax BeKTOpoB X, Y.

[[ Hycrs V — kacaTeapHOe IIPOCTPAHCTBO B KAKOJI-TO TOUKE, TaK KaK B pOpMy KPUBU3HBI IIOACTABIIAETCSI
He 0oJiee UeTHIPEX BEKTOPOB, HJOCTATOUHO PAacCMOTPETHh He Oojiee ueM UeThHIpEXMepHBIN ciyuail. Vcxonms
13 CBOJICTB cuMMeTpuu ¢opMa KpUBU3HBI MOXKET CUMTATHCS CHUMMETPMYHON OmnumHeitHoi (popmoit R
ma A?(V), KOTOpast B CUJTy M3BECTHBIX CBOVICTB GUUIMHENHBIX GOPM OMpeeNnseTcs CBOMMY 3HAUCHUSIMIU
Ha mapax &, & misa Bceosmoxkubix £ € AZ(V). TIposepbre, uto mpu dim V' < 3 Bce & nmeror Bum X A
Y m rTorma yrBepxkaeHue mokasaHo. IIposepsre, uto npm dimV = 4 B Bume X A Y mpencrasnsarorcs
Te M TOJBKO Te &, KOTOphIe YIOBJIETBOPSIOT KBagpaTUUHOMY cooTHouleHmoo & A & = 0. 9to o3Haugaer,
uto R ompenesnsercs cBOMMU 3HaueHMsMMU Ha Habopax Buma X, Y, X,Y ¢ TOUHOCTBIO MO BBIpaKEHWS,
nponopuuonansroro det(X, Y, Z, T). [laee MOXHO UCIIONB30BaTh TOKAECTBO BBAHKIM, UTOOBI IIOKA3aTh,
yro nponopruonanssle det(X, Y, Z,T') BipakeHUs MOXHO UCKIIOUUTD. |]

3aodaua 7.120 (YpaBuenue SIko6u). [loKaKnTe, UTO €CIM MMeEETCS IVIaJIKOe CEMEIICTBO Teoie3nye-

cknx {75}, T0o mpousBonHas J = (7)) ABISETCS NPU JAHHOM 3HAUEHNV S BEKTOPHBIM II0JIEM

J BIOJIb Y = Ys, YXOBJIETBOPSIOLIUM JIMHETHOMY nuddepeHIaTbHOMY YpaBHEHMIO (CO BTOPOIL
IIPOVM3BOHOI B CMBICJIe KOBapMAHTHOTO A depeHIMPOBaHNS 10 KPIBOIA)

J - —R‘jﬁ/’y.

[[ HosicHuTe BO3MOKHOCTH CHEJIATH IPEAIIOIOKEHE [J, V] = (0 gnst BekTOpHOTO 10Nt V, paBHOTO 75 Ha
reofe3nvecKux, ¥ HammcaTh GopMyJIbl

0=V, 0=V,;VyV =RyyV+VyV,V=RyyV +VyVyJ=RyyV +J.
11

3adaua7.121. O6BsIiCHUTE, TOUEMY OIIpeiesIeHIe TEH30pa KpUBU3HBI Priuun Ha 3aBUCUT OT BbIGOpa
B3aMMHBIX 0asucoB {e;} u {f;}.

3adaua 7.122. * [Jokaskute, UTO B TPEXMEPHOM ClIydyae PMMaHOBY KPMBU3HY MOXKHO BOCCTAHOBUTH
1o TeH3opy Pruunr.

[[ MoskHo mpopenaTh MAaHUITYJISLNI B SBHOM BIfe,  MOJKHO BOCIIONIB30BaThCs 3amauelt 7.119. ]]
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3adaua 7.123. [lna metpuxu Ha obnactu D C R? suna
g(X,Y) =eY(X,Y),

roe U : D — R — rmagkas gyuxmys, a (X, Y) — eBKINIOBO CKaIsspHOE IPOU3BENEHNE, HATITe
TE€H30p KpUBU3HBI PuMaHa.

[[ Mus ympoleHMs BBIUMCIEHNIT BCe BEKTOPHBIE IO MOKHO CUMTATh MIMEIOLIMMI ITOCTOSIHHbIE K03(-
¢MUMEeHTH B JaHHOJN CUCTeMe KOOPAMHAT, ¥ B YAaCTHOCTM KOMMYTUPYIOLIMMIY APYT € APYroM. B Takmx
IpenRnoioxeHusax popmyna Kosromnsa cokpalaercs 1o

29(VxY, Z) = X(9(Y, 2)) + Y (9(Z, X)) = Z(9(X,Y)),

a IIOCTOSTHCTBO BEKTOPHBIX IIOJIEN MIO3BOJISIET €€ PACIIUCATD KaK (CKOOKM 0603HAYAIOT EBKINIOBO CKAAPHOE
[Ipou3BefieHIe)

22V (VxY, Z) = 2X (U)e?V (Y, Z) +2Y (U)e?Y (2, X) — 2Z(U)e*V (X, Y),
UTO YIIPpOIIAETCA OO0
(VxY,Z) = X(U)(Y,2) +Y(U)(Z, X) — Z(U)(X,Y),
VIV D9KBUBAJIEHTHO (C TpaaMM€HTOM B €BKJIVJOBOM CMLICJIe)
VxY =X(U)Y +Y (U)X — (X,Y)grad U.

- 9 — 9
Paccmotpe mona X = - uY = 5y TOTAa MOKHO IOJTYUUTH

VxY =VyX=U,Y +U;X, VxX=U,X-U)Y, VyY=-UX+U)Y
I B ITOTE
RxyX =VxVyX - VyVxX =U.LY + Uy, X - U}, X + U, Y+
+ U (U X +UY) + U (U, X —U)Y) = Up(Up X +U)Y) + Uy (U, X +U)Y) =
=U,Y +U,Y +0=AU-Y,
qgTo C y‘{éTOM CI/IMMeTpMﬁI TeH30pa Pumana ,T_IaéT I I‘[pOI/ISBOJILHbIX BeKTopOB
R(X,Y,Z,T) = g(Rx,y Z,T) = AUe Y (9(X, 2)g(Y,T) — g(X, T)g(Y, Z)) -
1l

3aodaua 7.124 (Popmymna 'aycca s kpmBu3HbI nogMuoroobpasus). Ilycts N sBiseTcss BIOXeH-
HBIM ITIOAMHOT000pa3neM B pPUMaHOBOM MHOroo6pasmum M, a pumaHOBa CTpyKTypa Ha N MHAY-
IIpOBaHa PMMaHOBOJ CTPYKTypoit Ha M/, Kak B 3agade 7.90. [JokakuTe, I BEeKTOPHBIX ITOJIEI
XY, Z, T, xacarenvubix k N, bopma kpususabl RY MHOro06pasus N Bepaskaercs uepes Gpopmy
kpusususl RM muOroo6pasus M u Bropyro byHmamenTanbHyio dopmy Iy mommHOTOO6pasMS
Kak

RN(X,Y,Z,T) = RM(X,Y, Z,T) — g(In(X, Z),Hn(Y,T)) + g(In(Y, Z),1In(X,T)).

[[ IpenmososkuTe, YTO BEeKTOPHBIE IO KOMMYTUPYIOT Ha [N ¥ IIPOJOJDKEHBI 1O KOMMYTUPYIOIINX ITOJIelt
Ha okpectHoctu N B M. IlepBoe ciaraemoe B Beipaxenuu R(X,Y, Z,T) nepennimre kax

9(VxVyZ,T)=X(g(VyZ,T))—g(VyZ,VxT)

¥ TIOCMOTpMUTe, uTO B HEM MeHsercs pu 3amere VY ma VYV, ¢ yuérom oproronansroctu X, Y, Z, T mo6omy
Bekropy Bupa Iy (-, ). Coemnaitre TO 5ke caMoe CO BTOPBIM CJIaraeMbIM. |]
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3adaua7.125 (Popmyia 'aycca i1 KpMBU3HBI ABYMEPHOI ITIOBEPXHOCTH B €BKJIMIOBOM IIPOCTPAH-
cTBe). JJoKakMTe, YTO BCe KOMIIOHEHTHI ()OPMBI KPUBU3HBI JByMEPHOI'O BIO>KEHHOTO IIOMHOTO-
obpasusas N C R3 ¢ MHIYLUMPOBAHHON CTAaHNAPTHBIM CKAJIAPHBIM IIPOM3BEIEHNMEM PUMaHOBOI
CTPYKTYpOJ paBHBI ILTIOC VIV MUHYC JeTepMIHAHTY €€ BTOpoil pyHIaMeHTalIbHOI GOpMBI, KO-
TOPBI Ha3bIBAETCH 2ayccosa kpususHa. [IposepbTe, uTo B TepMuHax 3afgaun 7.91 rayccoBa KpMBU3HA
nosepxHocTy /N paBHa

G= (T,u/u : V)<T:)/v ' V) - (T/u/v ’ V)2'

[[ Ucmonpsyitte cuMMeTpuy pOpMBI KPUBMUSHBL, YTOOBI II0Ka3aTh, UTO BCe €€ KOMIIOHEHTBI BBIPAsKAIOTCS
yepe3 0gHO umcio. IloroM mcronp3yiite npeabIAyIIyIo 3agauy u 3agaay 7.91. ]]

7.18. IIpocTpaHCTBO-BpeMs CIIEIMAJIbHONM T€OPUN OTHOCUTEIbHOCTH.

3aodaua 7.126. [lokakxuTe, UTO MHOKECTBO BPEMEHUITOLO0OHBIX BEKTOPOB pacliafiaeTcs Ha {Be KOM-
IIOHEHTHI CBI3HOCTY, IX MOKHO Ha3BaTh HAIIPABJIIEHHBIMU B Oyaylilee U B IIPOLILIOE.

3aodaua 7.127 (O6patHoe HepaBeHcTBO Komm-ByHskoBckoro). [lokakure, uTo B R nna IBYX
BpeMeHUII0{00HBIX BeKTOpOB X, Y BBIIOJIHSETCS

g(X, Y)2 Z g(XvX) 'g(Y> Y)

[[ Bcnomuure mokasarenbcTBo HepaBeHCTBa Komm-ByHAKOBCKOTO M MHBAPUMAHTHOCTY CUTHATYPHI KBAJI-
patnuHoit popmeL. ]]

3adaua 7.128. [Ioka)xure, YTO OTHOIIEHNE MEKIY TOUKAMI X U i «T — Y SIBJISIETCSI HAIIPABIEHHBIM
B Oyaylilee BEKTOPOM» IIOPOKaeT OTHOIIIEHNE YaCTUYHOTO IIOPSIaKA.

3adaua 7.129. JlokaxuTe, UTo BpeMeHUIIOA06HbIe MHOT006pasua B R1 ™ umeror pasmepmocts He
6osee 1, a mpocTpaHCTBeHHOIIOOOOHBIE — He GoJtee 3.

[[ BecromumTe IIpO MHBAPMAHTHOCTD MHAEKCA KBAAPATUUHO GOpMBI. ]

adaua 7.130. J[JokaxuTe, YTO BpeMeHMUIIONO06HOE MHOrooGpasue B He MOXeT ObITh nuddeo-
3adaua 7.130 6 6 R1+3 6
MOP(GHO OKPYKHOCTIL.

3adaua7.131. [Jokaxure, uTO0 BpeMEHUIIOLOOHBIE IIPSMble MAaKCUMU3UPYIOT fv Vg%, )| dt (co6-
CMEeHHOe 6peMst HaACuYybl) CPEY BCEX BPEMEHMUITONOOHBIX KPUBBIX, COEAVMHSIONIIX ABE NaHHBIE
TOYKU.

[[ BeiBemgure 0OpaTHOE HEPABEHCTBO TPEYTOJIbHIKA U3 00paTHOro HepaBeHcTBa Komn-byHsakosckoro. ||

3adaua 7.132. Hanumre napaMeTpudeckoe ypaBHeHe JBYKEHNA B IByMepHOiT mtockoctu R
C IIOCTOSHHOJI CKOPOCTBIO U IIOCTOSHHBIM YCKOPEHMEM.

[[ 3amersTe, uto cumBoIIEI KpuicToddests paBHBI HYIII0 1 YCKOpEHMe CUNTAETCA B KOOPAMHATAX KaK BTOpast
IIpOM3BOAHAL 110 apaMeTpy s. O6paTuTe BHMMAaHIE, YTO IIOCTOSHCTBO CKOPOCTH ¥ YCKOPEHVSI IIOHMMAeTCs
B CMBICJIe KBagpaTu4yHoit popMel g = —dt ® dt + dxr @ dxr. CHayaya HalloUTe 3aBUCUMOCTb CKOPOCTI OT
ImapaMeTpa S, a IOTOM IIPOMHTErpupyiite e€. ]

3adaua 7.133. Joxaxure, uro rpyimmna JlopeHIIa MoKeT ITepeBecTH JII0001 HallpaBJIeHHBII B Oy Y-
I[ee eVHIUHBII BEKTOP B JII00OI APYToil HAallpaBIeHHBIN B OyAylilee e JUHIYHBIN BEKTOP.

[[ B cuy Hasmmums KOMIIO3MIMY U B3ATVSI 0OPATHOTO B IPYILIIE JOCTATOUHO A0Ka3aTh, uto Bekrop (1,0, 0, 0)
MOJKHO IIepeBeCT B JIF00O0JI HallpaBJIeHHBIN B Oyaylilee eAMHINYHBIN BeKkTop. [losiesHo BRIMICATH KOOPAU-
HAThI TAKOTO JMHeHOro npeodpasosanus us O(1, 3) ssuo. ]]

3adaua 7.134. [loKaKuTe, UTO JHOGOI «IIOUTH OPTOHOPMIPOBAHHBIIT» 6a3uCc, B KOTOPOM ¢(€;, €;) =
+4;j, MoxHO rpymnmoii JlopeHIa mepesecTy B JI060J1 IPYTOiT TAKOI e 6asuc.

[[ SaMeTBTe, UTO IIPU IIEPEBOAE BEKTOPA C JAaHHBIMI KOOpAMHATAMI B OMHOM Oasuce B BEKTOp C TEMU K€
KooOpAMHATaMI B JPYTIOM basuce IIOJIY4Ya€TCA M30METPU. ]]
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3aodaua 7.135. [Jokaxure, uto rpymia JlopeHia nmeer yeTblpe KOMIIOHEHTHI CBI3HOCTIA.

[[ PaccmoTrpute meTepMmHAHT IIpeoOpa3oBaHys M BO3MOXKHYIO CMeHY IIPOLIIOro Ha Oyayiiee. [lokaxure
TaK)Xe, UTO NpeoOpasoBaHMsl eUHIYHOrO JeTepMIHAHTa, He MEeHsIOIe MeCTaMl IIpOoLIoe 1 Oyayliee,
COCTAaBJISIIOT CBSI3HYIO ITOArpyImy. |]

3adaua 7.136. * 3aMeThbTe, UTO MHOKECTBO BCEBO3MOKHBIX HAIIPaBIEHUII CBETOBBIX JIydeil 13
Havasa koopauHat B RT3 muddeomopdro neymepHoit chepe. [IposepsTe, UTO Ipy BBEIEHNN HA
HeJl pUMaHOBOJ CTPYKTYPBI 3 IIpeICTaBIeHNs €€ B BU/IE PELIeHNs CUCTeMbl YpaBHEHUII

Py =1t=1,

npeobpasoBaHus rpynisl JIopeHIIa 0Ka3bpIBAIOTCA KOHPOPMHBIMU, TO €CTh COXPAHSIOT PIMAHOBY
CTPYKTYPY C TOUHOCTBIO O YMHO)XeHUSI Ha (PYHKIMIO.

[[ 3amersTe, uTo Ha cBeToBOM KoHyce {t? = 2 + y? + 22} BosHUKaeT BBHIPOKJAEHHAS PUMAHOBA CTPYK-
Typa, BBIPOKIEHHas BAOJIb CBETOBBIX JIyUell, IPOXOMAIINX uepe3 HyJb. [Ipn aToM Ha 1106071 ABYMeEpHOI
IIOBEPXHOCTH B 3TOM KOHYyce, KOTopad IepeceKaeT KaKAbIl CBETOBOI Jyd POBHO OAUH pa3s U He KacaeTcd
CBETOBBIX JIyUell, 3Ta pUMaHOBa CTPYKTypa y>Ke He SIBJISeTCs BBIpOKAeHHOoI. [loKakuTe, UTO LeHTpalbHad
IIPOEKUI OTHOM TaKOJ IIOBEPXHOCTH Ha APYTYI0 KOH(GOPMHA OTHOCUTEIBHO X PUMAHOBBIX CTPYKTYp. ]]

3adaua 7.137. Haitqure curHarypy kBapparmunoit ¢popmsr (Q(A) = det A Ha mpocrtpaucrse V'
9PMUTOBBIX MATpUIl 2 X 2. BeImmimmre Kakoil-HIOY b OPTOrOHAIBHBI 6a3uc B V' OTHOCUTENIHHO
KBaJpaTIUHON POpPMEI ().

3adaua 7.138. B ycioBuAx mpembIoyIleil 3amaun mpoBepbre, uto gopmymna A — T*AT maér
nsoMeTpuu () AJIs 00071 KOMILIEKCHOI MaTpuLbl 1 pazmepa 2 X 2 ¢ eIMHUYHBIM JeTePMIHAHTOM.
Y mocrpoennoro tTakum o6paszom romomopdusma rpynn SL(2,C) — O(1,3) onuwnre sigpo u
obpas.

7.19. [IBIDKeHMeE B 3JIGKTPOMAarHITHOM I10JIe, ypaBHeHUs MakcBeJria.

3adaua 7.139. IIpoBepsbrTe, uTo ypaBHeHMe (??) KpUTUUECKOII KPUBOI QyHKIMOHAJA, TI0 aHATIOTUI
C pacCyXAeHMEM I YpaBHEHUA I'e01e3MUECKOI.

[[ Cuaraemoe ypaBuenus neyokeHus B Bupge ¢(%, X ) Mbl yKe IONy4any U3 IIEPBOI UACTU EVICTBUS B
Teopeme ??. Bropoe ciaraemoe mmosyunrcs us nponsBoaHoit JIu ¢popmsr o u popmynsr Kaprana. ]]

3adaua 7.140. IIpoBepsTe, uto Ais peleHus ypaBHeHns (??) okaspiBaercs g(7,y) = const.
[[ Paccmorpure Ly (g(¥, 7)) = 29(V47,7) = 29(%,%). 1]

3adaua 7.141. Haitnure nevictBme 3Bé3qoukn Xomka Ha dopmax dx A dt, dy A dt, dz N\ dt, dy A dz,
dz A dx, dx A dy B RS,

3adaua 7.142. Beimmmiure YpaBHEHN I TpagyeHTa ¥ OUBEPTEeHIMI BEKTOPHOIO IIOJII B CTaH-
TapTHBIX KOOpIAMHATaX RM3. ITpoBepbTe, €CTh a1 OTIANUMA OT CIydas eBKJIUA0BA IIPOCTPAHCTBA

R%.
3adaua 7.143. Beipasure ypasHenue d(*F') = j uepes [uBEpreHIMIO U POTOP (10 IPOCTPAHCTBEH-
HBIM KoopjuHaTam) B RT3,

7.20. YpaBHeHusda Jiuiepa—Jlarpanrka ajIs KJIaCCMUYeCKNX ITOJIEN.

7.21. BpiBop ypaBHeHUs JITHIITEITHA U3 AelicTBUSA JiHIITeIIHAa-T MIb0epTa.

3adaua 7.144. IlpoBepbTe, YTO B ABYMEPHOM Cilydae ypaBHeHNe DIHIITeIHA TPUBUAIbHO. BriBe-
OUTe OTCIONA, YTO MHTETPAJ CKAJIIAPHON KPMBU3HEI ITO 3aMKHYTOMY ABYMEPHOMY MHOT000Pasmio
He 3aBJICUT OT BBIOOPA €ro PIMAaHOBO CTPYKTYPBL

[[ BcmomuuTe, 4To NH06bIE IBE PUMAHOBbI CTPYKTYPbI g U §' MOYKHO COEIMHUTD MEXTy COO0T BBITYKIBIMU
komGunaumsamu (1 —t)g + tg'. 1]



77

3aodaua 7.145. * IIpoBephTe, UTO YCIOBME paBEHCTBA HYJII0 BapuallMy AeMCTBUSI OVHIITEHA—
I'mnp6epTa Mo He MMelollell KpydueHMs KOBApMAHTHON IIPOM3BOJHON PaBHOCUIIBHO TOMY, UTO
KOBapMaHTHAas MPOM3BOAHAs COBMeCTUMA C (II0JIy)pMMaHOBOI CTPYKTYPOIL.

[[ B omgHy cropoHy yTBepXieHme IpoBepeHO B seMMe ??. B o6paTHyI0 CTOpOHY Hamo IIPOBEPUTH, BO

uTO CBOpaumBaeTcs Kpajparnunas uacts Bapuarm A(X, A(Y, Z)) — A(Y, A(X, Z)). B xoopanHarax 310
kj( At i m o

6yner Boipaxenme »_,; ... g7 (A, AT — A% All). Ecxm 9To BBIpakeHMe OKaKeTCs HEBBIPOKIEHHOM

KBaJpaTNIHON (GOPMOIL, TO BapUALVISI MOKET 06paTI/ITI:C5I B HyJb TobKO ipu A = 0 (uro COOTBeTCTByeT

COBMECTUMOVI ¢ ¢ KOBAPMAHTHOI IPOM3BOHOIN). [l aHAIM3a B OIHOI TOUKE MOKHO CUMTaTh ¢/ = 44y

7 m 7 m

W paccMaTpUBaTh BHIPAKEHIe dijm T (AzmAJj Aijij).

Ot 31071 KBafPATUIHOI HOPMBI OTAENSIETCS PAMOE CIaraeMoe, COOTBETCTBYIOITee TlepeMeHHbIM A7 ¢
[OIIAPHO PA3IMYHBIMU UHAEKCAMI i, j, M, KOTOPOE B CBOIO OUEpPEb PACIIAfAeTcsl Ha claraeMble, B KOTO-
PBIX HEBBIPOKIEHHO BXOMAT 110 TpU KoopamMHATHI Al”, oTimyaromyecs [UKINIeCKUMI II€PeCTaHOBKaMU
(1,4, m).

OcraBiIasics yacTb KBagpaTIIHOI GopMbI pas3biBaeTcs Ha 4acTy, HyMepyeMble TeM MHAEKCOM U3 i, J, M
KOTOPOIJI He paBeH AByM ApyruM. Kaxmoe Takoe ciaraemoe yske MOYKHO SIBHO IIPOaHAIN3MPOBATh 1 OOHA-

k _ Ak
py»urs, uto npu ycnosuu A;; = A7 (oTcyTcTBUe KpyueHus1) oHO OyaeT HEBBIPOXKIEHHBIM. ]

’L]’

7.22. MopeJsibHBIe IIPOCTPAHCTBA PUMAaHOBOI reOMeTPUI.

3adaua7.146 (Crepeorpadmueckas mpoekius). [JokaKuTe, UTO IeHTpaIbHas IIPOEKIVS 13 IT0JIF0CA
(rouxm (1,0, ...,0)) cheprr S" Ha runepmrockocts { g = 0} 3amaér cucreMy KOOpAMHAT Ha cpepe
0e3 OHOII TOUYKM, B KOTOPOIL e€ prMaHOBa CTPYKTypa MMeeT BT
4dxy @ dzy + 4dxy @ dxy + -+ - + 4dx, ® d:):n

(I+af+-+ x"’)
[[ SaMeTbTe, quTo CTepeOTpa(bI/IquKaH IIpO€KU VA COXPAHAET YIJIbI MEXAY KaCaTE€JIbHbBIMI BEKTOPaMI, TO €CTh

JOJDKHA IIepeBOANUTD METPUKY Ha cdepe ¢ METPUKY eBKIMI0BA IIPOCTPAHCTBA C TOYHOCTBIO 1O YMHOKEHMS
Ha ¢yukuuio. Haiinure sty ¢yHKUMIO, paccCMOTpeB OXHOMepHYI0 Hoachepy, MPOXOAAIIYI0 uepe3 MOJIIOC.

1]

3adaua7.147. [Jokaxure, uTo Ha e QUHUUHO AByMepHOI chepe chepuuecKnit 4By yroIbHUK, 00pa-
30BaHHBII IBYMs ITOJIOBYHAMI OOJIBIIINX OKPYKHOCTEI C YIJIOM ( MEXAY HUMIU, MMeeT ILIOIIAaIb

2¢.
[[ Ucmompsyiite BpallleHMe BOKPYT peOpa ABYYTOJBHIKA, KOTOpOE COXpaHSeT ILIOLIAIb ITOBEPXHOCTH

chephl. ITO JAET OKA3ATENBCTBO IS PALIMOHAIBHBIX /7T, OCTAIbHBIE CJIYUYal ITOJIYUYAITC TIPEIeNbHBIM
mepexomom. |]

g:

3adaua 7.148. Jlokakure, UTO Ha e€IMHUUHON ABYMepHOI cdepe chepuuecKuii TpeyroabHUK C
BHYTPEHHUMIU yTJIaMU «, (3, Y IMeeT ILIOTa b
a+pB+vy—m.

[[ IpomomKuTe CTOPOHBI TPEYTOJIbHMKA O GOJIBIIINX OKPY)KHOCTEI, KOTOphIe pa3oOpioT chepy Ha BOCeMb
TPeyTOJIbHIKOB, KOTOphIe pa3bMBalOTCs Ha I€HTPAIbHO-CUMMETPIUHbIE Iaphl. 3alMIINTe YPaBHEHUI Ha
OOIIIYIO ILTOIIAnb chephl M Ha IUIOIIAAY BO3HUKAIOIINX Ha KAPTUHKE NBYYTOJIbHUKOB. |]

3adaua 7.149. BeiBemuTe oInpeeseHue TeH30pa KPUBU3HBI chephl MIPOM3BOJIBHOM Pa3MEePHOCTU
n3 3agaun 7.119 u mHpoOpMaIMM 0 KpUBU3HE ABYMEPHOII Cephl.

3adaua 7.150. [JoxakuTe TeopeMy KOCHHYCOB IJIS IJIMH CTOPOH U yria TpeyronsHuka ABC Ha
eIVHUYHOII cepe:

cos BC = cos AB cos AC 4+ sin AB sin AC cos ZBAC.

[[ Iepeitaure Ha AByMepHYIO IOAChEPY, COMEPIKAIIYIO TPEYTONbHIK M3afaliTe BEPIINHbI TPEYTOIbHIKA
TpEXMEpPHBIMU BeKTOpaMiu. ||
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3adaua 7.151. JJokakmTe, UTO eCJIM M30METPUS CBI3HOTO pMMaHOBa MHOroo6pasus M ocrasiser
Ha MecTe OJ{Hy TOUKY p U JeiCTBYeT Ha KacaTeJIbHOM IpocTpaHcTBe 1,V ToXmecTBEHHO, TO OHA
caMa ABJIAEeTCA TOXIOECTBECHHBIM 0TO6paH(eHI/IeM.

[[ UcmompayiiTe 9KCIIOHEHUMANbHOE OTOOpaXKeHNUE I OKA3aTeNbCTBA JIOKAJIBHON TOKIECTBEHHOCTI,
Iajee UCIONb3YiiTe CBA3HOCTD. |]

3adaua7.152 (Koopamuars! [lyankape). [Jokaxknre, 4To LeHTpaibHas poekuys u3 Touku (—1,0, . ..

Ha runepruiockocts {rg = 0} 3amaér cucreMy KOOpAMHAT Ha TUIIEPOOIMUECKOM IIPOCTPAHCTBE
(co 3HAUEHMSIMM B € MHIYHOM OTKPBITOM ILIIape), B KOTOPOJ pMMaHOBa CTPYKTypa MMeeT BT
4dxy @ dry + 4drs ® day + - - - + 4dx, ® dx,
- 2 2)2 ‘
(—af =2
[[ Kak u B 3amaue mpo crepeorpaduueckyio Impoekuno chepsl, yIoOHO CHauana HOKasaTh COXpaHEHIEe
YTJIOB, TO €CTh KOHPOPMHOCMY JAHHOTO OTOOpaskeHNs. ||

3adaua7.153. * [IpoBepbTe, YTO B TUIIEPOOIINMUECKOM IIPOCTPAHCTBE JI000I OTPE30K Ie0 e3IecKoin
ABJIAETCS KpaTJallllen.

[[ Y6enutecs, uTo runepbonnueckoe IPOCTPAHCTBO TeOe3MUECK ITOTHO I €r0 SKCIIOHEeHIIMAIbHOE 0T00-
pakeHue sBisercs quppeoMopPpr3MoM BCero KacaTeJpHOro pocTpaHcTBa B Touke Ha Bcé H™. IIposepsre,
YTO pacCy’KIeHMs M3 JoKa3aTeJIbCTBa IEMMBI ?? Torja paGoTaT He TOJIBKO IS MOV OKPECTHOCTM TOUKIA,
HO ¥ JJIS BCETO IIPOCTPAHCTBA. ||

3adaua 7.154. [oxkaxxure TeopeMy KOCMHYCOB IS AJINH CTOPOH ¥ yria TpeyronbHuka ABC' B
ruIepOoIMUIecKoM IIPOCTPAHCTBE:

ch BC =ch ABch AC — sh ABsh AC cos ZBAC.

[[ Iepeiimnre Ha KByMepHOe TUIIEPOOIMUECKOe ITOAIIPOCTPAHCTBO, COAEPIKAIIYIO TPEYTONBHIK, U 3a/aiiTe

BEPIINHBI TPEYTOJIbHUKA BEKTOPAMU B R*2, Bripasure paccTogHmUA depes CKaJldpHOE IIPOM3BENEHNE B
RH_Q. ]]

7.23. IIpocTrpancrBa e Currepa u merpuka IllIBapmmmiabaa.

3adaua 7.155. [lokaxxuTe, uTo B yacTy mpocTpaHcTsa jge Cutrepa dS?, BbImenenHol ycioBuem
x4 > 0, B cucTeMe KOOPAMHAT X /Xy, T1 /T4, To/ T4, T3/ T4 BCE TEOHE3UUECKIIE ITOTO IPOCTPAHCTBA
ABJIAIOTCSA IpAMbIMU nHUAMU. [To Hpl0TOHY Takas cucreMa KOOpAMHAT NOJKHA HA3bIBATHCS UHEp-
YUATbHOTL, TaK KaK YaCTUIIbI, B3AMMOJIECTBYIOIINE TOJBKO C TPABUTAI[MIOHHBIM I10JIEM, IBVKYTCA
B HeJl paBHOMEPHO U MPAMOJIMHEITHO.

[[ MokaxxuTe aHATOTMYHO TeopeMaM ?? 1 ?2, 4To 060e AByMepHOe IMHeltHoe moanpoctpancteo P C R™H!
B nepecedyennu ¢ dS*? maér reomesmdeckyio MM Mapy reome3MIECcKuX. |]

3adaua7.156. IlpoBepbTe, UTO CBETOBHIE IyUM B TpocTpaHcTBe me Cutrepa dS* apaaroTces mpaMbrvMu
IIPOCTPAHCTBA R nexxammmu B dS?.

R1+4

[[ ITocmoTpuTe BHMMAaTENbHEE, KaK AByMepHbIe JIMHEHbIE IIOAIPOCTPAHCTBA MoryT mepecekatsb dS*

U KOTJIa MX KacaTeJbHbIe BEKTOPBI U YAOBIETBOPSIOT yeaosumw g(v,v) = 0. ]]

n+1
3adaua 7.157. Hanuure Boipakenue mist metpuku AdS B koopaunarax (¢, 21, . .., T,).

3adaua 7.158. JlokakuTe, UTO B 4acTU aHTU-TpocTpancTBa e Currepa AdS?, Beienennoit ycio-
BueM v > 0, B cucTeMe KOOpIVIHAT v /U, L1 /U, T2 /U, T3/u BCe TeOHe3MUeCKIE BISIOTCS IPSIMBIMI
JIMHUAMI.

[[ Amanormuno 3agaue 1po mmpocTpaHcTBo ge Currepa. ||
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3adaua 7.159. BospMuTe MHTerpaj U IOCUMTAlTe paguajbHOe paccTosiHue B MeTpuke IIIBapi-
ILIMJIbOA.

3adaua 7.160. Onpenenure B MeTpuke IIIBapummibpga moBegeHMe CBETOBBIX JIydell, MAYIIUX B
paanaIbHOM HallpaBJIE€HUI.

[[ TTomosxure ¥ = /2, ¢ = 0 u pelinTe ypaBHeHUE
S Ry S )
r r—p
1]

3adaua7.161. Muoxurens 1 — p/r B popmye merpuku [IIBapuinmibaa COOTBETCTBYET, ITOCTE U3-
BJICUEHNS M3 HETO KBaJAPAaTHOTO KOPHS, 3aMeJIEHNIO COOCTBEHHOTI'O BpeMeHM U HaOJIIoqaTess,
HaxOJAIIero Ha IIOBEPXHOCTY 3eMJIN, II0 CPAaBHEHUIO ¢ HabIIogaTesIeM, HaXOAIIIMCS JaJIbIIle OT
3emnn. Ouennre, cuiapHee au 3TOT 3¢ dekT apdexra 3amenyeHNs COOCTBEHHOTO BpeMEHMU OT IBMU-
KeHNs CITyTHIKA Ha KPyTOBOJ OpOuTe It HU3KOI OKOJI03€MHOV OPOMTHI U IJISI Te0CTAI[MIOHAPHOII
OpOUTBHL

[[ Yurure, uto p = 2G M/ 2B peaTbHbIX eIMHNIIAX, a 3aMeJIeHIe COOCTBEHHOTO BpeMEeHMU TP ABIDKEHNU

CO CKOPOCTBIO ¥ omumchIBaercss popmyioit /1 — v2/c2. 1]

3adaua 7.162. * Ompenesnure pagyaibHOe IBVIKEHME 00BEKTOB ITOJOKUTEIBHON Macchl (TO eCTh
reopnesuueckue ¢ §(¥,%) < 0) B merpuke [HIBapummibia. [lokakure, uTo 3a KOHEUHOE COOCTBEHHOE
BpeMsI OBVDKYIIUIACS K [EHTPY 00BEKT YXOANUT B 30HY ¢ = +00. ITO TOBOPUT O TOM, UTO METPMKA
[IBaprimibaa TpebyeT KaKoro-To IMpOROJIKeHNUs 3a IIpe/IesIbl KOOPAMHATHON KapThl, B KOTOPOIT
OHa OIlpejiesIeHa.

[[ Bapsupyiite pyHKLIMOHA HEVICTBUIL fv 9(%,7) ds (3mecny 0603HaYaeT IPOU3BOJHYIO 10 IIAPAMETPY S, HE
IyTaTh C IPOM3BOIHOI II0 «BpeMeHN» B KoopauHarax [IIBapiimibma t). THBApMaHTHOCTh OTHOCUTEIBHO
crBuUra ¢ MACT 3aKOH COXpPAHEHUs SHEPTUu. ||

3adaua 7.163. ** Msyunrte ABIDKEeHNE OOBEKTOB ITOJIOKUTEIBHOI Macchl B MeTpuKe [IIBapmmmis-
a, ecu OHM IBIDKYTCA B Iutockoctu ¥ = m/2. [locunraiite BenuuuHy 3¢¢GeKTOB OTKIOHEHMS
CBETOBBIX JIyUeil 1 CMeIlleHNs [TePUTeNns OPOUTHI.

[[ MoxHO HanpsMy0 BapbUpoBaTh QyHKUMOHAT HEeVICTBUL fv 9(7,%) ds. HesaBucumoctp 3T0r0 PyHK-
I[IOHaJIa OT CABMIOB BpeMeHM { ¥ yIVIa IIOBOPOTa ¢ HaéT (Kak JacTHBIN ciydail ¢opmyi (??)) 3aKOHBI
COXpaHeHNsI SHePTUU U YIJIOBOIO MOMEHTa:

r—pdt o dp
— = const, r“—— = const.
r ds ds

BappupoBaHue 1o KoopAauHaTe © JACT ypaBHeHNE BTOPOTO MOPAAKa, KOTOpoe Hamo OymeT u3yuarts. |]

7.24. Ilnomagb moBepXHOCTU 10 MITHKOBCKOMY.
3adaua 7.164. Harvigure puMaHOB 00bEM eqIMHUUHOI chepsr S™.

[[ Haseproe mpoiie Bcero GymeT 3TO CHeNaTh, PACCMOTPEB £-OKPECTHOCTH €INHIYHOTO Imapa B R™TL,
KOTOpasi caMa sIBJIseTcs mapoM paauyca 1 + ¢, u npumenus ¢popmyaiy (??). ]]

3adaua7.165. * [locunraiiTe pUMaHOB 00BEM £-OKPECTHOCTY TOUKM (METPIUUECKOTrO IIapa paguyca
£) BO BHyTpeHHell MeTpMKe cepbl ¥ BO BHyTpeHHeIl MeTpUKe I'IIIepOoIIecKoro IIpOoCTPAHCTBA.

[[ 3amerbTe, UTO MOKHO IPEICTABUTD 1i-MePHBI 00BEM Kak nHTerpai (n — 1)-mMepHbIX 06béMoB vol,, U, =
foa vol,—1 OU; dt o coobpaskeHMsIM, aHAIOTMYHBIM (opMysie MuHKOBcKoro. 113 cummerpruHocTH chepbl
U TUIIEPOOIMUECKOr0 IPocTpaHcTBa ciienyert, uto U (t) msomerpuuno crangaptaoi (n — 1)-mepHoii cdepe
HEKOTOPOr'o pajnyca, KOTOPBIl OCTAETCs BHIPA3UTh uepes t. |]
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3adaua 7.166. [lns oOpueHTUPOBAHHOI KOMIAKTHOII riajkoii mosepxuoctu N B R? paccmotpum eé
caBur V;, B KOTOpOM Kakjas Touka © € N 3aMeHdeTcs Ha 1 -+ v, Tie V SBJIeTCs OpUeHTUPYIOIIelt
HOpPMAaJIBIO B TOUKe 7. JlOKaKITe, UTO It IIPOM3BOOHON pUMaHOBa 00béMa N; Mpu JOCTATOUHO
MaJIbIX ¢ BRIIOJHAETCA (hopMyIIa

d
—vol N, = —/ tr Iy, dvol N;.
dt N,

[[ ®opmyny mocrarouno qokasaTs npu t = (. TakKe I10I€3HO CBI3aTh IIPOU3BOIHbIE g—z n % cIIx B asBHOM

BIIJI€, IV BCIIOMHUB GOpMYJIbI 3 3amaun 7.91. ]

7.25. MHoroo6pasue I'paccmana u ¢popmyiia Kpodrona.

3adaua 7.167. PaccMoTpuUTe YaCTHBII CIydall BellleCTBEHHBIX IIPOEKTUBHBIX IIpOCTpaHCcTB RP" =
Gr; (R”+1). B3sgB B kauectBe V' B pacCy)KIeHUSX BbIIIe KOOPOUMHATHBIE OCU R, manummmre
IpeoOpa3oBaHMA MEXIy COOTBETCTBYIOIIVIMIL MIM CHCTeMaMy KoopanHat B RP" B IBHOM Bufe.

3adaua7.168. [Jokaxure, uro mpu cymme Munakosckoro A+ B = {a+b|a € A, b € B} Beimykibix
KOMIIaKTOB C HEHYJIEBOJI BHYTPEHHOCTBIO (6bINYKITbIX MeJT) UX IIePUMETPbI CKJIAbIBAIOTC.

[[ BsIpasute mepumerTpsl Tenl depes dopmyrny KpodroHna (a TouHee, uepes IIOBTOPHBII MHTETpAl U3 €€
J0Ka3aTeJIbCTBA), IIPM 9TOM aKKypPaTHO IIepeiiuTe OT CIydas IJIaJKOI TPaHNIIBI K He 00s3aTeJIbHO IIATKOIL.

1]

3adaua7.169. [JokaK1UTe, YTO €CIIU BBIITYKIIOE TEJIO C TJIAAKO IpaHuIIet AcCS® COEPIKUTCA B BbI-
IIyKJIOM TeJIe C TIagKoit rpanueit B C S”, To puMmaHoBa IUIoIaab nmopepxuoctu rena A e 6onee
PMMaHOBOJ ILIOIAAY IIOBEpXHOCTH Tejla B. 31ech MOAMHOXeCTBO cepbl CUMTAETCS BBIITYKIIBIM,
€CJIVL BMeCTe C JIIOOBIMI JBYMsI TOUKaMI OHO ITOJTHOCTBIO COEPIKUT JIFOO0YI0 KpaTUaiIIyo JMHUI0
MeXIy HUMIL

[[ Bslpasure puMaHOBBI ILTOLIAAN [TOBEPXHOCTH Tel yepe3 popmyny Kpodrona. ]

3adaua 7.170. [JokakuTe, YTO eCIM HeobA3aTeIBHO IIPIMOYIOIbHBIN Mapawrenenunes P C R”
COIepP>KUTCS B HEOOsA3aTEIbHO IIPSIMOYTOIbHOM mapauresnenumene () C R™, o cymma nnus pébep
P ne 6osee cymmsl qinH pébep ().

[[ Bsipasure cymmy munH péGep mapayuienennmnena uepes popmyny tuma Kpogprona. ]]

7.26. HepaBeHcTBO bpyHHa-MIHKOBCKOTO 1 M30NepIMeTpHUUECKOEe HEPAaBEHCTBO.

3adaua 7.171. [Ooxaxure, uro pyukumsa A — (det A)l/ " BOTHYTa Ha IIOJIOKUTEJIBHO OIpeeséH-
HBIX CUMMETPMYHBIX MAaTPUILAX pasMepa 1 X n.

[[ BorayrocTs pyHKIIMN IO OIIpeeIeHII0 O3HAUAET BOTHYTOCTD €€ OrpaHMyue s Ha J00yo Ipamyo. st
COCTOSIIIEN M3 CUMMETPIYHBIX MATPHULL IIPSIMOIL CHENaiiTe OPTOrOHANBHYI0 3aMeHY KOOPIMHAT, UTOOBI BCe
MAaTpPUIBI Ha 3TOI IIPSIMOI CTAIYM OTHOBPEMEHHO AMATOHAIBHBIMU. |]

3adaua 7.172 (U3oqnameTpuueckoe HepaBeHCTBO). [lOKaKMTe, YTO MAKCUMYM 00BEMA MHOKECTBA
B R" maHHOTrO MUMaMeTpa JOCTUraeTcs Ha IIape.

[[ Csenure Bompoc K OTKPBITHIM MHOXecTBaM. BosbMure MHOKecTBO X M CIOKUTE 110 MIHKOBCKOMY €
MHOXecTBOM — X, nepedopmynupyiire HepaBenctBo diam X < d B tepmnaax X — X. ]]
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3aodaua 7.173. Ha30BéM 6vinyKabiM nomusdpom MHOXKeCTBO Touek r € R”", samaHHOe cucTemoit
JIMHEVHBIX HEPABEHCTB

TV <Cly.o .y T VUy K Cp

Hns onpenenéHHocT OyaeM CUMTATh BEKTOPHI V; eAMHUYHBIMI. [JOKa)KUTe, UTO Cpeayt OIpaHM-
YeHHBIX BBIIYKJIBIX ITOJINMAIPOB C (PUKCHPOBAHHBIMI BEKTOPaMU V; ¥ PUKCUPOBAHHBIM 00BEMOM
MIHVMMAaJIbHYIO IIJIOLIAAb IIOBEPXHOCTI UMEIOT T€, Y KOTOPBIX C| = * *+ = Cpy, ¥ UIX CABUTH.

[[ HeitcTByiiTe KaK B JOKa3aTeIbCTBE M30IIEPUMETPIUECKOI0 HepaBeHCTBA, HO CyMMy MIHKOBCKOTO Gepure
He C IIIapOM pajfuyca 7, a C BBIIYKJIBIM IIOJIM3APOM, 3aJJaHHOM HepaBeHCTBAMU

TV KTy .,@ Uy ST

1l

3aodaua 7.174 (Jlorapudmuueckas Borayrocts). Oyukuus f : R™ — R, HassiBaercs socapupmu-
uecKu oeHymot, ecy st mo6bIx ,y € R" n 0 < ¢ < 1 BeImonHsIeTCS

F(A =tz +ty) = f(=)" fly)

JTokaxure, UTO eCan JorapupMuyecKnt BOTHYTYI0 PYHKIIMIO N IIepEMEHHBIX IIPOMHTErPUPOBATh
I10 O/THOII IIEPEMEHHOIA, TO ITOIyUNTCs IorapudMuuecku Borayrtast GyHkuus (n — 1) mepemeHHOI1
(wn +00).

[[ Bocnomp3yiitech paccykaeHUIMU M3 OKa3aTelbCTBa PyHKIMOHAIBHOTO HepaBeHcTBa BpyHHa-MuHKOBCKOTO.

1]

3adaua 7.175. Ilyctp X C R™ — Beimykiioe Teso (TO €CTh BBITYKIIBIII KOMIIAKT C HEITyCTOM BHYT-
peHHOCTBI0), o > (). [lIoKa)kmTe, UTO MHTETpal

_ 2
/ el dg
X+v

SBJIIETCS CTPOTO JiorapudMuyuecK BOTHYTOI QyHKIIMEN OT CIBUTA .
[[ JIorapudmuueckyio BOTHYTOCTh MOXKHO BBIBECTY M3 IpeAbIAyIIiell 3anaun. s fokasaTeabcTBa CTPOroit

sorapudmiraeckoit Boraytoctu, f((1 — t)x + ty) > f(z)! 7t f(y) mpu x # yu 0 < t < 1, mamo Gymer
mofyMarh. ||

8. T'apmoHMUeckuit ananmus

8.1. IIpocrpancrBa L,, HepaBencTBa I'émbaepa u Munkosckoro.

3aodaua 8.1. [JokaxuTe, UTO paCCTOSIHIE MEXAY OBYyMs aOCOTIOTHO MHTETPUPYEMBbIMI PYHKIMIMU
KOHEUHO.

[[ Tpowrerpupyiire nepasercrso | (x) — g(z)| < |£(z)| + g()]. 1]

3adaua 8.2. [Jokaxure, utro HopMa B L1 (X') He 3aBucuT OT BHIGOpA Ki1acca 9KBUBAIEHTHOCTIL.

[[ Tlpumenure nepasencrso Tpeyronsuuxa || f + g|| < [|f|| + [|gl| mmm pasGeiire nurerpan na nsa: mo
MHO>KeCTBY, I'le QyHKLMM OTIMYAIOTCA U 110 MHOKECTBY, TIe OHM He OTJINMYAIOTCA. ]]
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3adaua 8.3. IIpoBepbTe, UTO €CIIM BBITYKJION GYHKIIMY paspelleHo IIPMHIMATh 3HaUeHe +00, TO
MHOYXECTBO TOUEK, Ha KOTOPOM 3HAUeHUs 3TOV (PYHKIIMIM KOHEUHBI, SBJISETCSI BBITYKIIbIM.

3adaua 8.4. [lokaxnre, uto ecau B cemeitctBe pyuxkumit f, : V — R, a € A, Bce dyHxunm
BBIITYKJIbIE, TO

f(z) = sup{fa(z) | @ € A}

TO’Ke BBINTYKJasd, €CIM pa3pellnTh B ONpeeJIeHNI BBITYKIOCTY 3HaUeHMe +00.

[[ 3amerbTe, UTO CyIIpeMyM CyMMBI He IIPEBOCXOJUT CYMMBI CyIIpeMyMOoB. My 3aMeThTe, UTO BBIITyKJIOCTD
(bYHKII HECKOIBKIX IIepeMeHHBIX 110 OIIpe/IeJIeHII0 O3HauaeT BBIITYyKJIOCTh BCeX e€ OTpaHIUeHUIT Ha IIps-
MBle, a 3HAUUT YTBEP>KIeHUS TUIIA 3TOM JIeMMBbI JOCTATOUHO IIPOBEPUTH I (PyHKLIT OXHO IIepeMeHHOI],
HaIpUMep, HapJCOBaB AJIA ce0s yOeAMTeIbHBI PUCYHOK. ]

3adaua 8.5. [Jokaskute, UTO Uik M3MEPUMBIX (PyHKUMIT U yucen p,q > 0, Takux uro 1—1) + % =1,
nMeeT MecTo popmyIa

) 11 =sup { [ 17n] e Il <1}

3adaua 8.6. BeiBenure HepaBeHCTBO MUHKOBCKOTO U3 3a1au 8.4 u 8.5.

3aodaua 8.7. ChopMynupyiiTe JOCTATOUHOE YCIOBUE BBITYKIOCTI ABaXKAbI HellpepbIBHO Andde-
peHuupyeMoit GyHKIMM HECKOJIBKIX IIepeMeHHBIX.

[[ Bcriomuute mipo orpannuenue GyHKIUY Ha TIPAMBIE. | ]

3adaua 8.8. llycry f : [0,+00) — R — Bospacrawoias Beimykias QyHKIys. [OKaKuUTe, uTO
¢yukuns f, : R" — R, sagannas popmymnoi f,(x) = f(|x|), Toxe BpimyKIas.

[[ Haunure ¢ Beimykinoctu pyskuuu |z| va R™. ]]

3aodaua 8.9 (Hepasenctso MeHcena st KoHeuHBIX cyMM). [lokaxure, uro ecnu pyukinms f : V —
R Ha HEKOTOPOM BEKTOPHOM IIPOCTpPAHCTBe |/ BBINYKIasd, TO AJA JII00oro Habopa vy,..., vy € V
U HEOTPULIATENbHBIX KO3PIUIMEeHTOB t1, . .., Ty, TAKNX UTO 1 + t9 + - - - + ¢ty = 1, BeIIONHSIETCS

ftivr + -+ tvon) <tif(vr) + - +tnf(on).
[[ Ucnomsayitre naaykuyo mo N. ]]
3aodaua 8.10. Joxaxure, uro ecan ¢pyHKIusA f onpenesneHa Ha oTkpbiToM MHOXecTBe U C R™ un
BBIITYKJIA, TO OHA HellpepbIBHA Ha U.

[[ Paccmorpure Touky xp € U ¥ HOKakuUTe OrpaHMUEHHOCTH CBepXy f B €€ OKPEeCTHOCTH C ITOMOIIBIO
HepaBeHcTBa VeHceHa. [lasiee mpuMeHNTe OIpeieIeHue BITYKIOCTH I JOKa3aTeIbCTBA OTPAHMYEHHOCTI
CHU3Y VM PaBHOMEPHOII HEIIPephIBHOCTH f B MEHBbIIIel OKPeCTHOCTH L. ]]

3aodaua 8.11. [oxkaxure, uro ecnu ¢pyHkuusa [ : R — R Boimykia, To 0OHa IpeacTaBIsIeTCs B BULE
CyIpeMyMa HEKOTOPOTO CeMeJICTBa JIMHENHbIX (yHKIINIL.

f(zo)—f(z-) < f($+)—f(93o)’

To—T_ T4—T0
BeiBefiiTe 13 3TOrO, UTO CyILECTBYeT JuHelHas pyHkuus £(x), Takas uto f(x) > ¢(x) Be3me u paBeHCTBO
BBIITOJIHSAETCS TIPU T = L. ]

[[ O6parure BHMMaHMe, YTO PN T < T( < X4 BBIIOJHIETCSI HEPABEHCTBO

3adaua 8.12. oxaxure, uro ecin f : R — RBreimykina,a g : [0, 1] — R a6conrorHo nuHTErpupyema,
TO BBIIIOJIHAETCA HEPABEHCTBO

[ etz ([ o) aa

[[ IIpencraBbTe f B BuAe cynpeMyMa CeMeIICTBA JIMHEIHBIX GYHKIMI 11 00paTUTe BHUMAHIIE, UTO MHTETPAJ
cyImpeMyMa He MeHee CyIpeMyMa MHTerpajos. |]
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3aodaua 8.13. TlomoxutenbHast PyHKINS Ha BBITYKIOM MHOKecTBe (' Ha3bIBAeTCS JI02apudMuuecKu
6bINYKITOU, ecI e€ JIoTapu(dM BBIITYKIIBINA, TO €CTh

F(L =tz +ty) < fl2)' ™" fly)'
npu obsix z,y € C,t € (0,1). [Jokakute, UTO CyMMa JIOTapupMIUUECKN BBITYKIbIX (YHKI{IIT
Jorapu(pMITYecKy BBITYKIIA.

[[ 3ameTspTe, UTO JOCTATOUHO paccMaTpMBaTh QYyHKUINI OJHOI IlepeMeHHOI Ha IpoMexyTke. [IposepsTe,
uTO PYHKIMS JorapuPMIUecKy BBITyKJla TOTAA U TOJIBKO TOIa, KOTJa OHA SIBJISETCI CYIIPeMyMOM ceMeli-
crBa pyHukimit Buaa ab”. [ud cyMM GYHKIMI TaKOro BUa HEPABEHCTBO JIOrapu(pMUUeCcKOl BBIITYKIOCTI
ABJIeTCA HepaBeHCTBOM ['énbrepa. ]]

3adaua 8.14. [lokaxure, uto GYHKIUA tr ¢! JorapmpMuuecKyt BBIIyKIa HA MHOMKECTBE CHMMeT-
PUUHBIX IMHENHBIX ortepaTopoB A : R” — R".

[[ MoxHO 3ameTuTh, UTO IpU HpubaBiIeHnn Kk A ckaagpHoro omeparopa Al, paccmarpuBaemas QyHKIVISI
YMHOAeTCsl Ha KOHCTAHTy. DTO IIO3BOJIIET CBECTY BOIIPOC K IIOJIOKUTENIBHO OIpefeséHHbIM A, mocie

3TOrO JIOrapy(pMIUIECKyI0 BBINYKJIOCTh MOXKHO IIPOBepsATh Ha Ipsamoit (1 — ¢)A + tB ¢ monoxurenbHO
onpenenéuubIMu A n B, npuBeas UX 0OQHOBPEeMEHHO K AMaroHaAIbHOMY BUAY. ]

8.2. ITomHOTa IPOCTPAHCTB L)),

3adaua 8.15. Ilokaxxure Ha puUMepe, UTO CXOAMMOCTE B L, (X') MOKeT He 03HAUATH [IOTOUEUHOII
CXOOVIMOCTHU HYI B OOHOM TOUKE.
[[ PaCCMOTpMTe II0CJIEOBATEIIBHOCTD CTyHeHeK BBICOTHI 1, y KOTOpLIX Mepa OCHOBaHUI4A CTpeMI/[TCSI K HyJIIO,

HO IIpM 3TOM CTYII€HBKU 0eCKOHEUHO MHOTO pas Hpo6eramT II0 MHO>XECTBY X. ]]

3adaua 8.16. Ilycrs mociemoBarenbHoOCTh (f,,) cxommres B L,(X) k dynkumn f : X — Rn
OHOBPEMEHHO CXOAUTCS ToToueuHo K pyHkiuu g : X — R. [Jokaxknre, uro f = ¢ moutu BCIOAY.

[[ OGparure BHUMaHUe, YTO B OKA3aTEIHCTBE TEOPEMBI ?? yCTAHOBIIEHO, UTO HEKOTOPAs IOIIIOCIE0BA-
TenbHOCTS ( fy, ) cxopures k f He Tonpko B L, (X ), Ho u mouru Bcogy. ]]
8.3. IIpubnmxeHnss GyHKIMit B L, CTyIIeHYATHIMI M 0€ CKOHEYHO IJIaKIMIL.

3adaua 8.17. [lokaxkure, 4ro ecnm usMepumoe MHOKecTBo X C R” orpanuueno, to nwobyo
f € L,(X) MOXHO CKOJIb YyrogHO GiM3Ko 1o HopMme || - ||, mpnGnamusurs orpaHnmueHHbIM Ha X
MHOTOUJIEHOM.

[[ Ucnomnsayitre reopemy CroyHa-Beitepurpacca. ]

3adaua 8.18 (HenpepsiBHOCTS caBura B npocrpanctse L,). Ilycrs f € L,(R™). Jokaxure, uto

/+°0 |f(x+1t)— f(x)|P de — 0 upu |t| — 0.

[e.o]

[[ Cuauama mokakmre yTBepsKAeHMe IS IVIAAKOM (PyHKIMM ¢ KOMIIAKTHBIM HOCHUTEJIEM, UCIIONb3Ys eé
PaBHOMEPHYIO HeIlpephIBHOCT. [lotoM mpmbnusbre mpousBoibHyo ¢yHkuuio f € L,(R™) rmapkoit ¢
KOMIIaKTHBIM HOCHUTEJIEM VM BOCIIOJIb3YIITeCh HepaBeHCTBOM MMHKOBCKOTO. |]

8.4. OrpaHnyeHHas Bapuamus.

3adaua 8.19. [loxaxnte HepaseHcTBO TpeyrombHuka || f + glls < || fllz + |9/l p nna dysxumit va
oTpesKe.

3adaua 8.20. [JoxaxuTte, 4TO ecay (PyHKIMSA OIpaHNUEHHOI BapMaly HelIpepbIBHA B TOUKE I
(a B mpyrumx TOUYKax MOKeT OBITh UM paspbIBHA), TO QYHKIMU U U d U3 IPUBEIEHHOIO BBILIE
JIOKa3aTeJIbCTBA TOXKe HEeIPEPBIBHBI B TOUKE L.

[[ ocmoTpuTe BHMMATEIHHO HA HOKA3aTEIBCTBO TeOpeMbl ??. ]
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3adaua 8.21. [lokaxkure, 4To eciu PyHKUMS MMeET OTPAaHNUEHHYIO BAPUAIUIO Ha MHTepBase (a, b),
10 oHa mMmeer KoHeunsle mpenens! f(a + 0) m f(b — 0), u mocie moompeneneHus Ha KOHLIAX
MHTEpBaJa 10 HEIIPEPBIBHOCTH OyIeT UMETh Ty JKe BapuaIuio Ha [a, b].

[[ Ucnomnsayitre kpurepuit Ko, ]]

3adaua 8.22. [Joxaxure, 4YTo (pyHKLMSI OrpaHMUEHHON BapMalMy Ha OTpe3Ke MHTerpupyeMa I10
Pumany.

[[ MoHO BOCIIOIB30BaTHCS Pa3IOKEHNEM B CYMMy MOHOTOHHBIX, MJIV MOXKHO HAaIPSIMYIO OLIEHUTDH B3Be-
LIEHHYIO CYMMYy KosieOaHmit. ||

3adaua 8.23. Nokaxure, uro eciau pyukius f : R — R nmeer orpannuenHyo Bapuaiuio Ha Bceil
IIpsIMOIL, TO st Jtroboro ¢ € R

+oo
/ @t t) — F(@)] de < | flls - 1t

e}

[[  MoxXHO BOCIIONB30BATHCS PasjoKeHMEM B CYMMY MOHOTOHHBIX, MJIM MOXKHO pasOMTh MHTerpaa Ha
MHTETPAIBI [10 OTPe3KaM [UINHBI |t| 1 IpUMEHNUTH OllpeieneHne Bapuanun. ||

3adaua 8.24. [lokaxkure, uto ecnu Gyukuus [ : [a,b] — R aBiasgerca paBHOMEPHBIM IMpeneioM

nocneposatenbaoctu pyukuuii (f,), o || f||p < lim || f,.|| 5. [IpuBenure npumep, Korna HepaBeH-

n—00
CTBO CTpPOTOE€.

[[ UcmonpayiiTe ompemeseHne BapMalluy A OKA3aTelbCTBA HepaBeHCTBA. [ MOCTPOEHUs MpUMepa
CTPOTOTO HEPABEHCTBA UCIIONB3YIITe MPUOIIDKeHNE cIab0 KOMeOmoIeiics GyHKIINU CUIBHO KOJIeBTI0IIn-
mucs. ]

3adaua 8.25. [fokakute npeabIayLIy0 GOpMyIly s OLIEHKU MHTerpaia f; f(z)g(z) dz.

[[ Berurure u3 g 3Hauenue g(a), ocTaBiIeecs Pas3iIOKNATE HA BO3PACTAIOLIYIO I YOBIBAIOIIYIO YacT!. ||

8.5. AOcoroTHasE HENIPEPBHIBHOCTH, 00001méHHasn ¢popmyna Herorona-Jleitoanma u 0606-
IéHHOE NHTETPUPOBAHNE IO YACTSM.

3adaua 8.26. IIpoBepbTe, UTO CyMMa ¥ pasHOCTHh aOCOJIOTHO HEIIPepPhIBHAIX (PYHKIMIT aGCOTIOTHO
HEIIPpEPBIBHBI.

3adaua 8.27. [Jokaxure, YTO aOCOJIOTHO HeIpephIBHAS Ha OTpe3Ke QYHKINS NMeeT Ha HEM orpa-
HNMYEHHYI0 BapMalio.

[[ Iposepsre, uTo Ha THOOOM OTpe3Ke MAMHBI § Bapuauus QyHKIun Oymer He Gosee € (6 m £ B3SITHL U3
OIlpe/iesieHNsT), IIOTOM BCIIOMHNTE IIPO aqAUTUBHOCTD Bapuanuu (temma ??). ]]

3adaua 8.28. [lokaxkure, uTo Bapuanus abCONTIOTHO HellpepbIBHOM QyHKiuu [ : [a,b] — R paBua
MHTETpay MOIYJd €€ IIPOU3BOIHOI.

[[ MosHO moKasaTh 3TO aHAJOTMUHO PACCYXKIEHNUAM B 3ajaue 5.76, B KOTOPBIX JIMIIINIIEBOCTh MOYKHO
3aMEHUTHh Ha abCONIOTHYIO HeIpPephIBHOCTh. B paMKax 3TOTO pasjena MOXHO PasjoXuth f = u + d mo
nemme ?? u f' = f' + f/ mo reopeme ??. U3 BepHbIxX mouTH Bclony HepaBencts v’ > f' ud < f’ BeiBegure,
uro u' > fi md < f', mrorma oxassiaercs, uro || f|g = ||ullp + ||d||B = ff(er — fo)dz = f; |f| dx.
HepaBeHCTBO B 0OpaTHYI0 CTOPOHY CledyeT U3 ONpefeeHNs BapUalluyi ¥ OIeHKM MOMyJs MHTerpasa
MHTErpajoM Moays. |]

3adaua 8.29. Noxaxute, uro Gpyukuys f : [a,b] — R abconoTHO HenpepbIBHA TOTAA U TOJIBKO TO-
I71a, KOTJa OHa MOXeT ObITh CKOJIb YTOHO OJI1M3K0 B B-HOpMe IpnbimkeHa KyCOUHO-JIMHETHBIMU
byHKIMIMIE.

[[ IlepedopmymnupyiiTe 3TO B TepMIUHAX IIPOU3BOTHBIX. |]
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3adaua 8.30. * JJokaskuTe, UTO eCJIM OIpefeI€HHAs Ha OTpe3Ke HellpepbIBHASA QyHKUMI f IIOUTH
BCIOAY MMeeT HEOTPUILATEIbHYI0 IIPOM3BOAHYIO, & B OCTABIIEMCH MHOKECTBE MEPhI HYJIb IMEEeT
KOHEUHYIO HVDKHIOIO IIPOM3BOJHYIO, TO OHA BO3pACTaerT.

[[ HeitcTBys aHATOTMUHO HOKA3aTEIbCTBY TEOPEMBI ?? ¢ IIOMOILBIO JIeMMbI Besukosuua, st 11060ro Ha-
TYpaJIbHOTO 1 Ha JII60M oTpeske [a, b], Ha koTopoMm f(b) < f(a), Hatimure mogoTpesoxk [c, d] C [a, b], Takoit
uro f(d) — f(c¢) < —n(d — ¢). IIpeanonoxuB oTCyTCTBIE BO3pacTaHus f, CKOHCTPYUPYIiTe IOCIIe 0BATENb-
HOCTH BJIO)KEHHBIX OTPE3KOB [Cp, dj| ¢ pacTyluMm uuciaaMu n B IpebIAylieM HepaBeHCTBe. [lokakuTe,
4TO TOrJa B OOLIEl TOUKE ITUX OTPE3KOB HILKHSA NPOM3BogHasA pyHKUMM f paBHA —00. ]

3adaua 8.31. * [lokaxkure, uto ecnu [ : [a,b] — R umeeT MpousBOJHYIO B KasKI07 TOUKe (B 00bIU-
HoM cmbicie) u f' € Ly[a, b, To f aGconroTHO HenpepbIBHA U BhIIONHsAETCS Gopmyia HeroToHa—

Jleitouuua f(b) — f(a) = ff f'(x) du.

b
[[ HMocrarouno moxasars Hepaserctso f(b) — f(a) > [ f'(x) dx w mpumenuts ero k — f(x) Toxe. lns
aroro MoxxHO ¢yukiu g(z) = f’(x) obpesars cBepxy 1o unciy M, MOXyuus gy, JOKa3aTh HEPABEHCTBO
b ; )
f) — f(a) > [ gm(x) dz, m nepeiitu k npegeny M — 400 10 TeopeMe 0 MOHOTOHHOJ CXOMMOCTIL.
Jl1s1 MOKa3aTeIbCTBa MOCIIEAHEr0 HEPABEHCTBA OIPOOYTiTe IPUMEHNTD Pe3yJIbTaT IPebIAYIIeN 3a1aun K

s f(z) — [ gar(t) dt. 1]

8.6. BopeseBckue MephI Ha oTpe3Kax, nHTerpai Jlebera—Cruiareeca.

3adaua8.32. IIpoBepkTe, YTO OIpeeIeHNIe MEPHI [, C ITPOMEKYTKOB KOPPEKTHO PaCIIPOCTPAHAETCA
JI0 KOHEYHO-aJAMTUBHO Mephbl Ha BCEX 3JIeMEeHTAapHBIX II0JJMHOKeCTBAaX OTpe3Ka.

[[ IIpoBeprTe, YTO MPOMCXOTUT C ITOI MepOIL TP pa3OUEeHNN OXHOTO IIPOMEKYTKA Ha HECKOJIBKO. ]

3adaua 8.33. [lokaXuTe, UTO OIMCAHHON Mepe, COCPeTOTOUEHHOI Ha KAaHTOPOBOM MHOXECTBE,
COOTBETCTBYeT (QYHKIA paclpeeseHNs, pelaoinas 3agauy 5.74.

3aodaua 8.34. * [lokaxure, YTO IAJIsI § OTPaHMUYEHHOI BapuaLn

/ F@)dg(@)| < llglls - |1 flle-

3adaua 8.35. [IoKaXKWUTe, UTO I1OCIIEN0BATENBHOCTD PYHKIWI gy, : [a, b] — R, KoTopsle paBHOMEpPHO
OTpaHIUEHBI U MEIOT PABHOMEPHO OIPAaHMYEHHYI0 BApMALINIO, IMEET IIOTOUEYHO CXOMAIIYIOCT
ITOJIIIOCIIE JOBATEIBHOCTb.

[[ ITo nemme ?? mOCTATOUHO paccMaTpMBATh MOHOTOHHBIE GYHKINHU ¢y,. IlepexomoM K IoamocaesoBaTelb-
HOCTM HETPYIHO JOOUTHCA CXOOUMOCTH B OTHOJ TOUKE, C IIOMOIIIBIO TOCTATOUHO aKKYPATHBIX PACCy KOeHUIT
MO’KHO JOOMTBCS CXOAVIMOCTHU B CUETHOM MHOMECTBE TOUEK, HallpMMep BO BCeX PalIOHAIbHBIX TOUKAX OT-
pes3ka. ITo I03BOJIsIeT UAeHTUPUIMPOBATE IPeAeTbHYI0 (PYHKINIO C TOUHOCTHIO IO 3HAUEHNII B CUETHOM
MHO)XeCTBe TOUeK, Jjajlee Halo elllé pa3 caeaTh IIepexo K IOII0CIeI0BaTeIbHOCTH. |]

3adaua 8.36. * [JokaxKkuTe, UTO B YCJIOBUAX IpeIbIAYIIENl 3aJaull HEBO3MOXHO YTBEPKAATh, YTO
Iepexoj| K HEKOTOPOIT IOAIIOCIE0BATEIbHOCTH (g, ) IIO3BOJIMUT JOOUTHCS CXOMMMOCTH IIOCIIENO-

BaTE€JIBbHOCTI I/IHTera.TIOB
b
/ fdgn,
a

IUIsT JI0001T OTpaHMUEeHHOI OopeeBCKoit f.
[[ KoHTpmpumep MOXHO IOCTPOUTH Ha BO3PACTAOINNUX (PYHKIWIX paclpeneleHus gy, MPUHIMAOIIIX
tosbko 3HaueHus O u 1. ]
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8.7. Ocmmasiusa u yosiBanue ko3gpummeHTos Pypre.

3aodaua 8.37. Mo>xHO OBLIO JOKa3aTh JIEMMY 00 OCLILIAIMY JPYTUM CIIOCOO0M, C IIOMOIIBIO IPU-
OvoKeHMs QyHKIUM 9JIeMEHTAPHO CTyIeHuaToit. [I[poBepbTe, UTO [AJIS 9JIEMEHTAPHO CTYIIEHUATO
yuxunn g ermonssiercs ¢, (y) = O(1/y).

[[ IIpoBepwTe 3TO AN OMHON CTYIIEHBKI. |]

3adaua 8.38. [loka)xuTe, YTO €CIIN y 27-IIEPUONUECKOI QYHKIIMY OTPAHIMUEHHOI BapUAIUI €CTh
HEHyJIEBOe KOHEUHOE UIICIIO Pa3pIBOB I OHA KYCOUHO aGCOIOTHO HelpepbIBHA, T orerka O(1/n)
st eé koappuumentos Pypobe HeyIyUIlIaeMa.

[[ MaTerpupoBaHmeM I10 YacCTIM IOTy4nUTe POpMyITy (C CyMMOIL II0 TOUKaM paspbiBa f)

cn(f) = n cn(f’) + % Z(f(xz +0)— flz; — 0))6—2‘71901-

U JOK&XXUTE, UTO CYMMa B CKOOKaX He CTPEMUTCS K HYJIIO Ipu n — 00. [locienHee ynobHee JOKa3bIBATb,
CBe[s K CIIyUar0, KOrja OQUH 13 X; paBeH HyJIo. ]]

3adaua 8.39. * IlocTpoiiTe mpuMep HeNPepPHIBHON 27T-IepUOANYecKoil GyHKIMM OTpaHUUYEHHO
Bapuanuu, y koropoit onenka O(1/n) na xoapduunenrts: Pypbe HeyIyUILLIaEMA.

[[ Momudniupyirre nogxoasmmum o6pa3oMm GpyHKUMIO pacipenereHus Mepsbl 13 3agaun 8.33. B Beipaxe-
Huu s Koaddunmenta Oyphe mepeiuTe K MHTErPUPOBAHMIO € ™™ 0 COOTBETCTBYIOIIEll GOpeTeBCKOi
Mepe Ha OTpe3Ke I, MCIOJIb3ys CaMOIIOf00me Mephl, JOKaKITe, YTO HEKOTOpOe HEHYJIeBOe 3HaueHe KO-
sbdummenrta ypre aT0it MepsI (MHTerpaa ot e "% 110 3TOi Mepe) HOBTOPAETCA 6eCKOHEYHO MHOTO Pas.

1]

3adaua 8.40. Haiinure mopsanok yObiBanus Kospduruenros Oypoe ynkuun f(xr) = +/|z| Ha
[—7, 7.

[[ 3ammmmre BeIpakeHN [ KoabduimenTa Pypbe B IBHOM BUe I 3aMEeHIUTE NT Ha HOBYIO IEPeMEHHY IO,
IIOTOM IIPOMHTETPUPYIATE II0 YACTAM. ]]

8.8. CxopumocTs pana Pypre B cpemHEeKBaAPATUYHOM.

8.9. PaBHOMepHas M MOTOYEYHAsA CXOAMMOCTh TPUTOHOMETpIYecKoro paga Pyprwe.

3adaua8.41. Beipasure koappuunents: Pypbe 2m-nepuogueckoit pyHkuuu ¢, ( f) uepes a,(f), b, (f)
7 Ha00OPOT.

3adaua 8.42 (IIpusnak Jupuxie cxogumoctu psaga Pypre B Touke). [JoKasknTe, UTO ecIy aOCOIIOT-
HO JHTeTpupyeMas 27-Iepuoandeckas (pyHKIA HellpepbIBHA B TOUKE T M MeeT OTPaHNYEeHHYIO
BapMalMIO B OKPECTHOCTH T, TO €€ psax Pypbe CXOOUTCA K €€ 3HAUEHUIO B .

[[ 3amersTe, uTO 1O pe3ynbraTy 3amaun 8.20 Ipu IpeAcTaBIeHNN GYHKIUU B BUIEe CYMMbI MOHOTOHHBIX
IOJIyueHHble MOHOTOHHBIE QYHKIINN TOXe OYAyT HeIIpephIBHEI B TOUKe . [lajee 3aMeThTe, UTO HellpephIB-
HOCTY B OJJHOJI TOUKe JOCTATOYHO JJI aHAJIM3a CXOOUMOCTM psana Pypbe MMEHHO B 9TOI TOUKe. ]]

3aodaua 8.43 (IlpusnHaxk JIunmmnua cxogumoctu psaga Pypre B Touke). [JokaskuTe, uTo ecim abCOIIOT-
HO UHTeTrpupyeMas 2m-nepuonmndeckas GyHKuus [ yIoBIeTBOpseT YCIOBUIO ['énbiepa B TOUKe
x, To ectb BoinonHsercs | f(x + t) — f(z)| < C|t|* nna gocraTtouHo MabIx ¢ 1 GUKCUPOBAHHBIX
nostoxuTenbHbIX C' U o, TO e€ psag Pypbe cXOONUTCSA K €€ 3HAUEHUIO B T.

[[ 3amerbTe, uTO MpUBeAEHHOE BBIIIE JOKA3aTEJIbCTBO PABHOMEPHOTO BapMaHTa paboTaer. ]]
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3adaua 8.44 (Ilpusunak Quuu cxommmoctu psga Pypbe B Touke). [JJoKaKuTe CXOAUMOCTb psfa
dypbe K 3HaUEHNIO QYHKIMM B TOUKE T, €CIIV MHTETPAJ

/5 flx+1) — f(z)

t
[[ 3amenure sint/2 Ha ¢t B 3HaMeHaTeJle MHTerpaia B CBEPTKe C sApoM [Mpuxiie ¢ IIOMOILBI BTOPOIL
TEeOpeMBI O CpefHeM. |]

dt

CXOMUTCH.

3adaua 8.45 (Cxopumocts psifa Pypbe B TOUKe [IpY HAIMUNI Pa3pbIBOB I1epBoro poaa). IIposepsre,
4TO ey 27m-IepuoandecKas u abCONTIOTHO UHTErpUpyeMas Ha OTpesKe |—7, 7] QPyHKUusA umeer
koneunsle npenens! f(z —0) u f(x 4 0) B HeKOTOPOII TOUKe X, TO BepHa popMmyuia:

To(f.2) = 5 (flz = 0) + f(z +0)) =
= /Oﬂ(f(x —t) — f(z —0))D,(t) dt + /Ow(f(x +1t) — f(x +0))Dy(t) dt.

BreiBequTe 13 aTOr0 BapMaHTHI npu3HakoB Jlunmmnma, Jupuxie n JuHM OIS CXOOMMOCTU paaa
Pypse B Touke z K 3HaueHMo 5 (f(z — 0) + f(z +0)).

[[ B mpusnake JInnumua yciaosue [énbaepa B Buge | f(z+t) — f(x £0)| < C|t|* MoKkHO IpUMEHNTH TOUHO
TaK Ke, KaK B HEIIPEPBIBHOM cilyuae. B mpusHake [[MpUXiie JOCTATOYHO MPEIIOIOKUTH OTPAHIMUEHHYIO
BapUALUIO B OKPECTHOCTY X 1 [10 OTHEIBHOCTY pasnoXuTh Beipakerus f (z+t)— f(x+0) u f(x—t)— f(x—0)
B CyMMBbI MOHOTOHHBIX (yHKLIL, CTPEMALIMXCA K HYJI0 rpu ¢ — +0, a TOTOM BBIHECTM MOHOTOHHBIE

(bYHKIY 32 MHTETPAJI C TIOMOIIBIO BTOPOJI TeOpeMBI 0 cpeHeM. B mpnsHake JIMHI KOHEUHOCTH MHTETPAJIOB
0
[f@£t)—f(z£0)| 4 i 06 v
il t BMecTe ¢ JIeMMOJ1 06 OCLIMJLISLIY Cpasy AAacT HY>KHBII pe3ysbrar. |]
0

8.10. MuarerpuposBanue paga Pypne, pasinokeHne KOTAHTeHCa M KOCEKaHCa HA 3JIeMeHTap-
HbIe Apobu u popMyiia JOMOTHEHUS NI OeTa-QyHKITUIL.

3adaua 8.46. [loxaxkurte, uro eciau ase GpyHkuuu f, g € Li[—m, 7| uMeroT opuHaKoBbIE K0P PU-
1neHTs! Pyphe M0 TPUTOHOMETPUUECKOI CUCTEME, TO OHY ITOUTH BCIOXY PABHBL.

[[ Hompo6yiire mHTErPUPOBATH PA3HOCTE f — g. ]]

3adaua 8.47. *(Teopema Kanropa) [Jokakure, 4TO €CIu cymMMa

paBHa HYJIIO IIpK JO00M T, TO BCe KO PUIIMEHTSI ¢,, HyJIeBBIE.

[[ 3amersTe, uro 110 Teopeme Eroposa ?? Ha KaKOM-TO MHOKeCTBE II0JIOKITEIBHOM MePbI CyMMa CXOXUTCS
paBHOMepHO. BriBequre oTcona, 4to ¢, — 0 nmpm n — co. IloroM paccMoTpuTe HellpephIBHYIO QYHKIIIIO,
3alaHHYI0 PAaBHOMEPHO CXOIAIIMMCS PIIOM

2
x Cn
F(x) =cy— —v.p. g — e
2 n
n#0
C IOMOIIBI0 AKKYPATHOTO IPUMEHeHNs IpeobpasoBanust AGens (CyMMUPOBAHMS I10 YaCTIM) yCTAHOBUTE,
41O

. Fx+0)+ F(x —6) —2F(x)
lim
d—+0 52
[ToroM IpUMeHNTe pe3yibrar 3agauy 2.36, uToObl yCTAaHOBUTD JMHEHOCTh ¢yHKimm F'(x). Ilposepbre,
uTo Torma pyHkima F Ha camMoM meite pasHa HyI, ¢o = 0, a mpu 1 # 0 ¢, /n? = 0 kak koadduimenTI
dypoe pynxinu F. ]

=0.
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3adaua 8.48. J[lokaxure, YTO BbIpasKeHUE

o .
Z Sinnx
Inn

=2

3

He sBisercs psapoM Pypre Hukakoit f € Ly[—m, 7).

[[ Yro Oymer, ectut MbI ero mponHTErpupyem? |]

3adaua 8.49. * [lokaxure, YTO BhIpaKEeHUE
>\ sinnx
npu « > 0 sBasercs pagom Pypee Hekoropoit f € Lqi[—m, 7.

[[ HIpoBepsbre, UTO PSif CXOAUTCS IIOTOUEUHO K HEKOTOPOI 27-miepmoamyeckoil f o npusHaky [upuxie.
Pas6us ero Ha nBe cymMmbL, n < 1/x un > 1/z, yGegmurecs, UTO €ro UaCcTUUHBIE CyMMbI OTPAHUUEHBI 110
MOJIYJII0 HEKOTOPOII HeoTpuuaTenbHoit pyukumeit g € Li[—, 7]. [[pumenure teopemMy 06 orpaHUYeHHOIT
CXOAMMOCTI Uit 000CHOBaHUS TOro, uto f € Lji[—7, 7|, M uTO MCXOMHOE BBIPA)KEHIE SIBISETCS PIIOM

Pypee f. ]]

3adaua 8.50. Pasnoxure QyHKUMIO, 3aaHHY0 POPMYIIOIN COS a.r HA OTpe3Ke [—7, m| npu a &€ Z, B
psan Pypre. BeiBeguTe U3 OIyYeHHOTO BBIpaXKeHNS POPMYJIBL:

Ctg.ﬁlf = v.p. Z m

sin x
o
sinx = x - .
m2k?

[[ Mepsbie nBe GpopMyIIBI HEMOCPEACTBEHHO CIEAYIOT U3 pasnoxenus Pypwe. [[s BBIBOAS TpeTheit dop-
MYyJIBI 3aMETBTe, UTO TIepBast GOpMyJIa CXOAUTCA PABHOMEPHO Ha OTPE3KaX, He TePECEKAIOIINX MHOKECTBO
{mk | k € Z}, n Ha TakuX OTpe3Kax paBEHCTBO MOKHO IIOUIEHHO MHTETPUPOBATH. |]

3adaua 8.51. [Ioxaxkure gopmymny dononnenus st 6era-pyskuum npu p € (0, 1):

™

1
B(p,1—p) = / 1 —t) P dt =
0

sinmp’

[[ C momorpio 3aMeHBI ITepeMeHHOI HAIIMIIIUTE

+oo ,.p—1 1 .p—1 +oo ,.p—1 1 .p—1 —p
B(p,l—p)—/ x dw—/ * da?—i—/ * dx—/wdw.
0 ].+iU 0 1"‘37 1 1+$ 0 1+ZE

Pasmoxure B cyMMy 14%7: = Z;C’:O(—l)ka:k U IIepecTaBbTe CYMMY C MHTETpaJioM II0 TeOpeMe 0 MOHOTOHHOI

CXOMMMOCTHI (3TO MOXKHO, €CJI CUUTATh OECKOHEUHYIO CyMMY IIpeIeIOM YaCTUUYHBIX CyMM C UETHBIM
KOJIMIUECTBOM cjIaraeMsix). [IoToM BOCIIONB3yJiiTeCh OTHMM M3 PAaBEHCTB B IIpeAbIAyLIell 3amade. [Jpyroe
IIOKa3aTeNbCTBO 3TON GOpPMYIIbI CM. B pasmeie ??. ]]
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3adaua 8.52. Mokaxure popmyny st 0 < |x| <7

2$2k71
7T2kn2k )
n,k>1

— —ctgxr =
x

.. oo 1 1
BBIBEJIUTE U3 He€ 3HAUCHNUA CyMM )~ | ~5 M ) | ~1.

[[ Wcmonp3yiiTe pasioKeHye KOTaHT€HCa HA 3JleMeHTapHble A1pobu u3 3amaun 8.50. ]]

3aodaua 8.53. Haitnnre nHTErpas
1
/ InT'(p) dp.
0

[[ Ucmone3yiiTe popmyty KOMONHEHNS. ]]

8.11. CymMMupoBaHIIe TPUTOHOMETPUUECKUX pAAOB 110 Periepy.
3adaua 8.54. * Noxaxure, uro mist f € Ly[—m, 7]
Sul(f,2) = f()
B CMBICJIE CXOAMMOCTHU B L1[—, 7] (TO eCTh B CMBICIIE CXOAMMOCTH B CPETHEM).

[[ 3amumnre unrerpan ot | Sy, (f, z) — f| n ouennre ero ¢ moMoLBIO HeNIPepHIBHOCTH CABUTA B L1-HOpMe.
Wnu sametste, uro Li-Hopma cymmer Peitepa S, (f, ) He 6onee Li-HOpMBI camoil f, M 3TO MO3BOJISLET
JICIIOJIb30BATh NPUOIIDKEHNs f B CpeHEM HelpepbIBHBIMY QYHKIMSIMIU. |]

3adaua 8.55. Hocuuraitre cymmy mist r € [0, 1)

E :T\k|ezkx'

kEZ

[[ BcmomHMTE PO cyMMy TeOMEeTPUYECKOI Iporpeccun. |]

3adaua 8.56. * IlycTh IOCIIEOBATEIBHOCTD (U, )7° ) IOJOKUTEIBHBIX YICEN YObIBAeT, CTPEMUTCS
K HYJIIO ¥ BBIIYKJIA (B CMBICIE Q1 — 20y, + Gyt > 0 Ipu 1 > 1). [lokaxuTe, 4TO CyMMa

o

)

5 + E a,, COSNT
n=1

HeOoTpUIaTeJIbHA (B HEKOTOPBIX TOUKAX MOKET OBITB +00).

[[ Bocmomns3yitrech mpeobpaszoBanmeM Abeis muist psamoB u obHapysxbre sapo deitepa. ]]

8.12. nrerpan ®ypbe 1 BoIunciieHne MHTerpaia Jupuxie.

3adaua 8.57. BeiBequre popMyy mig mHTerpana [Jupuxie u3 Toro, 4To mid aapa Jupuxie psga
®ypoe D, () npu n060m § > 0 BBITOIHSIETCS (YaCTHBIN CIIyyart IPMHIIIA JTOKAIN3aL{IIL)

5
/ D,(z)de =1, n— .
-5

€T o
[[ Briaecure us JTHTErpaja Onuskoe K €AMHNIE BbIpA’KEHIIE m II0O BTOPOU TE€OpEME O CpEOHEM I

3aMeHUTe epeMeHHy0 y = (n + 1/2)z. ]]
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8.13. PaBHOMepHaH CXOOMMOCTDh HeCOOCTBEHHOIO MHTerpaja.

3aodaua 8.58 (HempepbIBHOCTS paBHOMEPHO CXOJSIIIET0Cs MHTerpasa o mapamerpy). [Jokaxure,
YTO paBHOMEPHO CXOMISAIINIICI HeCOOCTBEHHBII MHTerpa (??) HellpepbIBeH I10 IapaMeTpy ¥, eCIu
nogerHTerpanbuas GyHkuus f(x, y) HelpepbIBHA 110 TePEMEHHOI i U OTpaHNUeHa He 3aBUCSIIen

ot y dyuxumeit g(z), | f(z,y)| < g(z), umeroleir KOHeUHbIe MHTETPAJIBI HA BCEX OTPe3Kax [a, 5] C
[a,b).

[[ Mo mepexona k Impezeiy B OIpefeJeHNI HeCOOCTBEHHOTO MHTerpaja IpUMeHNTe TeopeMy 06 OrpaHMm-
YeHHOII CXOAMMOCTH, BO BpeMs Ilepexona K npenpeiny S — b — 0 npumenure Teopemy ??. ]]

3adaua 8.59 ({nddepennypoBanme paBHOMEPHO CXOIAIIEr0CsI MHTerpaja o mapamerpy). Ilycrs

MHTerpa
*b
= / f(z,y) do

CXOMUTCS XOTs OB B OXHOI TOUKe y € (¢, d), a MHTErpa

/fxy

CXORMTCS paBHOMEPHO 10 y € (¢, d). IIpeAIono kUM TakKe, UTO BBIIOJHSIETCS HEPABEHCTBO
|f,(z,y)| < g(z) pna mexoTopoit GyHKIMN g, MMeTOIIIell KOHEUHBIE MHTETPANIBI HA BCEX OTPE3KaxX
la, 8] C |a,b). Hokaxure, uto Torga I (y) cxogurcsa pasaomepuo o y € (¢, d) u I'(y) = J(y).

[[ Beibepure mocnenoBaTeapHOCTb 3, — b — 0, pacCMOTpUTE COOTBETCTBYIOIIMIE COOCTBEHHbBIE HTETPAIbI
I,(y) n Jp(y), npumenure xk Hum nuddepennuposanne nurerpaia Jlebera u reopemy ?? npu n — 0o. |]

3aodaua 8.60 (IIpusnak [npuxie paBHOMEPHOI CXOOUMOCTY HecOOCTBeHHOTO MHTerpaia). Ilycrs
Hariércs KoHcranra M, Takas uro mpu sobom 5 € (a,b)uy € Y

B
/ f(z,y) dv| < M,

a QYHKIUSA ¢ MOHOTOHHO CTpeMUTCS K HyJto mpu £ — b — 0 paBHOMepHO 1o y € Y. J[Jokaxure,
YuTO

*b
| 1ty ds
CXOIVTCS PAaBHOMEPHO IO Y € Y.

[[ Hposephre, YTO MOKA3ATEIBCTBO «HEPABHOMEPHOTO» BapuaHTa ?? uepe3 BTOPYIO TEOPEMY O CpPeqHEM
paboraer u B aTOM Cciyuae. |]

3adaua 8.61 (Ilpusnak AGesiss paBHOMEPHOI CXOIMMOCTY HECOOCTBEHHOrO MHTerpaia). IlycTs uH-

Terpain
*b
/ f(z,y) dx

CXOMIUTCSL PABHOMEPHO 1O y € Y, a QyHKUMA ¢ MOHOTOHHA TI0 ¥ M OTPAHMUEHA HEKOTOPOII
koHcTaHTol, |g(2,y)| < M, nns no6eix x € (a,b) my € Y. lokaxure, uro

/* f(z,y)g(z,y) dz

CXOIVITCS PAaBHOMEpPHO IO Y € Y.

[[ Iposepsre, YTO MOKA3ATEIBCTBO «HEPABHOMEPHOTO» BapuaHTa ?? uepe3 BTOPYIO TEOPEMY O CpegHEM
paboraer u B aTOM Cciyuae. |]
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3adaua 8.62. CBenuTe BhIUNCIeHNE MHTeTpaa Jupuxie depe3 MHTerpal

+oo ,—yzx o3
7 (y) _ / e sin dr
0

T
K pe3yJibTaTaM IIpEAbIAYIINX 3adau.

8.14. CxogumocTh nHTerpaiaa Pyprwe, npeodpaszosanne Pypbe 1 ero cBOICTBA.

3aodaua 8.63. Jokaxure, uto eciau Koadduument Pypse c;(y) mexur B L1 (R) kax pyHkms o v,
to nHTerpan ®ypse T} ( f, x) cxogures paBHOMepHO 110 = € R mpm h — +o00.

[[ Ouenure pasuocts Th(f,2) — Thoo(f, ) ¢ moMoOIIBIO HenpepbIBHOCTY UHTerpana Pypoe. ]]

3adaua 8.64. Mpusegure npumep pyuxuun f € Li(R), y koTopoit npeoGpasosanue Pypre f He
aexur B Ly (R).

[[ MompoGyitTe XapaKTEPUCTUUECKYIO PYHKIUIO OTPE3KA. |]

3adaua 8.65. YeraHoBUTe, KaK Ipeobpasyercs f, ecnu f mpeoGpasyeTcs CABAIOM
(T7 ) (@) = [z +1).
3adaua 8.66. YcraHoBuTe, Kak mpeobpasyercs f, ecu f mpeoGpasyercs roMoTeTiei
(Hif)(x) = f(kx).

3adaua 8.67. Kak ornmuunuts npeobpasoBanne Pypre [ meiicTBUTeNbHO3HAUHO PyHKIMM [ OT
npeobpasoBanuit Pypbe KOMIIEKCHO3HAUHBIX (PYHKIIL, IPU YCIOBUM BBIIOJIHEHNS (HOPMYIIbI
obpateHns s nmpeobpasoBanusa Pypse?

3adaua 8.68. [loxaxure, uTo GPyHKUMSA BUIA P(x)e‘xzﬂ, rae P(x) € C[z], npu npeoGpasoBanuu

CIDypbe IIEPEXOOUT B (bYHKL[I/IIO TOT'O K€ BUIa, npmqu CTE€II€EHb MHOT'OYJICHA HE ITIOBBIIIIACTCA.

[[ Ucmons3yiire mpousBogHyo peodbpasosanus Pypre. |]

8.15. IIpoctpancro S(R) u nmpeobpazosanue Pypoe.

—x2/2

3adaua 8.69. IlpoBepbre, UTO PYHKIMA € aexur B S(R).

3adaua 8.70. IIpoBepbTe, UTO yKasaHHbIE IOJYHOPMEL || - ||, x B OrpaHMYeHNN HA IPOCTPAHCTBO
S(R) sBasroTcss HOpMaMmM, TO €CTh U3 PABEHCTBA HYJIO OMHOI TAKOil HOPMBI I HEKOTOPOIL
GyHKIUM cleyeT paBeHCTBO HYJI0 QYHKLININ.

3aodaua 8.71. IlpoBepbTe 1O OIpeaeIeHNIO, UTO ITepeceyeHie KOHEYHOTO UICIa OTKPBITHIX ION-
MHOXeCTB S(R) ABIIsIETCA OTKPBITHIM.

3adaua 8.72. IlpoBepbre, uTo N06ast 6a3oBast OTKphITast OKpecTHOCTD fij € S(R) sBiseTCs OTKpBI-
TBIM MHOKECTBOM II0 OIIpefeIeHMIIO.

[[ O6ocnyiiTe 1 MCrONB3yiiTe HEPABEHCTBO TPEYTOJIBHIKA IV IONyHOPM. IIoe3HO TakKe ¢ IIOMOIIBIO
pesyJbpTaTa MpeabIAyIell 3aKauyl CBeCTH BOIIPOC K IIpea6a3oBoil OKPeCTHOCTH. ]

3adaua 8.73. IlpoBepbTe HenpepbIBHOCTD npeobpasoBanus Pypre Ha S(R) mo Kown — urto s
06011 6asoBoit okpectHoct U S F[fo] Haitgércs 6a3oBass OKpecTHOCTs V' O fy, Takas uto

F(V)CU.

[[ Cumauasa yGemurech, UTO JOCTATOUHO [OKa3aTh HEIIPEPBIBHOCTH I ciyyas, korga U — mpenba3oBas
OKpPEeCTHOCTb. |]
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3adaua 8.74. TlpoBepbTe HempepbIBHOCTH mpeobpasosauus casura 1; @ S(R) — S(R), xotopoe
nepesoaut pyukuuo f(z) B pyuxuuio f(z — ).

[[ Ouenure HOpMY CABUHYTOV QYHKUUN Yepe3 HOPMBI UCXOTHOI. ||

3aodaua 8.75 (Popmyna cymmupoBanus [lyaccona). Jokaxure qs pyukunn f € S(R) popmymny

> s = == 3" fin).

nez nez

[[ PaccmoTpure 27-m1epmognuecKyo GyHKIIIIO

9(@) = 3" fla +2mn),

neL

pasnoxkure eé B psag Pypbe, 000CHYIITE €ro CXOOUMOCTD K § ¥ IPUMEHNUTE COOTBETCTBYIOIIIEE PABEHCTRO. ||

8.16. YHuUTapHOCTB IIpeodOpa3zoBaHusa Pypbe 1 ero mpogopKeHme Ha Lo.

3adaua 8.76. Ilocunraiite CiemyIollyie MHTETPAIbl C IIOMOIIBI0 YHUTAPHOCTI IIpeoOpa3oBaHMs

Pypeoe:
+oo Sin2 T +o0 1
d ——— dz.
/oo z? o /oo (1 + .TZ)Q !

3adaua 8.77 (CooTHoOlIIeHNe HeoIpeaeIéHHOCTell NI mpeodpasoBanus Pypre). [Jokakure, 4TO
mist mo6oit pyukuun f € S(R) 1 n006b1x AByX umcen g, Yo € R BbIIOMHIETCS HEPABEHCTBO

I~ o) F @)l 1~ 90)f W)l > 5115

BI)IE[CHI/ITC, B KaKOM CJIy4da€ BBIIIOJIHIETCA PaBEHCTBO.

[[ CmBurom ¢yHKIuM Ha —T( CBeOAUTe K ciydaio g = (, IpOBEPUB, UTO IIPOMCXOAUT Ipu casure f ¢
eé npeobpasosannem Pypre. Cuurom f(y) Ha —yo cBepute K cayuarm yy = 0. B arom uactHOM cirydae ¢
IIOMOIIIBIO TEOpeMBI ?? IIepeNuIIyTe HepaBeHCTBO B BUJIE

1
lzf@)l2 - 1112 > S 11£113

U JOKaXUTe €To ¢ MoMoIIbio HepaBeHCcTBa Komm-byHsakosckoro. [Ing aHanm3a ciydad paBeHCTBa BCIIOM-
HITe yCJIOBUS paBeHCTBa B HepaBeHCcTBe Komm-ByHsakoBckoro. ]

3adaua 8.78. [lokaxkure, 4To JIs 100071 MOHOTOHHOI ¢pyHKUMK W : (0, 4+00) — (0, +00), Takoit
uro lim;, o w(t) = 0, maipéres pyuxuus f € Ly(R), rakas uro

T Tl
(R

rae T, f(x) = f(x — h) — onepatop casura.

[[ MocmorpuTe, Kakas omepanus COOTBETCTBYeT omepanmu casura 1}, s obpasa f mpu npeoGpasoBaHumu
dypre. ]]

8.17. Papx u uaTerpan ®Pypre B Toukax pa3psiBa 1-ro poga u siinenue I'mooca.

3adaua 8.79. [Jokaxkure, uto npu cymmupoBannu psaga Pypsee mo Peitepy sBiaenne ['nb6ea oTcyT-
CTBYyeT, TO €CTh IIPU HaXOKIAeHUM 3HaueHNi GpyHKumu B BoimykiIoM kommnakre Y C C sHaueHus
eé cymmM Peifepa He BBIXOIAT 3a ITpeIessl Y .

[[ Ucnomnsayitre HeoTpuuarenbHoCTh 1apa Peitepa. |]
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8.18. MuoromepHbI NHTerpaa Pypre 1 rayccoBbI INIOTHOCTI.

3adaua 8.80 (MuoromepHas nemma Pumana o6 ocuwuisuum). Jokaxure, uro ecnu [ € Lq(R"),
TO MHTETPAIIbI

cily) = [ flz)e ™V da
R
cTpeMATCcs K HyJIto mipu |y| — +00.

[[ AHamornyHO OTHOMEpPHOMY CIydYaro, MpUOIM3bTe PYHKLUNIO B CpeJHEM IIIafAKOIl (pyHKIMEll ¢ KOMITAKT-
HBIM HOcKTeseM. [[71d r1agkoit GyHKIMY ¢ KOMIIAKTHBIM HOCHUTeJIEM BOCIIOJIb3yIITech GOpMyJIOit

. eiix'y
flx)e ™Y dx = dfo(y)——5 dzx.
R (@) R ) ily|?
1]
3adaua 8.81. Nokaxure, uro ecnu [ € Ly (R") umeer yacTHyIo NpousBogHy0 g = g—g{i € Li(R"),

TO 11 Ko3ppurmenToB Pypbe 3TUX ABYyX PYHKIUIT BBIIIOIHIETCSI COOTHOLIICHIIE

cg(y) = iyicy(y).

[[ dns mauana 3amerbre, uTo 110 Teopeme OyOuum y 10603t pyukumm n3 L (R™) orpannuenns Ha moutu
KKAYIO [IPIMYI0, apajuienasHyo ocu 0z;, neskar B Ly (R). [lpumenns ato HabnoxeHne K f 1 g OMHOBpeMeH-
HO, MOYXHO C IIOMOII[bIO pe3yibTaTa 3ajaun 8.31 MHTerpupoBaTh 110 YaCTsIM BhIpaKeHMe 11 Koo duieHTa
dypre g 110 IepeMeHHOII &; AJIS IIOUTH BCeX 3HAUEHMIT OCTaBIINXCS IEPEMEHHBIX, a IOTOM JIHTETPUPOBATh
Pe3yJIbTaT II0 OCTABIIMMCS ITIEPEMEHHBIM. |]

3adaua 8.82. [lokaXuTe, UYTO CYILLIeCTBOBaHMeE ¥ [ YaCTHBIX IPOM3BOAHBIX 0 N + 1 IMOpsAaKa BKIIIO-
quTeNbHO, Jexauux B L1 (R™), nocrarouno s aGComoTHO MHTErpUpyeMOCTH e€ KoaduimeHra
dypre.

[[ Ucnonbsys pesyabrar mpebIayLeil 3aa4n, BBIBEAUTE U3 CyLeCTBOBaHUS (1 + 1)-bIX IPOUSBOAHBIX Y
f Tor dakr, uro P(y)cs(y) cTpeMuTcs K Hyo Ha GeCKOHEYHOCTH A7 JI060ro MHOrouseHa P(y) cremenn
He Gosiee 1 + 1. BoiBeimTe 0OTCIOA OLIEHKY BIA

c
1]+ -+ o]

s )l < 17

¥ KOHEYHOCTh uHTerpana ot |cs(y)|. 1]

8.19. IIpoctparcrBo S(R") m mpeobpa3oBanmne Pypre.

3adaua 8.83. Haitnure mpeobpasosanne dypve pyukumu f : R” — R, f = e 9@ rge Q(z) —
IIOJIOKUTEJIBHO OIIpefeIéHHasA KBafpaTudyHasi ¢popMa.

[[ AxkypaTHO chenaiite 3aMeHy mepeMeHHbIX 2 = S’ U BCTIOMHMTE, KaKas 3aMeHa TIepeMEHHOI { OymeT
€i1 COOTBETCTBOBATh. |]

3adaua 8.84. * Haitaure npeoGpasosarue ®ypoe pyuxmmu e~ ?! ma R”.

_ntl
[[ Paccmorpure mepr! ¢ miotHOCTIME pp : R™ — R, pp(x) = (1+|2|*)” 2 . 3amersre, uro mpu mpo-
exiyu mep R” — R™7! (1o ecTs mpu MHTerpupoBaHUMY MIOTHOCTE TI0 OXHOM KOOPAMHATE) TLIOTHOCTD
T(n/2
pn, ipeobpasyercs B B(1/2,n/2)pp—1 = % Pn—1. OTO IO3BOJNUT 3aKITIOUUTh, YTO IIpeobpasoBaHie
2
®ypbe p,, ¢ TOUHOCTHIO 1O HEKOTOPOIL SIBHOM KOHCTAHTBI MOXHO BBIPAsUTh Uepe3 OXHOMEPHOe IIpeolpa-

3oBaHue Pypre QyHKUMM p1 = ﬁ Haiinure 310 ogHOMepHOe IpeobpasoBanue Pypre U UCIOIB3YIITE

MHOTroMepHYy0 ¢opmyiy obpamenus Pypre. ]]
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3adaua 8.85. [lokaxxure, uro npeodpasopanue Pypre pyukym us S(R™) MOKHO pecTaBUTh KakK
KOMITO3MILIVIO ITpeoOpa3oBanmii Pypre 1o Kaskgoil mepeMeHHOIA.

[[ 3amernTe, uTO OBICTpOE yOBIBaHME PYHKLIMII 13 S rapaHTUPYeT UX a0COTIOTHYIO MHTEPTPUPYEMOCTS I10
nm06oMy Habopy IepeMeHHBIX. IHTerpupyiite B onpeneiaeHnu npeobpasosanusa Pypre mociiexoBaTeIbHO
I10 epeMeHHbIM X;. ]

3adaua 8.86. [Toxaxxure, uro npeobpasoBanue Oypoe nepesogut S(R") B cebds.

[[ 3amersre, uTo GBICTpOE yOBIBaHME (PyHKLMIT M3 S rapaHTUPYeT UX aOCONIOTHYI0 MHTETPUPYEMOCThb
o yro6oMy Habopy IepeMeHHBIX. [locumTaiiTe Ipou3BoAHYI0 Ipeobpa3oBanus Pypbe B MHOTOMEPHOM
ciIyuae M JCIIOJIB3YIiiTe yTBepskaeHMe 3anaun 8.81 o npeobpasoBanun Pypre mpousponHoii. Mcmosssyiite
91 (POPMYJIBI QHATIOTUYHO NOKA3aTeJIbCTBY TeopeMsI ?7. ]]

3adaua 8.87. [Nokaxure, uro npeobpasosanue Pypre F' : S(R") — S(R™) mpomomkaercs no
yHurtapHoro omneparopa F' : Ly(R™) — Ly(R™).

[[ YcranoBure yaurapuocrs Ha S(R"™) kak B oqHOMepHOM ciyuae. 3amersre, uto S(R™) mwiotao B Lo (R™) n
IPOXOJDKUTE OIepanuio F ¢ moMolpio GyHIaMeHTaIBHBIX B HOpMe || - ||2 mociieroBarebHOCTEN 91€MEHTOB

SR™). 1]

3adaua 8.88. [JokaKuTe, UTO IPU IMOTXOAIIEM OIPeeIeHUN «UaCTIUHOTO IpeodbpasoBanusa Py-
pbe» C MHTerpUpOBaHMEM I10 OTPAaHNUEHHBIM IIOAMHOXecTBaM R" yacTuuHbIe IIpeobpa3oBaHus
®ypre pyukunu f € Ly(R™) cxonsres B Ly-HOpMe K €€ ipeobpasoBanuio Pypbe, onpeneaéHHOMY
B IIpeAbIAYILEN 3amaue.

[[ IpoBepsre paboTy paccyKIeHMII B JOKa3aTeIbCTBE TeopeMbl ?? B ciryuae QYHKIMIT HECKOJIBKUX IIE€pe-
MEHHBIX. |]

8.20. CBépTka u mpeodpaszoBanue Pypre.
3adaua 8.89. Haitnure npeobpasoanue Pypoe GyHKIUM OTHON IepeMeHHOI
l—2z, ecm0<2x<];
flz)=<1+z, ecmm —1<x<0;
0, ecnn |z| > 1.

[[ 3amersTe, uto f = g * g, rOe
1, ecmm|z| < 1/2;
() = o=y
0, ecmu |x|>1/2.

1l

3adaua 8.90. [Tokaxure, uro eciu npeobpasosanue Pypre pyukuun f € L;(R™) paBHO HyIII0, TO
f paBHa HyJII0 IIOUTHU BCIOAY.

[[ 3amerbre, uto mus rmankux ¢pyukumit B L1 (R™) yreepxaenne cienyer us o0parieHus npeobpasoBaHus
dypwe f = F~1[F[f]]. Manee c momornio Teopemsr ?? mpubnumxaitre mpoussonbaymo f € Li(R™) rmagkumu
byHKUMAMY f * () B CpeHEM, IIPOBEPUB C IIOMOLIBI0 TeopeMsl ?2, uto F[f x ] = 0. ]]

3adaua 8.91. Cywecrsyer u pyukuns [ € Li(R), rakas uro ms no6oit g € L (R) Bermonnsercs
paBeHCTBO [ * g = g?

[[ MocmoTpure Ha mpeobpasoBanue Pypoe. ]]

3adaua 8.92. oxkaxure, uro mis AByx pyHkuuit f,g € Ly(R) cBéprka h = f % g onpenenena, n
h(z) ctpeMuTCs K HYJIIO TIPK T — OO.

[[ Ucmonbayiire HepaBencTBo Kom-Bynskosckoro u npubmokenne ¢gyakumii B Lo (R) 6eckoneuno rian-
KM C KOMIIAKTHBIMY HOCUTEIIMI. |]
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3adaua 8.93. Ilycte ¢pyukuus [ € Li(R) umeer orpaHnueHHY0 BapualuUio Ha BCEl MPIMOIL.
Ioxaxkure, 4TO CBEPTKA [ * - - - *  OymeT k pa3 HenpepbIBHO nuddepeHIpyema.
prxa f / Oy p pep $depennupy

k+2

[[ HocmoTpure Ha mOpAROK yObIBaHUA K09 duimeHToB Pypbe cBEPTKM. |]

3aodaua 8.94 (Teopema Boxuepa B omHy cTopony). Ilycts npeobpasoBanue Pypre dyukuun f €
S(R™) meficTBUTENBHO U HEOTPULIATENBHO. [[OKaKUTe, UTO AJIS TI060T0 HabOpa TOUEK Py, . . . , Pk €
R" marpuna c sanemenramu a;; = f(p; — pj) SpMUTOBA M HEOTPUIATEIBHO OIIpeeseHa.

[[ 3amersTe, mpo mpeoOpasoBanue Pypbe f HEOTPULIATENHHO TOTHA U TOJBKO TOTIA, KOTIA OHO ABJISETCS
KBaJpaToM HEKOTOPOI HEOTPHUIATeNbHOI (GyHKIM, U IIPOBepbTe HEOTPULATEIBHYIO OIPeeIEHHOCTD j;
I10 OIIpeeIeHnio. ||

3aodaua 8.95. *(Teopema BoxHepa B qpyryo cropoHy) [lokaknuTe B 0OpaTHYIO CTOPOHY, UTO €CIIN
f € S(R™) rakoBa, uro s 106010 Habopa TOUeK py, . . ., Py € R Marpuma c aneMeHTaMu a;; =

f(pi—p;) spMuTOBa M HEOTPUILIATENBHO OIIPeeNeHa, TO IpeobpasoBanue Pypbe f KeICTBUTEIBHO
U HEOTPULIATEIbHO.

[[ Hepedopmynupyiite cBoticTBo f B TepMuHax e€ npeobpaszoBanus Pypre, IOTOM UCHOIB3YIITE TPUOIII-
)KeHMe QYHKIVII TPUTOHOMETPUYECK/MY MHOTOUIEHaMMI. |]

3adaua 8.96. Ilycts M — opueHtmpoBaHHOe MHoOrooGpasue, v € (2(M) — Hexoropas dpopma
C KOMIAKTHBIM HocuteneMm, a ¢ € C®(M) — daszoBas pyHKuus. [JOKaKXUTe, YTO MHTETPAT C

apameTpoM
/ Site(@),,
M

npu ¢ — +00 € TOUHOCTBIO OO OBICTpO yObIBaroImx (ObICTpee 000 CTelleHM 1) cilaraeMbIX
OIIpENEIIETCA 3HAUECHNAMU IIOAMHTETPAJIBHOT'O BBIPAKEHIA B IIPOM3BOJIBHO MaJon OKpPECTHOCTU
MHOKECTBA KPUTMUYECKUX TOUEK (O, TO €CTh TOUEK, rae dp, = 0.

[[ Hns oxpectHOCTM V' MHOKeCTBa KPUTUUECKUX TOUEK (p PACCMOTPUTE KOMIIAKT ¥ CHesaiiTe pasbueHme
equunuel 1 supp v \ V, p1 + -+ - + py = 1 1aK, 4ro6bl B OKPECTHOCTI HOCUTES KaKIO0M p; QYyHKIUIO ¢
MOXKHO ObLTO GBI BEIOpATh 3a OQHY M3 KoopAauHaTt. IloroM o Treopeme Py6uHN HaUHUTE NHTETPUPOBAHIE
crmaraeMoro p;e'¥v ¢ 3Toit KOOPAMHATHEI U B MHTErpalie MO ITO¥ KOOpIMHATE ClealiTe Tpeobpa3oBaHms
THUIIA:

2

1

i i i i
/a(g@)et” dp = t/a'(gp)ew dp = 2 a’(p)e™ dp = ....

1l

3adaua 8.97. ** B ToM e MHTeTpaje ¢ mapamMeTpoM

/ Site(),,
M

[TOJIyYITe BhIpasKeHNe IJIsI BKJIaJa HEBBIPOKAEHHOI KPUTUUECKON TOUKM (0 C TOUHOCTHIO IO OBICT-
PO yOBIBAIOINMX CJIaraeMBbIX IIpu { — +00.

Ipumennte memmy Mopca 6.21 K (o, TIOTOM B COOTBETCTBYIOIIIX KOOPAMHATAX paccMoTpute €% Kax
p y Mop ¥ yroI pa p p

/(TN 1
anement S'(R"), npumenure k Hemy Tpeo6pasoBanue Pyphbe U PasIOKUTE IO CTEIIEHAM 7. ]]
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9. ®yHKUMOHATIbHbBIE IPOCTPAHCTBA I pacIpeesleHs

9.1. baHaxoBBI NPOCTPAHCTBA U Teopema bapa.

3adaua 9.1. [lokaxure, UTO CBOJICTBA HOPMMPOBAHHOTO IIpOoCcTpaHCTBa (Hax rmmoseM R) Mo>XHO
nepedopMyIMpPOBATh B TEPMUHAX eAMHIYHOrO [apa By(1) Tak: eqUHUYHBII 1Iap SIBIAETCS LeH-
TPAJIBHO CHMMETPUYHBIM BBIITYKJIBIM MHO)XECTBOM U IlepeceKaeT JII0OYI0 IIPOXOAMAIIYI0 depes
HaAyaJI0 KOOPAMHAT IPAMYIO 110 HEBBIPOXKIEHHOMY OTPE3KY.

3adaua 9.2. Jlokakute, UTO CBOVICTBA HOPMUPOBAHHOTO mpocrpaHcTBa (Ham mojem C) mMoxHO
nepedopMyIMpPOBATh B TEPMUHAX eAMHIYHOrO 1apa By(1) Tak: eqUHUYHBII LIap SBIAETCS LEeH-
TPAJIBHO CHMMETPUYHBIM BBIITYKJIBIM MHOXECTBOM U IIepeceKaeT JII0OYI0 MPOXOMSIIYI0 uepes
HayaJgo KOOPAMHAT KOMIUIEKCHYIO IIPSMYIO 110 HEBBIPOXKAEHHOMY KPYTY.

3adaua 9.3. Jokaxwnre, uto npocrpactso C'la, b ¢ HOpMoII || - || He sABIAETCH TOMHBIM.

[[ Bcmomuure 0 npubimnkeHnsx no6oit pyskuum B Lo|a, b] mo HopMme || - ||2 HempepsiBHBIMI. ]

3adaua 9.4. [Joxaxute, uto yrobas MOCIeqOBATEIFHOCTh BIOKEHHBIX 3aMKHYTBIX LIapoB B O
By O Bs O ... 6aHaxoBa IIPOCTPAHCTBA MMeeT OOIIYI0 TOUKY.

[[ Hoxaxkure, 4TO IOCIIEOBATEIBHOCTD LIEHTPOB IIapoB Oyaer dpyHaaMeHTanbHOI. [Ipy qoKasaTeabCcTBe
9TOTO IT0JIE3HO ITIOHMMATh, YTO OTPaHNYeHIe GaHAXOBA PACCTOSTHUS Ha JIIOOYIO IPSAMYIO IPOIOPLIIOHATIBHO
€BKJIMOBY PACCTOSHUIO Ha MPAMOIL. |]

3adaua 9.5. JJokaxure, 4ToO B KOHEYHOMEPHOM HOPMMPOBAHHOM IIPOCTPAHCTBE BCE HOPMBI OIIpe-
AENAIOT OJHY M Ty K€ TOIIOJIOTMIO.

[[ Hoxaxknre pus nyx HopM || - || m || - || B KoHEuHOMepHOM mpOCTpaHCcTBe V HepaBeHCTBA
cllv]l < ol < Clol’
st ioboro v € V' n pukcnpoBaHHbIX KoHCTaHT ¢, C' > 0. ]]

3adaua 9.6. [Jokaxute, YTO B KOHEYHOMEPHOM HOPMMPOBAHHOM IIPOCTPAHCTBE BCE IIapbl KOM-
ITaKTHBIL.

[[ Ipumenure pesyiprar 3agaun 9.5 K JAHHOI HOPMe I €BKIMIA0BOIT HOpMe Ha TOM Ke IpocTtpaHcTse. [Ipo-
BepbTe, UTO eMHIYHBII [Iap IIPOM3BOJILHOI HOPMBI OyAeT OrPaHIUEH U 3aMKHYT B CMBICJIE €BKIMIOBOII
HOpPMBI. |]

3aodaua 9.7. [lokaxure, 4TO B JJI0O0M O€CKOHEUHOMEPHOM HOPMUPOBAaHHOM IIPOCTpaHCTBe F Hail-

IETCS IOCIIeOBATENIBHOCTD () ), Takast uTo ||vy|| = 1 must mroboro k m ||v; — vj]| > 1 mst m06bIx
i # 7.
[[ Bosemure duar koHeuHOMepHBIX oanpocrpadcTs Vo C Vi C Vo C ... u nmure vy, € Vi, B mapajrens-

HoM Vj,_1 adbdrHHOM MOAPOCTPAHCTBE HA €QUHUYHOM PACCTOSHNIY OT Vi_1. |]

3adaua 9.8. [JokakuTe, YTO MPOCTPAHCTBO QYHKLMIT OTPAHUUEHHON Bapualny Ha oTpeske [a, b ¢
Hopmotii |f(a)| + || f|| s Garaxoso.

[[ Mna mauana oGocuyiire, nouemy |f(a)| + || f||p sBasercs Hopmoii. [asee mpoBepbre HalM4ye pas-
HOMEPHOTO IIpefiesia y JIF000il (pyHIaMEHTAIbHON B 9TOM HOpME IIOCJIEHOBATENbHOCTH, IIPOBEPHTE UTO
PaBHOMEPHBIII IIPeJIell IBIISIETCS IIPENENIOM B JAHHOI HOPME, U UTO 9TOT IIpejiell CaM JIMeeT OTPaHNYEHHY 0
Bapmanuo. |]
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9.2. /IBOiCTBEHHOE IIPOCTPAHCTBO, €r0 HOPMa I IPMHINII PABHOMEPHOII OrpaHIMUEeHHO-
CTIL.

3adaua 9.9. Jlokakute, UTO HOpMa HEHYJIEBOro JuHeitHoro ¢pyukumonama A\ : F — R pasHa
00paTHOI BeJIMUMHE K PACCTOSHUIO OT runeprutockoctu {x | A(z) = 1} mo mys.

[[ Paccmotpure umeio

[A2)]
sup{ iz AMz)#0¢p .
[IpoBepbTe, UTO BBHIPAKEHUE II0J] 3HAKOM CyIpeMyMa He MEHSETCs, KOT[a I YMHOYKaeTcsl Ha HEHyJIeBOe
q1CII0. DTO MO3BOJIAET HOPMUPOBATH T B 9TOM BBIpayKeHMu AByMs crocobamu: |z]| = 1 u A(x) = 1, uro

JacT paBeHCTBO ABYX BEJIMUMH. ]]

3adaua 9.10 (fBubIT mpuMep pacxogumoctu psga Pypre B Touke). [Jokakmre, uto psag Pypoe
HeIIpephIBHO 27T-TIepUOANYUecKoi PyHKIUM

—1
f(z) = Z 72 Sin |28 |
k=1
pacxomuTcs B HyJI€.

[[ Bommnmnre xoaddummentsr Pypse mo KocuHycaM (B CIIIy YETHOCTY (PYHKLMM HAJO PACCMaTPUBATH
TOJIBKO MX) I OL[eHUTe UX CYMMYy, TO €CTh 3HaueHMe cyMMbI psaga Pypre B Hyste. OG0CHYIITe I MICIIONB3YIiTe
1O, uTO 11t QYHKIYM Bupa sin m|x| sHaueHne cyMMbl Pypbe B HyJle HEOTPULIATENBHO. |]

3adaua 9.11. CyiecTByeT JIM HellpepbIBHAs 27-IIepuoanueckas GyHKUMs, CcyMMbl Pypbe KOTOpoit
B Touke () cTpeMsATCa K 007

[[ B ciayuae GeckoHeUuHOCTM CO 3HAKOM, BCIIOMHUTE Ipo cyMMbl Peitepa. B ciyuae GeckoHeuHocTn 6e3
3HAKa, OTpaHnubTe ciaraemsle B psane Pypre. ]

9.3. JInHelTHBIe OTOOpaKEeHNUSI MeKAY 6aHAXOBBIMIU IIPOCTPAHCTBAMMI.

3adaua 9.12. [lokaxure, YTO AJIS OBYX JMHENHBIX OTOOpaKeHNII HOPMUPOBAHHBIX BEKTOPHBIX
npoctpactB A : £ — Fu B : F — G ¥ uX KOMIIO3UIINY BEPHO

1B oAl < Bl - Al

[[ HeticTByiiTe 10 OIpemeIeHII0 HOPMBI JIMHEIIHOTO 0TOOpaKeHNs. ]

3adaua 9.13. doxaxure, uro ecrecrBeHHsle Biaoxkerus Cla,b] — Ls[a,b] n Lsof[a,b] — Ly[a,b]
HeIpepPHIBHBL.

[[ YcranoBuTe COOTBETCTBYIOLIME HepAaBEeHCTBA MEXy HOpMaMIL. |]

3adaua 9.14. Noxaxure, uro o6pas Biroxenus Cla,b] — Lo[a, b] He 3aMKHYT.

[[ Iposepsre, uto 06pas mioreH B Ls|a, b]. lpusenure npumep ¢pyukuuu B Lofa, b], KoTopas He paBHa
IIOUTH BCIOAY HUKAKOJ HEIPEPHIBHOI Ha oTpeske [a, b] dyHkiuu. ]]

3adaua 9.15. Moxuo nu B ipoctparcTBe C'™°(R) Heb3st BBECTU HOPMY Tak, UTOOBI OTOOpasKeHME

B3ATHS IpousBonHoil - : C°°(R) — C°°(R) cTamo HelpepbIBHBIM?

[[ 3amersTe, uTo MUbdepeHIIANTbHOE YPAaBHEHIIE % = \f umeer Henyessle perennus B C*°(R) npu sro-

6om . [IpoBepbTe, UTO IIPU OCTATOYHO GOJIBIIINX 10 MOAYJIIO A\ HaJIMYMe TAKOTO PEIIeHNs IPOTUBOPEUNT
OrpaHNUeHHOCTH oToOpaskeHus anddepenimpopanns. |]
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3adaua 9.16. IlpoBepbre, uro Ge3 mpeamnonokenus o samkuyroctu G C E wa F/G BOo3HUKaer
IIOJIyHOpMA.

3adaua 9.17. [lokaXuUTe MCIOJIb30BAaHHOE HESIBHO B JOKa3aTeJIbCTBE TeOpeMbl 00 m3oMop¢u3me
yTBep>KI€eHIe O TOM, YTO 3aMbIKaHIE BEITYyKJIOTO IIOAMHOKeCTBa OaHax0Ba IPOCTPAHCTBA BBIITYK-
JI0.

3aodaua 9.18. [Noxaxnure, yro mpu 1 < p < ¢ oToOpa)keHUe IPOCTPAHCTB ITOCIEOBATEIBHOCTEI]
I :{, — {, comocraBisgollee II0CIeIOBATEIBLHOCTY €€ caMy C APYTOil HOPMOIA, OIpe/ieJIeHO I
HeIpepbIBHO. SIBJseTcs i ero o0pa3 3aMKHYThIM?

[[ HMokaxkure HepaBeHcTBO |||, < |||, Hampumep, cBems ero x ciydaro p = 1 M BOCIIONB30BaBLINCH
BBIITYKJIOCTBIO HOPMEI || Z || ;. 3aMKHYTOCTb 0Gpasa MOXHO ICCIIe0BATD 10 ONpeeeHnIo. |]

3adaua 9.19. [lokaxkuTe, UTO JIMHEHOE OTOOPaKEHIIE MeKAY 0aHAXOBBIMM IIPOCTPAHCTBAMH [ :
E — F HempepbIBHO TOIfa M TOJBKO TOTHA, KOTAA ero rpaduk 3aMKHYT. [Is onpeneneHus
3aMKHYTOCTU IIOAMHOKecTBa £ X F MOKHO ucnonb3osats B E X F uopmy ||(z,y)|| = |||l + ||y]|-

[[ Ucmons3yiite HenpepsIBHOCTH npoekuuit £ X ' — E, F X F' — F n teopemy ??. ]]

3adaua 9.20. [lokaXuTe, 4TO 3aMKHYTO€ IIOAIIPOCTPaHCTBO V' B 0aHaxO0BOM npocTpaHcTBe [ mmeer
3aMKkHyTOe poronHeHue W, takoe uto £ = V' @ I Torma m TonpKo TOrAa, KOrga CYILIEeCTBYeT
HemnpepbIBHAs MUHeltHas poekuus P : F — F, takas uto P2 = Pu P(E) = V.

[[ B omuy cropony monoxkure V = ker P, mpoBepbTe 3aMKHYTOCTh U CBOJICTBO AOIOJHEHUs. B obpar-
HYIO CTOPOHY IIpMMEHNTE TeopeMy 00 m3omMopduame K KOMIO3UIMK BiIoKeHUs V — F u npoexuuu Ha
dakroprpocrpancrso £ — E/W. ]]

3adaua 9.21. [Jokaskure, uTO 11060€ KOHEYHOMEPHOE IIOAIIPOCTPAHCTBO |/ B 6aHAXOBOM IIPOCTPAH-
cTBe [ 3aMKHYTO.

[[ BeiBenure noHOTY V' M3 peaynbraTa 3agaun 9.5. [lokaKnTe, UTO U3 IOTHOTHI V CJIeyeT ero 3aMKHYTOCTh

BE. ]]

3adaua 9.22. JIoKaXuUTe, UTO eCIM 3aMKHYTOe IIOAIPOCTPAHCTBO V' B OAHAXOBOM IIPOCTPAHCTBE
F mMeer KOHEUHYH KOPa3MEPHOCTh (KOHEUHYI0 pasMepHOcTh F/V), TO cyliecTByer quHeitHas
HeInpepbIBHaA npoeknug P : &/ — V Ha Hero.

[[ Iocrpoiire momonHeHMe K V' 1 BOCIIONB3yiiTeCh pedyabraTamu 3agau 9.20 m 9.21. ]]

3adaua 9.23. JlokakuTe, UTO IPOCTPAHCTBO HEIPEPBIBHBIX JIMHEIHBIX oTOOpaskeHmit £ — F'
(o6osnauaemoe L(F, F)) ansercsa 6aHaXOBBIM IIPOCTPAHCTBOM C BBEAEHHOI 371ech HOpMOIL. [Ipo-
BepbTe, UTO [JI 9TOTO HY’KHA IONHOTA F, HO He Hy»XHa mojHoTa .

[[ PaccyskmeHms aHAJOTMUHBI JOKA3aTENBCTBY TeOpeMbl ??. ]]

3adaua 9.24. [lokaxure, 4T0 M30MOP(HU3MBI 0OPA3YIOT OTKPBITOE TOAMHOXeCTBO B L(E, ).

[[ 3amersre, uro ymuoxenue anementoB L(F, F') na nsomoppusmsr A : D — E cneeawm B : F' — G
crpaBa maér nsomopusmer Ly : L(E,F) — L(D,F)u Rp : L(E,F) — L(E,G). Eciu MHO)XeCTBO
nsomoppusmos 8 L(E, F') He mycTo, TO CBeAUTE ¢ IOMOIIBI0 YMHOKEHUIT 3a1auy K YTBEP)KIEHUIO, UTO
OKPECTHOCTb TOXAeCTBeHHOro n3omoppusma idg : £ — E cocrout n3 nzomoppusMos. s aJIeMeHTOB
okpectHocTyt idp Buma idg +B mocrtpoiite obpaTHbIe ¢ IIOMOIIBIO CTEIIEHHOIO psifia — IeOMeTPUUEeCKOil
mporpeccuiu. ]
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3adaua 9.25 (Teopema Banaxa-IllTeitHraysa miis JIMHENHBIX oToOpaxkeHmir). IlycTh ceMeiicTBO
JIMHEHBIX HenpepbIBHbIX ortoOpaxenmit Y C L(F,F) mexay 6aHAXOBBIMM IIPOCTPAHCTBAMU
OrpaHMYEeHO B JII000IT TOUKe GaHax0Ba IPOCTpaHCcTBa F, TO ecTh Iy J1060T0 ' € F MHOXKECTBO
qyice

{lA@)1A€Y}

OI'paHNMYEHO. I[OKEDKI/ITC, YTo Torga Y orpanuueno B cMmbiciie HOpMBI B L(E, F).
)

[[ IIposepsre, uro moxaszarennctsBo (Teopemsl ??) mist L(E, R) mpoxoant u B 9T0M ciryyae ¢ HeGOIbIIMY
M3MeHEeHUIMU. ||

3aodaua 9.26 (Pacxomumocts psua Pypwe B cpenem). [lokaknre, UTo cylecTByer pyHkums [ €
Ly[—m, 7], pan ®ypre KoTOpOIL pacxopurcs B Hopme L.

[[ Hoxaxure, uto HopMa nuHeltHOro otobpaxkenus Li[—m, ] — Li[—m, 7|, 3agannoro xax f — T,,(f, x),
paBHa f fﬂ |D,,(t)| dt. Janee npumenute reopemy Banaxa-IllreitHraysa s IMHENHBIX OTOOpasKeHUIL. |]

3aodaua 9.27 (Teopema Masypa—Ymnama 06 nsomerpun). [Jokaxxure, UToO eCIy COPBEKTUBHOE OTOO-
pakeHye 0aHAaXOBBIX IpocTpaHcTB f @ £ — F Hapx mosem ReiICTBUTENIBHBIX UVICET COXpaHsIeT
paccrosians, || f(x) — f(y)|| = ||x — y||, To oHO sBAsETCST adPUHHBIM, TO €CTH JIMHEHBIM II0CIIE
KOMIIO3VILIVIY CO CABUTOM.

[[ Cuauana moxaxkuTe, 4TO MJIS BBINYKJIOrO, 3aMKHYTOIO, OTPAHIUEHHOTO0, LIEHTPAIBHO-CMMETPUYHOTO
MHOecTBa X B GaHAXOBOM IIPOCTPAHCTBE MOYKHO OIPENENUTH LEHTP CUMMETPUM TOJIBKO B TEPMIUHAX
paccrostHMsI, paboTtas ¢ 6aHAXOBBIM IIPOCTPAHCTBOM KakK ¢ METPUUECKUM. A MMEHHO, I BBIIYKIOTo X
ompepenute C'(X) kak MHOKecTBO Touek € X, rakux uto ||z —y| < 1/2diam X must mo6oit y € X. IIpo-
Bepbre, uro C'(X) BeImyKII0, 3amMKkHyTO, diam C'(X) < 1/2diam X, n C'(X) umeHTpaIpHO CUMMETPUUHO C
TeM Ke LeHTPOM, ecint X LeHTpaIbHO cuMMeTpuyHo. Torna nociegosarensrocts nurepanuit C(. .. (X)...)
JOJDKHA CXOMUTHCS K LEHTPY X, €CIM OH eCTb.

ITocse 9TOTO CTAaHeT SICHO, UTO IeHTp cuMMerpuy X mepexogut B 1eHTp cumMerpun f(X) mpu oto6-
paxennu f, mo kpaitteir Mepe, eciu f(X) BBIIYKIO, 3aMKHYTO, OTPaHMUYEHO M LEHTPAIBHO CUMMeT-
puuHo. IIpoBepbTe, UTO cepennHa oTpeska (& + y)/2 MeXAy ABYMs TOUKAMV MOKET OBITb OIMCAaHA Kak
LIeHTpP CUMMeTpPHUM Iepecederus ABYX wmapoB By (||z — y||/2) N By(||x — y||/2) u moxyuure orcrona, uro
f((x+y)/2) = (f(x)+ f(y))/2. Nocne kommosuunu f co CABUrOM MOKHO cumutath, uto f(0) = 0, Torma us
CBOJICTBA OTOOpayKEHNUS CEPENMH OTPE3KOB MOXKHO BbIBeCcTI ToXkAecTBO f(z + y) = f(x) + f(y). s atoro
MO>KHO BBIBECTH JIMHEHOCTD f OTHOCUTENBHO yMHOKEHS Ha PAIMOHAIBHBIE UNCIIA, & 10 HETPEPBIBHOCTI
— ¥ OTHOCUTENIBHO YMHOXEHUS Ha AeCTBUTEIbHBIE UNCIA. |]

3adaua 9.28. [lokaxkure, uto cyiectByeT He apduHHOe oToOpaskeHMe GaHAXOBBIX IIPOCTPAHCTB
f: E — F, koropsle coxpauser paccrosuus, || f(z) — f(y)|| = ||z — y||-

[[ Ecam Het TpeGoBaHMS CIOPBEKTUBHOCTH, TO HETPYIHO CAEJIATh IpuMep yxke B ciaydae f : R — R2, ecin
B R Baate mopmy ||(z,y)[| = max{|z], [y[}. 1]

9.4. T'IBOEpPTOBBI IPOCTPAHCTBA M MIX 0A3NCHI.

3adaua 9.29. IIpoBephTe, YTO CKAJIApPHOE IIPOM3BEJEHIE B TVIJIBOEPTOBOM IIPOCTPAHCTBE HeIpe-
PBIBHO 110 000VIM apTyMeHTaM.

[[ Ouenure |(2',y") — (z,y)| uepes |z’ — x| u ||y’ — y||, ucnonssys nepasercrso Kommu-Bynskosckoro. ]]

3adaua 9.30. [JokaKuTe 4TO Bell[eCTBEHHOe DAHAXOBO IIPOCTPAHCTBO [ ABIIfeTCA TMIBOEPTOBBIM
TOT'JIa ¥ TOJIBKO TOTJ(a, KOTJa [JIS JIIOOBIX ABYX X,y € [ BBINIOIHIETCSI TOXIECTBO
2 2 _ 2 2
[+ ylI” +llz = yll* = 2[[=[I” + 2{[y]I*.

[[ Mns rmasbeproBa MPOCTpAHCTBA TOKAECTBO IIPOBEpSETCS HEIOCPEeACTBEHHO. [ HoKasaTeslbCTBa B
IPYI'YIO CTOPOHY Ul Hauaja OOBSICHUTE, ITOUeMy YTBEp)KAEHIE MOCTATOUHO JOKa3aTh AJISI JBYMEPHBIX
6aHaxOBBIX IIPOCTPAHCTB. ]]
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3adaua 9.31. IlposeprTe, uTo opToroHanusauus I'pama-IlIMuara He MeHsIeT IIOJIHOTY M 3aMKHY-
TOCTb CUCTEMBI BEKTOPOB.

[[ Cuauana Hamo BEIGPOCKTD U3 CUCTEMBI (V) ) BEKTOPBI, JIVTHEHO BBIPAXKAIOLIIECS Uepes IIPeAbIAYILIE 110
cuéry. [Tocie aroro meroxn I'pama-IlIMuara onpenenser cucreMy () 0 peKyppeHTHBIM (GopMyIam

k-1
vk — > (Vk, ) e
B =1
()Ok - k—1 ’
vk — > (Vk, ) e
=1
JJIA 060CHOBaHI/Iﬂ KOTOpOI‘/‘[ Hago YCTaHOBI/ITb I10 I/IHIIYKHMI/I paBeHCTBO JII/IHCI?IHBIX 060.]'10‘{61( <U]_, ey 'Uk> =
(p1,-..,¢k). U3 aTOTO TIOCITIENy€ET PABEHCTBO JIMHENHBIX 060I04eK U GeCKOHEUHbIX cucreM. Ilocme aToro

IOCTAaTOUHO cHOPMYyNUPOBATH IIOJIHOTY MJIM 3aMKHYTOCTh CUICTEMBI B TEPMIHAX €€ JIMHEHO 000JIOUKIA.

1]

3adaua 9.32 (MHorounens! Jlexxanapa ¢ TOUHOCTBIO 10 KOHCTAHTHI). [[poBepbTe, YTO MHOTOUJIEHBI

Pur) = L@ 1y

dz™
n € Z*, COCTaBJISIOT OPTOrOHANBHYIO cucteMy B Lo[—1, 1]. [lokakute, UTo 3Ta CUCTEMa MOJHA B

Lo[—1,1].

[[ IponHTerpmpyitte nponsBeeHMe ABYX TAKMX MHOTOUJIEHOB 10 YACTIM IS JOKa3aTeJIbCTBA OPTOrOHAb-
HoCTH. [l JOKa3aTesbCTBA IOJHOTHI OOBSICHNUTE, IOUEMY JIF000J APYroil MHOTOWJIEH MOKHO BBIPA3UTh
KaK JIMHETHYI0 KoMOnHaimio mHorowreHoB Jlesxkanapa. ||

3adaua 9.33. Jokaxkure, uto cucrema QyHKIIUI 2"e /2 n € 7F, monua B Ly (R).

[[ HdocraTouHO IIpOBEPUTH 3aMKHYTOCTH CUCTEMBI M PACCMOTPETh CUTYAL(MI0, KOTHa NI HeKotopoit f €

Ly(R)
400 5
/ f(z)a"e™™ /2 dx =0

—00

ripu Beex n. IIpoBeprTe, 4TO paBeHCTBO

0O .\
i 2 ? .2
pRATES 1/225:(y) xnex/Q
n!
k=0

MO’KHO paccMartpuBaTh Kak BepHoe B Lo(R) msa ¢pynxumit ot z. BeiBenure otcrofa, uto npeobpasoBaHue

®ypre pyrxmm g(x) = f(z)e ™/
pesyabrar 3agaun 8.90. ]

BCIOY PaBHO HYJIIO, ¥ YTO f ¥ g TIOYTY BCIOAY PaBHBI HYJIIO, MCIIOJIb3YS

3adaua 9.34 (MHOTOUIEHBI DPMUTA C TOUHOCTHIO 10 KOHCTAHTHI). [[poBephTe, UTO eCiIu ONpeRenTh
MHOTOYJIEHBI 10 popMyJie

o $pynkuyu Spmura H,e /2 GyayT cocTaBisaTh OpTOroHanbHy0 cucteMy B Lo(R).

[[ VcmonsayiiTe MHTErpUpOBaHME 10 YACTAM VIS HOKA3aTeIbCTBA OPTOTOHAIBHOCTI JUIM 3aMEThTE, UTO
byHKIMKM DpMUTa SIBILIOTCI COOCTBEHHBIMU AJISI HEKOTOPOTO CaMOCOIPSHKEHHOTO AuddepeHINaNTbHOTO
omepatopa. ]]
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3aodaua 9.35. CymectByet nu 6eckoHeuHo nudpdepennupyemas pyukuus [ : R — R, takas uro
nust mo6oro mHorowtena P € R|[x] narerpan

/+oo P(z)f(x) dx

o0

KOHEUEH M paBE€H HYJIO.

[[ Mocmorpure Ha mpeobpasoanue Pypre pyuxumn f. |]

3adaua 9.36. [lokaxure, UTO CyMMa aOCOIOTHO CXOMSIIIEr0Cs PsIia U3 3JIeMEeHTOB OaHaxoBa IIpo-
CTpAHCTBA HE 3aBUCUT OT HOPAIKA CYyMMUPOBAHMS.

[[ MoXHO TOKa3aTh 3TO IO OTIPEIEIEHUI0 CXOIUMOCT, OLIEHUBASI OCTATKIU PAOB II0 HOpMe. MOKHO TakKe
MIPUMEHUTH PE3YNbTAT CIIETYIOIIEl 3a1aul, UJIX CBECTU BOIIPOC K UMCIOBBIM PAIAM C IIOMOIIIBIO TEOPEMBI
Xana-Banaxa ??. ]]

3adaua9.37 (BesycnoBHas cxonuMMOCTh). [loKakuTe, UTO CyMMa psiia 220:1 V), 3JIEMEHTOB OaHaxo0Ba
IIPOCTPAHCTBA V), € [/ cylecTByeT 11 He 3aBUCUT OT ITOPSIIKA CyMMMPOBAHMS TOTAA U TOJIBKO TOTAA,
KOT'/1a [JIs JIF00O01 TT0CIeJOBATEIbHOCTH £ U3 £1 cymma Zzo:l €1V, cxoqurea B B

[[ AxxypaTHO mMcronb3yiiTe Kpurepuit Komm s cXogmMoCTy TepecTaBleHHbIX BAPUAHTOB MCXOIHOTO
pAfa U psfa co SHaKaMu y _po g EkVk. ]

3adaua 9.38. [loxaxure, uro psaasl Pypbe 110 OPTOTOHAIBHBIM CHCTEMaM B IMIJIBOEPTOBOM IIPO-
CTpPaHCTBE CXOMATCH 6e3yCIOBHO B CMBICIIE IIPeBIAYILEN 3a0aul.

[[ TIpoBepbre ABHO, MEHSAIOTCA JIM YCIOBUS B TeopeMe ?? IPU I€PECTAHOBKE DJIEMEHTOB OPTOrOHAIBHO
cucreMbl. Vu nCIrionb3yiiTe pesysIbTaT NpeabITyIIel 3a0aun, eCI Bbl €€ per. ||

3adaua 9.39. IlpuBengure npumep, Koraa 6e3yCciIoBHAs CXOAMMOCTD psia Zzozl V), 3JIEMEHTOB 0a-
HaX0Ba IIPOCTPAHCTBA U, € F He 03HauaeT aGCOMIOTHON CXOMMMOCTH, TO eCThb » ., |lvg|| = +o0.

[[ MoxeT moMOUb pe3ynbTar MpeabIAyILeit 3agaun. ||

3adaua 9.40. *(Teopema Mronua mis Lo) Ilycts (1)) — cTporo Bospacraroiias mocieJ0BaTeIbHOCTh
HEOTPUIIATENFHBIX LeNbIX uncel. [Jokaxkure, uro cucrema ¢pyukumit {z" | k € Z*} monna B

L,[0, 1] Torga 1 TombKO TOrAa, KOTAA » o, n—lk = 400.

[[ Beimmmimre paccTosiHME OT He BXOMAIIEN B cucTeMy QYHKIMM X' IO JIMHEHOI 060JOUKM BEKTOPOB
(x™,...,x™) uepes onpenmennrenu Matpurl I'pama cucrem (z™ ... ") u (z", 2", ..., 2" ). [lomyuure
dopmyiy

det( 1 ) _ [Tic;(ai — a;)(bi — b;)

ai +bj ij=1 Hz‘,j(ai +b;)

uepes OeJIMIMOCTb MHOTOWIEHOB OT HECKOJIBKIUX IIEPEMEHHBIX MIIM IIOCUMTAB OIIpeesTe b 110 MHAY KL
[IpyMeHNUB BBIMCAHHYIO GOPMYITY U OIpefeInTeNs, yoequTech, YTO CTpeMJIeHIe PACCTOSHUS OT T IO
JuHeHo o6omouky (™, ..., &™) K HyJII0 Ipu kK — 0O 9KBUBAJIEHTHO IIPUBENEHHOI B YCIOBUM 3aaull
PaCXOOUMMOCTI CYMMBL. ||

3adaua 9.41 (Teopema Mronna mua C). Ilyctsb (ny,) — cTporo BospacTarolas Mocjae 0BaTelIbHOCTD

HEOTPUIATENBHBIX IeIbIX uncel. Jlokaxute, uto cuctema ynkumit {x™ | k € Z*} nonua B
_ o 1 _

C[0, 1] Torga 1 TonpKo Torga, Korma ny = 0m y -, oo = Fo00.

[[ CBenmre k npexsiayueii saxaue. [lonxora B C' 04eBUAHO BiIeuéT ONHOTY B Lo. VI3 monHOTHL B Lo JaHHOI!
cucteMbl QYHKLMIL BHIBEAUTE MIOIHOTY CUCTEMbI IIEPBOOOPA3HBIX JAHHBIX QYHKUMIL B IIOAIPOCTPAHCTBE
C'0, 1], 3agarsoM ycmosuem f(0) = 0. ]]
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3aodaua 9.42. ChopmynupyiiTe 1 JOKaXuTe HEOOXOAMMOE I TOCTATOUHOE YCJIOBME IOJHOTHI CH-
crempl gyukumit Buga {z" | k € Z*} B C[—1, 1], rme (ny) — Bo3pacraroluas mocie0BaTelIbHOCTD
OEJIbIX HEOTPUMUATEJIbHBIX UNICEJIL.

[[ Pasmoxmre pyHKIMIO B CyMMy UETHOI M HEUETHOI 1 NMPUOIIVIKAIITE UX 10 OTHEIbHOCTM. |]

9.5. VI30MeTpMUYHOCTH I'JIBOEPTOBBIX IPOCTPAHCTB.

3adaua 9.43. Paccmorpum nuHeltHble oneparopsl A : H — H B runbn0epToBOM IIPOCTPAHCTBE,
KOTOpBIE COXPAHSIOT CKAJISIPHOE IPOU3BeleHNe, TO eCTh Ui JObIX =,y € H oxasbiBaercs
(Az, Ay) = (z,y). [lpuBepure mpuMep, MOKA3HIBAIOLLINIL, UTO TAKOI OIepaToOp He 00sI3aH OBITH
00paTMMBIM.

[[ Ymo6HO mocTponTh Takoit onepaTop B mpocTpaHcTse {o. ]

3adaua 9.44. * IlpuBenguTe mpuMep ABYX JIMHEHBIX IoAnpoctpadcTs V u W runsbeproBa mpo-
cTpaHcTBa [, KOTOpBIe 3aMKHYTHI, HO ux cymma V' + W He 3amMKHYyTa.

[[ Hocrpoiire 3amkuyteie nuueitabie V, W C H, takme uro V NW = 0, V + W mmorao B H, HO He
coBnanaer ¢ H. Yno6Ho otoxxaectButs H ¢ {2, a ero 3aMKHyThbIe IIOANPOCTPAHCTBA — 33aBaTh CUETHBIMI
CyMMaMI BeKTOPOB OPTOHOpPMUpOBaHHOro 6asmca ¢ koaddurimenramu n3 fo. IIpu mokasarTesnbcTBe OT
IIPOTMBHOIO MOXKeT IoMoub Habmromenue, uto ecnmn HH = V + W, o H mo Teopeme ?? nsomopdHo (xak
6aHaXOBO IIPOCTPAHCTBO) OPTOrOHANIBHOII IpsaMoit cymme V @& W, kotopast onpenesieHa Kak ImiIs6epToBO
IPOCTPAHCTBO CO CKAJIAPHBIM IpoussenerueM (v & w, v’ & w') = (v,v") + (w,w’). 1]

9.6. MeTpMuecKas IPOEKIMsI M ABOJICTBEHHOE K I'TUIBOEPTOBY IPOCTPAHCTBY.

3aodaua 9.45. llpuBenure mpuMep, KOTAa MeTpUUECKas IPOEKIMs Ha 3aMKHYTOe JIMHEITHOe IOJ-
IIPOCTPAHCTBO OAHAX0BA IIPOCTPAHCTBA OIlpefiesIeHa OMHO3HAUHO, HO He SBJIAETCS JIMHEITHOI.

[[ IIpumep MOKHO ITOCTPOUTS y>Ke IUIS IPOEKLNY Ha IIPAMYIO B TPEXMepHOM 0aHAXOBOM IIPOCTPAHCTBE. |]

3aodaua 9.46. IlpuBenure mpuMep, KOTga MeTpUUECKas IPOEKIMs Ha 3aMKHYTOe JIMHEITHOe IOJ-
IIPOCTPAHCTBO GaHAaX0Ba IIPOCTPAHCTBA OIIpejeIleHa OJHO3HAUHO, IMHEIIHA, HO e€ HopMa OoJIbIIe
€IV HUIbI

[[ IIpuMep MOKHO ITOCTPOUTD YKe AJIA IMPOEKUMY Ha IPIMYIO B AByMepHOM 0aHaXOBOM IIPOCTPAHCTBe. |]

3adaua 9.47. Tlycts HenmpepbIBHOE JIMHEIIHOe oToOpaxkeHue P : ' — F GaHaxoBa IPOCTPAHCTBA B
ce6s obamaer cBoitctBoMm P? = P. [Jokaknre, UTO ero obpa3 3aMKHYT.

[[ IIpoBeprTe, uTo 06pas P coBnanaer ¢ aapom idgy —P. ]]

3aodaua 9.48. IIpoBepbTe, UTO HaKTOPIPOCTPAHCTBO rUIBOEPTOBA IMpOoCcTpaHcTBa H 10 ero 3aMKHY-
ToMy noamnpoctpaHcTBy G C H sBisercs ruinb0epTOBBIM.

[[ Hokaxkure, uro orpanuuenue npoekuuu 7 : H — H /G Ha oproroHanpHoe gomnonHenue K G aBiseTcs
nsomerpuei. |]

3adaua 9.49. [lokakuTte, UTO B TMJIBOEPTOBOM IIPOCTPAHCTBE MeTpUUeCKas IPOEeKIUs Ha Jboe
3aMKHYTO€ BBIITyKJIO€ MHOKECTBO OIlpefiesieHa I 1-IMImiesa.

[[ CyuiecrBoBaHMe noKas3bIBaeTcs TaKKe, Kak B TeopeMe ??. [Is OKA3aTeNbCTBA JIMIIINALEBOCTI PACCMOT-
pute fBe Touku ,y u ux npoexuun P(x), P(y). Jokaxure, uro yron mexay orpeskom [P(z), P(y)] n
m006IM 13 oTpeskoB [z, P(x)] un [y, P(y)] rynoit. ]]
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3adaua 9.50. **(Hepeménnas 3amada) [lokakure, UTO eCiM B IMUIBOEPTOBOM IIpOCTpaHCTBe [
O[THO3HAUYHO OIIpefiejieHa MeTpuyecKas IpoeKuus 1o6oit Touku H Ha mogMmHOkecTBO X, To X
3aMKHYTO U BBIITYKJIO.

3adaua 9.51. IlpoBepsre, uro mocrpoeHHoe oroxaectsienue C' : H — H' pus ruasbeprosa
IIPOCTPAHCTBA C KOMIUIEKCHBIM IIOJIeM CKaJIIpoB OyaeT KOMILIEKCHO-aHTUJIMHEINHBIM, TO eCTb

H' = H, ecnu H o603HavaeT TO Ke IMPOCTPAHCTBO H, HO ¢ M3MeHEHHBIM CII0COO0M YMHOXEHS
BEKTOpa Ha KOMIUIEKCHOE YJCJIO. A MMEHHO, ecjii YMHOKeHIe Ha KOMIUIEKCHOe umcio B H
0603HaYaTh CMBOJIOM -, @ B /{ — CMBOJIOM -, TO BEpHO COOTHOIIIEHIE

a-r=a-x.

3adaua 9.52. BeiBeuTe CyIeCTBOBaHNE I €IMHCTBEHHOCTh METPIUECKOI IIPOEKIUM B 0aHaXOBOM
IIPOCTPAHCTBE C PABHOMEPHO BBINYKJION HOPMOIL.

[[ Hokakure pyHIaMEHTATHFHOCTH IIOCIENOBATENBHOCTIL, BO3HIKAIOLIIEI B onpenesieHnu paccrossuus. Co-
IeprKaTelNbHasa YacTh PAcCyXaeHMs PaKTUUecKy OyaeT IMPOMCXOOUTE B ABYMEPHOM 0aHaXOBOM IIPOCTpaH-
cre. |]

3adaua 9.53. *(Hepasencrso Xaunepa) Ecim p > 2, f,g € L,(X), 10

Lf+ gl + 17 =gl = 20717 + 2llgll-
[[ IIposepsre, uto mus uncen Beimonnsercs |a + b|P + |a — bP > 2|a|P + 2|b|P u npounrerpupyitre. ]]
3adaua 9.54. Ecnimp > 2, f, g € L,(X), To

2AIB + 27 gl = W f = gllp + 1 + gllp-
[[ HMonpcraBwTe B ipenpiAyliee HepaBeHCTBO f — g u f + g BMecTo f u g. ]]

3adaua 9.55. *(Hepasencrso Xannepa) Ecmn 1 < p < 2, f,g € L,(X), to
1f+glly +1F =gl = (1flle + lgllp)” + f 1l = gl

[[ Hposepsre, uto pynkuus ((a,b) = (a'/? 4+ b/P)P + |al/P — bY/P|P gpnserca BeImyKITOl 1-0QHOPOMHOI
yHKIMel OT HEOTPUITATENBHBIX UMCEN, TO €CTh JUIA JTI6bIX MByX Touek A, B € [0, +00)? u monoxuremns-
HBIX K03 duiumentoB u, v noxydaercs ((uA + vB) < u((A) + v({(B). BeiBemure oTCroga 0 MHIYKLAN
HepaBeHCTBO VleHceHa 151 ONI0KUTETbHBIX KOMOMHAIIMIL TOUEeK

Cur Ay + - +unAn) < urC(Ar) + - +un((An),

a IpeIesbHBIM IIEPeXOI0M IIOJIy4NTe HepaBeHCTBO MeHceHa s mHTerpanoB ot ¢pymkimit A : X —

[0, +00)?
C(/XA(:c) dx) g/XC(A(x)) de.

Pacniuimure mocieqHee HepaBeHCTBO IOKOOPAMHATHO

g( /X o() da, /X b() dx) < /X C(a(x), b(x)) dz

u nopcrasbre B Hero a(x) = | f(z)[P,b(x) = |g(z)[P. 1]
3adaua 9.56. Ecmm 1 < p <2, f,g € L,(X), 10

2 f1I5 + 28Mglly = (1f = gllp + [1f + gllp)” + 11F = gll, = I1f + gllpl"-
[[ HMopcraBere B mpenbiayiiee HepaBeHCTBO f — g u f + g BMecTo f u g. ]]

3adaua 9.57. Moxaxure CyLIIeCTBOBAaHNE VM €AMHCTBEHHOCTh METPMYECKON IIPOEKINI Ha 3aMKHY-
TO€ IIOJIIPOCTPAHCTBO B IIpocTpaHcTBax L, mpu 1 < p < +4-o00.

[[ 3aMeTbTe, YUTO JOKAa3aHHBIE B IIPEABIAYINX 3aadaX HEPABEHCTBA NAI0T PaBHOMEPHYIO BBIITYKIIOCTD Lp.

1]
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3adaua 9.58. BeIACHNTE yCTPOIICTBO HEIIPEPBIBHBIX JIMHEITHBIX QYHKIIMOHATOB B L, mpu 1 < p <
+00.

[[ HeticTByiiTe aHAIOIMUYHO JOKA3aTeNbCTBY AJIS IMIBOEPTOBA IIPOCTPAHCTBA, HAVIIA CPeau

{F1A(f) =1}

3JIeMeHT MUHIMAJLHOI HOPMBI, IpoBepbTe, uto g(x) = |f(x)|P~! sgn f(x) obmamaer cBoitcTBOM

vh e L,(X). [ h)gla) de = NBIS1
u nexut B Ly, 1/p+1/g = 1, Tak 4TO ¢ TOUHOCTBIO O KOHCTAHTHI ¢ peannsyeT GyHKIMOHAT . ]]

9.7. KoMIakTHbIe IIOAMHO>KECTBa B 0aHAXOBBIX IIPOCTPAHCTBAX.

3adaua 9.59. [lokaKuTe, UTO B OIIpe e IeHUN BIIOTHE OTPAaHIUEHHOCTH He 0053aTeIbHO TpeOOBaTh
BruroueHyus N C X, BapuaHT onpefeseHnsa 6e3 3Toro TpeGoBaHMs paBHOCUIIEH JICXOTHOMY.

3adaua 9.60. [Joxaxure, 4TO B 66CKOHEUHOMEPHOM OAHAXOBOM IIPOCTPAHCTBE [ e AMHIYHBIIL II1ap
He fBJIIeTC BIIOJTHE OTPaHIYEHHBIM.

[[ MosxHO UCIIOIB30BATh MHOYXECTBO BEKTOPOB 13 3amaun 9.7. |]

3adaua 9.61. [Jokaskure, I HMKaKoe 6eCKOHEUHOMepHOoe 6aHaXOBO IIPOCTPAHCTBO [ He sgBiIgeTCI
00pa3oM HeIpepbIBHOI KpuBoil 7 : R — F.

[[ Ucnomnp3ayiiTe HEKOMIIAKTHOCTS 1apoB B I 1 Teopemy Bapa. ]]

3aodaua 9.62. Ilycts X C R"™ — xommaxr, a (bYHKIlI/ISI K : X x X — R menpepsiBHa. [Joxaxure,
uTO MHTerpanbHeIi oneparop [ : C'(X) — , 34TaHHBIIT 110 popMyJIe

/Kwy f(y) dy

orobpaxkaer eqyanuHsbi mwap C'(X) B mpenkomnakTHoe MHOKecTBO B C'(X).

[[ Hoxaxkmre paBHOCTEIIEHHYIO HEIIPEPHIBHOCTH 00pa3a eqUHIYHOrO IIapa IIPY 9TOM OIlepaTope uepes
PABHOMEPHYIO HENPePBIBHOCTH K. ]]

3aodaua 9.63. [Joxaxure, 4TO 11060€ KOMIIAKTHOE METPUUECKOE IMPOCTPAHCTBO M MOXKHO M30MeT-
PUUHO (C COXpaHEeHMeM PACCTOSTHMIT) BIOKUTH B 6aHaxoBo npoctparctso C'(M).

[[ Ucnomnp3ayitte PyHKIMIO PACCTOTHNUS OT TOUKYU M HEPABEHCTBO TPEYTOJIbHUKA. ||

9.8. Teopema Xana-banaxa.

3adaua 9.64. TIpoBepsre, uto ecin F' ecth (He00sI3aTENBHO 3aMKHYTOE) JIMHETHOE IOIIIPOCTPaH-
cTBO OaHaxoBa mpoctpancTBa F, 1o F” ecth (Kak 6aHAXOBO MPOCTPAHCTBO) (PAKTOPIIPOCTPAHCTBO
E' no mogmpocrpaucTBy F+CF, cocrostiieMy u3 GyHKUMOHAIOB A € F’, takux uto \|p = 0.

[[ Wcnomnsayiire Teopemy Xana-Banaxa. He 3a0yapre mpoBepuTh paBEHCTBO HOPM JIMHEIHOTO (YHKIVIO-
Hasta Kak anemenTa F' u xak anementa paxroprpocrpanctsa £’ /FL. ]

3adaua 9.65. [Jokaxure, uto s ruiibbeproBa npoctpancrsa H orobpaxenue H — H” sBnsiercs
Omeximet (To ecTh M30MeETpIMeETL).

[[ Ucnomsayitre Teopemy ??. ]]

3adaua 9.66. [JokakuTte, uTo JT10060€ KOHEUHOMEPHOE ITOAIIPOCTPAHCTBO V' B 6aHAXOBOM IIPOCTPaH-
ctBe I umeer 3amkHyTOe nonosHenue W C F/, rakoeuto £ =V & .

[[ C momompio Teopembr Xana-Baraxa mpomomkute msomopdusm V — R¥ 1o menpepsisroro orobpasike-
una £ — R¥ u pacemorpure ero sapo (amamormuno 3agade 9.20). ]
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3adaua 9.67. HenpepsiBHOE MHEIIHOE 0TOOpakeHIe GaHAXOBBIX pocTpancTB A : F — F Hasbl-
Baercsi Ppedeonvmosvim, ecnu ker A u F//A(E) xoneunomepust u A(E) 3amkuyTo. [IpoctpancTBo
dpenronbMoBeIx orobpaskeHuit obosHaunm F (E, F) C L(E, F'). [lokaxnure, 4T0 OHO OTKPHITO B
L(E,F)

[[ Pasnosxkure E = ker A @ W n moxaxkure, uto mis 6nuskux k A oneparopos A’ o6pas A’'(W) Bcé ewé
oyner samkHyThIM U F'//A'(W') ocranercs koneunomepHbIM. [IpumMensitte Teopemy 06 usomopdusme ?? u
peenue 3agaun 9.24. ]

3adaua 9.68. s A € F(E, F') nonoxum
ind A = dim F/A(E) — dim ker A.
JTokaskuTe, YTO 3TOT UHOEKC JIOKAJIBHO IIOCTOsIHEH Ha MHOKecTBe F (E, F).

[[ Bonee BHMMATETHHO IPOAHANMBUPYIITE PACCYKIEHNS B PELLIEHUN IPEIbIAYIIEN 3amaun. |]

9.9. Jlemma IlopHa, Teopema Ilepmesio m akcumoma BeIGOpa.

3adaua 9.69. IIpoBeprTe, uTO MHOXecTBO N BIIOJIHE yIIOPSTOUEHHO CBOYIM €CTeCTBEHHBIM IIOPS-
KoM, a Z, Q, R He IBIAI0TCS BIIOJIHE YIOPSATOUEHHBIMY CBOMM €CTECTBEHHBIM ITOPSIKOM.

3adaua 9.70. oxaxure, uro ecayu noamMHoxecTBo X C R BmosHe ymopsgoueHO CTaHIAPTHBIM
nopsakoM Ha R, To oHO He Oosiee ueM CUéTHO.

[[ TIposepste, uro ecnu € X, To HaAETC MHTEpBAT (X, y), He mepecekaromuiicsa ¢ X. |]

3adaua9.71. O6ocHYIITe BO3SMOKHOCTb TPAaHC(PUHUTHON MHAYKIM, PACCMOTPEB YAaCTIUHBIE OIIpe-
mesieHus f Ha HadalbHBIX oTpe3kax I’ C S.

[[ Hokaxkure, uto N00BIE qBA YACTUUHBIX OTIpeeieHNUs [ YCTPOEHBI TaK, UTO OJ{HO U3 HUX ABJISETCS IIPO-
noJsKeHueM aApyroro. [loroM o6bequHNTe BCe YaCTUUHbIE ONpeeneHus [ 1 OObICHUTE, UTO MONYUMIIOCH
onpenenenne f Ha BcéM S. ]]

3adaua 9.72. Noxaxute, uro ecnu V' C W — mapa BeKTOPHBIX IIPOCTPAHCTB HaJ IIPOM3BOTIBHBIM
noneM K, To mro6oit nuHelHb pyHKImoHan A : V' — K MOXHO IpOROLKUTH IO JIMHETHOTO
¢ynkuuonana W — K.

[[ HeiicrByiire Kak B JOKa3aTeIbCTBe TeopeMbl XaHa-BaHaxa, TOJIBKO B 9TOT pa3 3a HOPMOI QyHKIMOHATIA
CIIEUTH HE HAaMo. |]

3adaua 9.73. [okaxure, uto nuHeitHoe oTobpaxenue A : V' — W MHBEKTUBHO TOTJa M TOJIHKO
TOr/1a, KOTa COIpsuKEHHOe oTobpaxkenue A* : W* — V* cropbeKTuBHO.

[[ O6parure BHMMaHME, UTO B GECKOHEYHOMEPHOM CJIyuae HY)KHO MCIIOJIB30BaTh pe3ysbTaT 3agaun 9.72.

1l

3aodaua 9.74. [Nokaxure, uto anHeitHoe otobpaxkenne A : V' — W CIOpBEKTHBHO TOrAa U TOJIBKO
TOT/a, KOTAa conpsukéHHoe otoopaxenme A* : W* — V* unbekTusHoO.

[[ O6paTI/ITe BHIIMaHIE, UTO B 6eCKOHe‘«IHOMepHOM CiIyda€ HY>KHO JCIIOJIb30BaTh PE3YyJIbTAT 3aJaull 9.72.

1]
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3aodaua 9.75. BeiBegure Teopemy Llepmerto u3 akCOMBI BEIOOpA HAIIPSIMYIO.

[[ O6ocHyiiTe akcHOMOIT BHIGOpA CyIecTBOBaHMe oTobpaxkerue ¢ : 2% \ { X} — X, rakoro uTo mys m060r0
Y C X okassBaerca p(X) ¢ X. Onpenenure npasunvhoe noomuoxecmso S C X Kaxk IOIMHOMKECTBO,
BITOJIHE YIIOPSIIOUEHHOE HEKOTOPBIM OTHOLIEHMEM < g, TaK UTO IIst JII00oro x € S

r=p{yesS|ly<sa}).

Jokaxxute (aHAIOTMYHO PACCYXXIAEHUAM B BBIBOJE JieMMbI [{opHa BbILIIE), UTO U3 JIOOBIX ABYX IIPABIIIb-
HBIX IOAMHOXeCTB X OIHO SIBJISIETCS IIOAMHOYXECTBOM JPYIOT0 I €r0 HayalbHbIM MHTEPBAIOM B CMBICTIE
mopsiaka. JJokaxute, uto 0ObeIMHEHE BCEX IMPABIIIBHBIX ITOJMHOKECTB X TOKe SIBJISETCS MPaBUIBHBIM
rmogMHuokecTBoM X 1 00s13aHO coBIamarh ¢ X. ||

3adaua 9.76. NoxaxuTte, uTo 0OIIMII BapMaHT JeMMbI LlopHa cieqyer mM3 BapuaHTa IJIS CUCTEM
IIOJMHOX€ECTB HEKOTOPOTI'O MHOKECTBA C OTHOILIEHMEM IIOPAAKA, 3aJaHHBIM BKIIOUEHIIEM.

[[ Jlo6omy x € X comocrasere [, = {y € X | y < x} u samersre, uto = < y < I, C I,,. IlepeBennre
ycnoBust nemmsl LlopHa st X B TepMuHbI cucteMbl TogMHOXecTB { [, }. ]]

, oo Y] < | X|.

3adaua 9.77. [loxakute, uTo AJIs JTHOOBIX ABYX MHOKecTB X u Y snm6o | X| < |V

[[ Paccmorpure 6mexiu [ : X' — Y/ mexxny mogmuoxectsamu X' C X u Y/’ C Y. Beegure Ha HUX
OTHOILIEHME TIOPSIIKA

(f, X/,Y/) _\< (ng//7 Y//) = X/ g Xl/ u Y/ g Y// I/Ig‘X/ — f

IToxakxuTe, YTO K TAKUM YACTMYHBIM OMEKIMAM IpuUMeHUMa jieMMa 1{opHa U M3y4dmre CBOJICTBA MAKCU-
MAaJIbHON YaCTUUHONM OueKimu. |]

3aodaua 9.78. [lokaxkure, uTo n1000€e GECKOHEUHOE MHOKECTBO X PaBHOMOIIIHO HEKOTOPOMY IIPO-
usseneHno ¥ x N.

[[ PaCCMOTpI/ITe ceMelicTBa IIOIMapHO HEIIEPECEKAIIIMXCA ITOAMHOKECTB X, KaXXxoe 3 KOTOPbIX (I'IOIIMHO-
)KCCTB) CUETHO. HpI/IMeHI/ITe K TaKIIM CeMef/ICTBaM, YIIOPAOOUYEHHDBIM II0 BKIIIOUEHNIO, IEMMY HopHa. 3ameTh-
T€, YTO MAaKCMAaJIbHOE€ 13 TaKUX CeMeliCTB IIOKpBIBA€T BCE MHO>XECTBO X, KpoMe€ MOKET OBITh KOHEYHOTO
MHO>KECTBaA. HOHpaBI)Te 3TO CEMENICTBO Tak, 4TOOBI IIOJIYyUMIIOCh paS6I/I€HI/Ie X Ha cuéTHbIe MHOKECTBA. ]]

3aodaua 9.79. [okaxute, uto s J060ro 6eckoHeuHoro MHoectBa X MHoKecTBO X X N paBHO-
MoIHo X.

[[ Ucmoneayitte paBuoMorHocTh X 1 Y X N 1 papaomomnocts Nu N x N. ]]

3aodaua 9.80. [lokaxkure, uTo AJst T1060r0 GeckoHEeUHOTo MHOKecTBa X MHOecTBO X X X paBHO-
MoIHo X.

[[ Paccmorpure mogmuoxecta Y C X m 6uextuu f : Y — Y X Y. Beegure Ha napax (Y, f) orHoenne
opsAIKa

Y.j)<(Z,9) & Y CZugly="/
[TokakuTe, UTO K TAKOMY UYACTUYHO yIOPSIOUEHHOMY MHOXeCTBY IpuMeHuMa yemma Llopua. s sro-

ooit mapsl (Y, f) mposepbre, uro npenmnonoxkenue |Y| < |X| Breuér eé HeMakCUMaNbHOCTh B JaHHOM
OTHOIIIEHNUN TTOpsAaKA. |]
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3aodaua 9.81 (O606ménHas Teopema Pucca-®Puirepa). [lokaknure, YTO B JHOOOM IMIBOEPTOBOM
npocrpaHcTBe H Bcerma CylecTByeT OpTOHOPMUPOBAHHAs CICTEMa BEKTOPOB, TaKasi UTO JIF00OI
aneMeHT x € H mpepcraBiseTcd B Bune cxopnsdierocs B [ psana

T = E CaCas

a€cA
rae He Gosiee ueM CUéTHOE UMCIO KO3GUIMEHTOB ¢, OTINUHO OT (), Ipu 3TOM

_ 2 _ 2
ca=(z,¢a), Nl =) leal
acA
[IpoBepbTe, UTO eCIM B TAKOJI CHCTEME MHOXECTBO MHIEKCOB A HecuérHo, To B H HeT moiHoi1
CUETHOI CUCTEMBI BEKTOPOB.

[[ Paccmorpure opTOHOPMUpOBaHHBIE CHCTEMBI BEKTOPOB B H ¥ OTHOIIEHME BKIKUEHUS MEXIY HU-
mu. [ToKakuTe, UTO K 3TUM CUCTeMaM IpuMeHuMa jJemma L[opHa. M3yunre CBOIICTBA MaKCUMAJIBHOI 110
BKJIIOUEHUIO TAKOJ CUCTEMBI. ||

9.10. Teopema TuxoHnosa.

3aodaua 9.82. [loka)KknTe, UYTO B OIIPeIeJIEHHOII BBIIIIE TOIIOJIOTUY JeKapTOBa IIPOM3BeIeHI JI000e
repeceveHre KOHEUHOT0 Y CJIa MHOKECTB TOIIOJIOTY TOKe €CTh MHOKECTBO 3TO Torosiornu. [lo-
KaXITe, YTO 0ObeIMHEHIE JII000r0 KOJIMYECTBA MHOKECTB 9TOI TOIIOJIOTUHI TOXKE €CTh MHOKECTBO
9TOVI TOIIOJIOTVIM.

3adaua 9.83. Ilposepbre, uto ecnu mogmuoxectsa Y, C X, 3aMKHYThL, TO || Y, aBngercsa

3aMKHYTBIM ITOOMHOKE€CTBOM H

a€cA
acA o

3adaua 9.84. [JoKaKUTe CEKBEHIMAJBHYI0 KOMIIAKTHOCTDH JeKapTOoBa IPOU3BENeHNSI OTpe3Ka C
caMuM co0oil B CUETHOM KoJmuectse, |0, 1]N. [IpoBephTe, UTO TOMOJIOTUM MPOM3BeAeHMI OyHaeT
COOTBETCTBOBATh IOKOOPAMHATHAA CXOAUMOCTD I10CJIeJOBATEIBHOCTEN UNCeJI — 3JIeMEeHTOB 9TOTO
IIpOM3BeqeHN.

[[ Hpumenure Teopemy Bompuano-Beiiepirpacca 1mo odepeay Ko BceX KOOPAMHATAM, IIOIYUYMB IIOCIIe-
JOBATEJIBHOCTD BIIO’KEHHBIX IOATIOCIEN0BATENbHOCTeN (.Sy,) MCXOMHOI IOCIEeX0BATEIBHOCTI TOUEK (P ).
IToToM BBIGEpHUTE IIOAIIOCIEAOBATENBHOCTD (D), ), Y KOTOPOIT [ 106010 GMKCUPOBAHHOTO 7 IIPU JOCTA-
TOYHO Goibimx ¢ HoMep ky IoIagaeT B CIIMICOK HOMepPOB Sy,. ]

3adaua 9.85. IIpoBepbTe IO ONIpeNesIeHNIO TOIOJIOT I IIPOU3BeeHNS VI OTIpeesIeHII0 HeTIPePhIB-
HOCTU OTOOpaskeHUs (npoobpas 16020 OMKPbLMO2Z0 MHONECTEA OMKPbIM), UTO OTOOpaKEHME TO-
notoruueckux npocrpascts f 1 Y — [] ., X HenpepsIBHO TOrma ¥ TOIBKO TOTMA, KOTAA Helpe-
pBIBHBI Bee Kommosuuuu ps o f 1Y — Xj ¢ koopauHaTHBIMY mpoeKimamu pg : [ [, 4 Xo — X3.

[[ 3amerbTe, UTO ISt MPOBEPKY HENIPEPBIBHOCTIL OTOOPaXKEHMST JOCTATOUHO IIPOBEPUTH OTKPBITOCTD IIPO-
o0pasa Kakgoro mpen6a3soBoro MHOXeCTBa. ||

3aodaua 9.86. Ilycts kaxxgoe orobpaskenue f, : X, — Y, HenpepbIBHO. [JokaxuTe, 4TO 0TOOpaske-
Hue I : HaeA X, — HaeA Y., ompenenéHHoe Kak

F((2a)aca) = (fa(xOé))aeA

TOKE ABJIAETCA HEIIPEPBIBHBIM.

[[ TIpoBepsTe OTKPBITOCTH MPOOGPA3a KaKAOrO MPe6a3oBOro OTKPHITOro MHOKeCTBA B [ [ o4 Ya- 1]

3adaua 9.87. [lokaxute, UTO Ha CUETHOMEPHOM KyOe [0, 1]Z COBUT KOOPAMHAT Ha €IVHILY, xﬁl =
Zp41, ABJIETCSI TOMeoMOpdU3MOM KyOa.

[[ IIpoBeprTe, 4TO TH060€ OTKPBITOE MHOMKECTBO IIPYU CABUTE IIEPEXOJUT B OTKPBITOE MHOXECTBO. |]
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3adaua 9.88. [lokasxkute, uto cuérHOMepHbI 6ymes ky6 {0, 1} (mpomssenenne mHox)ecTBa 13
[IBYX 3JIEMEHTOB Ha cebst) romeomopdeH kanTopoBy MHOxecTBy K C [0, 1]. C momMorbio HEKOTO-
poit 6mexiun N ~ Z onmmimrte CABUT M3 IpeAbIAyIell 3afaun Kak roMeoMopdu3M KaHTOpoBa
MHOKECTBA.

[[ BcmomHMTe IIpo TpoMUHOE pasiioKeHNe ToUeK K ¥ IIpoBepbTe COBIIafeHNe TOMOIOTUIL. ]

3adaua 9.89. * [lokaxwure, uto Ha cuéTHOMepHOM Ky6e [0, 1]N MoxHO BBeCTU MeTpuKy, 3afaromyio
TOIIOJIOTMIO IE€KAPTOBA IIPOU3BEAEHISL.

[[ PaccmoTpumre mpsMOYTONBHBII HapajleslelIuIlel] B IYIb0ePTOBOM IIPOCTPAHCTBE, BBIOPAB IOAXONSIINIE
JUIMHBI €70 CTOPOH. AKKypATHO IIPOBEPhTE COBIIAaeHIE TOIIOJIOT MM {eKAPTOBa IPON3BEIeHNS I TOTIOJIOT I
METPUKU B TWJIOEPTOBOM IPOCTPAHCTBE. ||

3adaua 9.90. [loxaxkute, yTO eciu MHOXecTBO A HecuérHo, TO Ha Kybe [0, 1]A He MOET OBITh
MEeTPUKIU, 3aJa0lIell ero TOIOJIOTUIO AeKapToBa IIPO3BeAeHU.

[[ O6parure BHMMaHME, YTO B TOIOJIOTNY, ITOPOKAEHHON METPUKOIL, y KaKIOI Toukn r € X HODKHA
HaTICh CUETHASA CUCTeMa OKpecTHOCTell Uy, TaKas uTo J00as OKpecTHOCTs V' 3 & COmep>KUT HEKOTOPYIO
U € U,. TIpoBepbTe 3TO CBOVICTBO [JISI TOIIOJOTUN IIPSIMOTO IIpou3BegeHus. |]

3adaua 9.91. * dyuxium Ha MHoxectse [0, 1] MoxkHO paccMaTpuBaTh, Kak QyHKIMHU GeCKOHeU-
HOTO UICJIa NeVICTBUTENbHBIX IIEPEMEHHBIX (Tq)aca, To € [0, 1]. Jlokaxkure, uTo Taxas GpyHKISI
HeIllpephIBHA B TOITOJIOIMM JeKapTOBa IIPOM3BEJEHMs TOTAA M TOJBKO TOTJA, KOTKa €€ MOXKHO
CKOJIb YTOXHO GIM3K0O PaBHOMEPHO IPUOIM3UTh MHOTOUWJIeHAMY OT KOHEUHOTO YICJIa U3 TaHHOTO
Habopa IepeMeHHBIX.

[[ Hago mpoBepuTh, UTO I KOMIIAKTHOTO TOIIOJIOTMUECKOTO IIPOCTPAaHCTBA paboTal0T TeOpeMbl, KOTOphIe
MbI TOKa3bIBaJIM [JII KOMIAKTHBIX METPMUECKUX IIPOCTPAHCTB, HENIPEPBIBHOCTh PABHOMEPHOTO IIpefesa
HeIIpepbIBHBIX QpyHKuMII 1 Teopema CroyHa—-Beitepuirpacca, 1 IpuMeHUTD uX. |]

3adaua 9.92. * Hazosém amemenmaphvim napannernenunedom s [0, 1] mpoussenenue mpomexyt-
KOB [[,c4 A C [0,1]*, u3 xorTopbIX Bce, KpoMe KoHeuHoro umcia, cosnanar c [0, 1]. Beeném
Mepy 3JIEMEHTApHOTO MapajUleeNuIlesia Kak (Ha caMOM JieJle KOHEUHOE) IIPOM3BeIeHIE UM
[1.c4 |Aq|. Hasosém anemenmaphvim mHoxiecmsom o0be IMHEHE KOHEUHOTO UMCIIA TAKMX II0Iap-
HO HeIlepeceKaLVIXCs TapallelIeNUIIe OB, a MePY OIpefelM KaK CyMMY Mep COCTaBIJISIOLIVIX
€ero mapajulesenuIenoB. [JJOKaKuITe, UTo [AJIs TAKOI MephI 3JIeMEHTAPHBIX MHOYKECTB BBITIOJIHAETCS
JeMMa ??, ¥ UTO OHA IPOMOJDKAETCS N0 CUETHO-aANUTIBHOI Mepbl Ha GOPEIEBCKUX MOAMHOKe-
crBax [0, 1]4.

[[ IIpoBepbTe, UTO AAAUTUBHOCTD TAKO MEPHI IT0 CYyTH HAI0 IIPOBEPUTH B KOHEUHOMEPHOM CIIydae, UTO yiKe
6110 cenano. TakKe MPOBephTe, UTO KOMIIAKTHOCTD, HY)KHasl B [OKa3aTeJIbCTBE JIEMMBI ??, obecIreueHa
teopemoit TuxoHnosa. IIpociequre ocranbHbIe IIary IOCTPOeHUs BHelHell Mepbl JleGera 1 coGCTBEHHO
Mepsl JleGera mis aToro ciayyas. ||

9.11. *-cyabass TOIOJIOTUS I KOMIIAKTHOCTH B IBOMICTBEHHOM IIPOCTPAHCTBE.

3adaua 9.93. IIpoBepbre, UTO JI060E OTKPHITOE MHOXECTBO *-Ci1aboil tomoyorun F' siBisiercst
OTKPBITBIM U B CHUIBHOIL. [IpoBephTe, UTO 111 6ECKOHEYHOMEPHOTrOo [ HEKOTOpbIe OTKPHIThIe MHO-
KeCTBA CYJIBHOJ TOIIOJIOTMM He ABJISIOTCS OTKPBITBIMI B *-CJIa0071 TOIIOJIOT L.

[[ IlepBoe yTBepskaeHNMe HOCTATOYHO IPOBEPUTDH MJIL MHOKECTB IIpef0asbl *-CIUIIBHOI Tormoyoruu. s
npuMepa B APYTYI0 CTOPOHY PACCMOTPUTE OTKPBITHII MeTpuuecKkuit map B F’. ]]

3aodaua 9.94. IlpoBepbTe yTBep)KaeHME U3 HOKA3aTeJIbCTBA TeopeMbl BaHaxa—AJjaoriy: B J11060M
KOMITAKTHOM TOIIOJIOTTUECKOM ITpocTpaHcTBe X J11000€e 3aMKHYTOe IOAMHOKecTBO ¥ C X Toxe
KOMITaKTHO.

[[ Or orkpsrroro mokpsrtus Y C | JU mepeitnure k oTkpsrromy mokpbitiio U U {X \ Y} s Bcero X. ]]
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3adaua 9.95. [lokaxkuTe, UTO €CIU B €IMHUYHOM mape Y ecTp cuéTHOe IJIOTHOE MHOXXECTBO,
TO CEeKBEHILMAJbHAss KOMIIAKTHOCTh €AMHUYHOTO Iapa E’ B *-ciaboil TOmOJOrum Cieayer u3
pewreHusa sagaum 9.84.

[[ HoGeitTech cXOMMMOCTH MOIIOCIEN0BATEIBHOCTH (A,;,) B Toukax mwiotHoro X C B, motom moxaskute
CXOIMMOCTb BO BCEX TOUKAX, MCIIONb3ys JMUIIINILEBOCT BCexX A, € B'. ]]

3adaua 9.96. [Noxaxmure, uto ecau F’ sBisercs MBOMCTBEHHBIM K GaHAXOBY IIPOCTPAHCTBY, TO
KOMIIAKTHBIE B *-CIa00il TOIOJOIMM ITOJMHOKecTBa F’ orpaHmM4eHbl M 3aMKHYTBHI B CUJIBHOII
TOIIOJIOTUIA.

[[ 3amersbre, uto Mgt m0Goro x € E orobpakenue E' — R, \ — A(x), HellpepbIBHO B *-C1ab0it TOIIOIOTUN
V1 {OJDKHO I1ePEBOJYTH KOMIIAKTHOE MHOYKECTBO B KOMIIAKTHOE. [[0TOM IIpUMeHNTe IIPUHLIAI PABHOMEPHOII
OrpaHMUeHHOCTH. [ JOKa3aTelbCTBA 3aMKHYTOCTY BCIIOMHIITE, UTO OTKPBITBIE B *-CJIa00I1 TOIIOJIOIMN
MHO’KECTBA OTKPBITHI ¥ B CYUIBHOJ TOIIOJIOTUI. ]

3adaua 9.97. [lokaxkure, 4TO ecny OAaHAXOBO IPOCTPAHCTBO F GeckoHeuHOMepHO, To E’ He Oy-
JeT JIOKAJIbHO KOMITAKTHBIM B *-CJIa00J1 TOIIOJIOTMY. TOIoIornueckoe MpoCTPaHCTBO (CM. TaKKe
pasmen ??) Ha3bIBAeTCS JIOKATbHO KOMNAKMHbBIM, €CJI Y JII000JI ero TOUKM eCTh IIPeJKOMITaKTHasI
OKPECTHOCTb.

[[ 3amersre, uTo NF06AsT OKPECTHOCTD HYJISI COLEPKUT GECKOHEUHOMEPHOE JIMHEITHOE ITOAIPOCTpaHcTBo F.

1]

3adaua 9.98. Jloxaxnre, YTO B ABOJICTBEHHOM K HEKOTOPOMY GaHaXOBy IpOCTpaHCTBY F’ HOpMa
|| - || monyHenpepriBHA CHMBY B *-C1a0071 TOMOIOTUIL.

[[ Hapmo moxasarts samMmkHyTOCTh MHOKeCTB {\ € E’ | ||A|| < ¢} B ci1aGoit Tomosorum, mpoBepus, YTo B 9TOA
TOIIOJIOTMM KOMIIAKTHOCTH BJIEYET 3aMKHYTOCTD. |]

3adaua 9.99. * [Noxaxure, uro mnpu yciaosuu F = E” 3aMKHyTOe B TOIIOIOTMI HOPMBI BBIITYKJIOE
mHO)kecTBO K C E' aBnsteTcst 3aMKHYTBIM U B *-CJIA00IT TOIIOJIOT M.

[[ Hycrs 29 ¢ K u Ge3 orpanmuenus oburHoctn rg = 0. Torga mo samMkHyTOCTM K OTHOCKUTENIBHO
HOpPMBI HEKOTOpHIIt 11ap By(r) mosourensHoro paguyca He nepecekaercs ¢ K. Paccysxnas aHaiormu=Ho
I0Kas3aTeIbCTBY TeopeMbl XaHa-BaHaxa, HajinuTe IMHEMHbI QYHKIMOHAT, KOTOpEIil He Goiee 1 Ha B, (0)
u He MeHee 1 Ha K u nosnyunre *-c1abyr0 OKpeCTHOCTD HyJIsI, He Iepecekarorryio K. ]]

3adaua 9.100. Toxaxure, yto npu yciaoBuum E = E’” paccrosume mexmpy toukont © € E' u BbI-
IYKJIBIM 3aMKHYTBIM B Torosorny HopMmbl K C E’ mocruraercs Ha HekotopoM y € K, 10 ecTb
p(z,y) = dist(z, K).

[[ MosHo mepeceus K c I1apoM, UCIT0JIB30BaTh KOMIIAKTHOCTD B *-CJIa00J1 TOIIOJIOIUY U TIOJTyHEeIIPePhIB-
HOCTb CHU3Y (pyHKLIMM PACCTOSHUS. ]]

3adaua 9.101. loxaxkure, 4To yrobast *-caabo CXOMSINAsACS I10CIeN0BaTeNbHOCTh B F' sBistercs
OrpaHMYEHHOI (B CMbICIe HOPMBIL F').

[[ Ucnomp3ayiiTe IpUHIUII paBHOMEPHOI orpannueHHOCTH (Teopemy ?7?). ]

3a0aua9.102. [Joxaskure, y 1106011 OTpAaHMUEHHOI II0CIIE0BATENBHOCTI B Y’ eCTh TOUKa Cry1ieHust
(ompemensieMast B JIF00OI TOITOJIOTUM AHAJIOTMYHO OTIPeesIeHnIo ?7).

[[ Ipumenute reopemy Banaxa—Amaorny (Teopemy ??). ]]
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3adaua 9.103. *(Teopema Boya o mokpertuu mosockamn) [Jokaxkure, uyto eciau (vg) — mocie-
JOBAaTEJIBHOCTh €IVHIUHBIX BEKTOPOB B KOMILIEKCHOM TI'MIIBOEPTOBOM mpocrpaHctBe H, (ty) —
[IOCJIEIOBATEILHOCTh HEOTPUIIATEIBHBIX UIMCEIT, TAKAs UTO

o0
> =R,
k=1
TO HaAETCs BeKTOp 2z € H muuubl He Gosnee R, Takoit uto |(z, vy )| > tx nns Beex k.

[[ Paccmotpes, or mpoTHMBHOTO, MOKpBITHE Liapa paguyca R monockamu {z € H | [(z,vx)| < tx} u
MICIIONB3Y$] KOMIIAKTHOCTh €MHIIHOTO IIapa B c1aboii TOMOJIOTUH, IIepeiinTe K KOHEUHOMY uuciy (n)
IIOJIOCOK U KOHEYHOMEPHOMY IPOCTPAHCTBY. [lajee, pacCMOTpUTE BEKTOP 2 JUIMHBI R, Ha KOTOPOM BBIpa-
xemme f(2) = |(z,v1)| -+ |(2,vn)|t" mocTuraer makcumyma. Ipenmonosxus, uto | (z, v;)| < t;, nepeiigure
B IOPOKAEHHOE 2 U V; AByMEPHOE MTOANPOCTPAHCTBO, PACCMOTPUTE f KaK QYHKLUMIO Ha OJHOMEPHOM KOM-
IUIEKCHOM IIPOEKTUBHOM IIPOCTPAHCTBE M MPUBEIUTE K IIPOTUBOPEUNIO ¢ IOMOILBIO 3HAHMIT 13 pasfena ??.

1]

3adaua 9.104 (Teopema Kanena B oquy cropony). Ilycrts (x;) — mocCIeq0BaTeIbHOCTD HEHYIEBBIX
eIMHIYHBIX BEKTOPOB B KOMILIEKCHOM TTJIBOEPTOBOM IIPOCTPAHCTBE, TAKAS UTO
oo

1
Z |Ik\2 < +00.

k=1

Jlokaskute, 4TO B 1a60I1 TOMONOTUY (T,,) HE MMeET HyJIb TOUKON CTyIIeHUS.

[[ Ucnonbsyiite Teopemy Boiuna, utobs! Haiitnt z € H u e > 0, rakue uro |(2, 2x)| = € mns mo6oro k. ]]

3adaua 9.105. *(Teopema Kapmena B npyryto cropony) Ilycts (ay) — mOCI€0BATENBHOCTD IIOIOKU-

TEJIBbHDBIX YVICEJI, TaKad UTO
[e'¢)

1
a
k=1 K
[ToctpoiiTe B riibGEPTOBOM IIPOCTPAHCTBE MOCIEL0BATEIBHOCTD BEKTOPOB () ), TAKYIO UTO |T)| =
a IV BCeX K M HYJIb AABJIAETCS TOUKOI CTYLIEHNs JAHHOJ II0C/Ie0BATENbHOCTH B CJ1aboil TOIO-
JIOTUNL.

[[ PaccmoTpuTe momapHO OpTOTOHAIBHBIE BEKTOPHI '), ¥ 3AMEThTE, UTO B KaUeCTBe 6a3bl OKPECTHOCTEN HYJIA
B CI1aG0JT TOIIOIOTII MOYKHO OpaTh aIuTMITIYecKye WummeApsi Buna { z € H | (z,y1)% + -+ + (z,yn)? < ?}
IUISL BCEBO3MO>KHBIX KOHEUHBIX HAGOPOB BEKTOPOB Y1, - - . , Yy € H. [IpoaHanusupyiite HepaBeHCTEA, KOTO-
pble 03HAYAIOT [IOIafaHNe T}, B TaK1e 0a30Bble OKPECTHOCTY HyJs. |]

3aodaua 9.106 (Teopema Kaneria, BertecTBeHHbIIT ciryyait). [IpoBepbTe, UTO IpeabIayIie ABE 3a-
[auy PO TOYKY CTYILIEHUS B CJIa0Oil TOIOJOIUY IMIbOEPTOBA IIPOCTPAHCTBA PA0OTAIOT M IS
BEIECTBEHHOTO I'MIb0EPTOBA IIPOCTPAHCTBA.

[[ Bioskmre BeliecTBEHHOE IMIIBOEPTOBO MPOCTPAHCTBO B ero KomIutekcudukaruo H @ C. 1]

9.12. BopesieBckme MepsbI co 3HAKOM Ha R" ¥ IJIOTHOCTH MepHI.

3adaua9.107. IlpencraBbTe HenbTa-Mepy, COCPEIOTOUEHHYIO B TOUKe T( € R ¢ moMoInpio QyHKIIUMI
pacmpeneneHusd, Kak B paszaene ??.

3adaua 9.108. Touka r € R"™ HasbiBaeTcst amomom GopeneBckoit Mepsr i, ecmu |pu({z})| > 0.
Jloka)kuTe, UTO eCiy [ VIMeeT KOHEUHYI BApMALMIO, TO KOJMUECTBO €€ aTOMOB He 0ojee ueM
CY€THO.

[[ Hns mro6oro € > 0 mpoaHanuaupyiite, CKOIBKO MOXKeT ObITh TOUeK &, Takux uto |u({z})| > . ]]
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3adaua 9.109. IIpoBepbTe yTBepKAeHUE O TOM, UTO aDCOJIOTHO HellpepbIBHASA (QYHKLMS SBISIETCSI
byHKIMelT pacnipefesieHUs Mepbl CO 3HAKOM, abCOJNIOTHO HENPEephIBHOI OTHOCUTEIBHO Mepbl
JleGera.

[[ B paccyxpennu ygo6HO OyeT MUCIIOIH30BATh CBOVICTBO PETYISIPHOCTI U3 TeopeMbl ?7. ]

3adaua 9.110 (Teopema JleGera o pasnoxennn). [JokaknuTe, UTO HEOTPUIATETbHAS KOHEeUHast bope-
JeBcKas Mepa I Ha R” packiagpiBaeTcsi B CyMMy aGCOJIIOTHO HEIIPEPBIBHONM (OTHOCUTEIHHO MEPHI
JleGera (1) MepBI V. U CUHZYTIAPHOL 0mHOcumenvHo Mepul Jlebeza mepsl vg. [locieiHee 03HAUAET, UTO
cyutectByer MmHOkecTBo X C R, takoe uro vs(R" \ X) = 0wu pu(X) = 0.

[[ 3ameTsTe, uTo B HOKa3aTenbCTBe TeopeMbl Pamona-Hukonuma abcooTHas HeIIpepbIBHOCTD ObLIA HYXKHA
JIMIIB Ha IIOCJIeTHeM Il1are, KOTOPBI HaTo MOAM(UIMPOBATE IS M3yUeHNs CUHTYJIIPHON YacTU MepsL. |]

9.13. /IBOJiICTBEHHOE K IIPOCTPAHCTBY HeNPEPBHIBHBIX (DYHKIINIT HAa OTpe3Ke.
3adaua9.111. [Jokaxkure CUETHYIO CyOanAnTUBHOCTE TaKoit Mepsl £i(U ) Ha OTKPBITBIX MHOKECTBAX.

[[ Ucnonp3ayiiTe KoMIakTHOCTH Hocutes B onpenenenuu ((U) u pasOueHue equHNIBL ]

3adaua 9.112. [lokakure, UTO AJISL JII00OTO OTKPHITOro MHOKecTBa U ¥ MOJOKUTENBHOTO £ Hall-
nércs komnakTHoe MHOKecTBO F' C U, takoe uro p*(F') > p(U) — e.

[[ Haitmure f us omnpenmenenus p(U), musa xoropoit A(f) > p(U) — e, u nonoxnure F' = supp f. Musa
otkphIThIX V' O F mopcrasbre f B onpenenenue p(V'), uro6st yeranosuts u(V) = A(f) > pw(U) —e. 1]

3adaua 9.113. [loxkakurte aAAUTUBHOCTH /* HA 9JIeMEHTAPHBIX MHOXECTBAX OTpe3Ka.

[[ C yuérom oueBmaroI cyGammuTuBHOCTY KocTaTtouHo mokasars p* (1 U J) = p*(I) + p*(J) nus mByx
HellepeceKaroLIXCsl IPOMEKYTKOB. ITO HETPUBMAIBHO TOJIBKO IUIS CIIyYasi, KOTAa IPAHMIBI IIPOMEXXYTKOB
UIMEIOT OOy TOUKy ¢ € [a,b], Torma ofuH U3 HUX MOXKHO HAKpBITh OTKPBITBIM MHOKecTBoM U, He
IlepeceKaloM APYTOli IPOMEKYTOK, U IIPUMEHUTh Pe3yJIbTaT IIpebIAyLLIel 3a1aun, YTo0bl CBECTH K
CITy4ato POMEXKYTKOB C HeIlepeceKaIOIMIMIUCA OKPECTHOCTAMM. ]

3adaua 9.114. [lokakuTe, uTo ABOIICTBEHHOE K nBolicTBeHHOMY K C|a, b] He coBnanaer ¢ C/a, b).

[[ 3amersTe, UTO MHTEIPMPOBATH II0 OOPETIEBCKOIL Mepe MOKHO He TOJIBKO HellpepbiBHbIe QYHKIMU. ]

3adaua 9.115. loxkaxure, uro L, [a, b| BkiaagsiBaercs B gBoitctBenHoe k Ca, b] mo popmyie

g fl—)/abfgdx

C COXpaHEHMEM HOPMBI.

[[ Ouenka unrerpana uepes npoussenenue || f|c - ||g||1 oueBumna, Hamo TOMBKO HOKA3aTh, UTO OHA IIO-
YTY DOCTUrAaeTCs Ha HEKOTOPHIX f ¢ JH0060J TOUHOCTBIO, IJISL TOrO IPMOIM3bTE SEN ¢ HeNpepbIBHBIMU
dbyHKIUAMNI B cpeHEM (CM. TaK)Ke TOKa3aTeIbCTBO JIEMMEI ?7). ]

3adaua 9.116. Joxkaxure, uto ciaadad CXOOMMOCTh 5% — 510 SKBUBAJIEHTHA OOBIYHOI CXOAMMOCTI
Ty — Lo

[[ IIpumenute onpeneneHne ciaboit cxogumocTu. |]
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3adaua 9.117. *(Onucanue cnaboit Tonoorun 6e3 pyHkimit) [Jokaknute, 4TO Ha MHOKECTBE Bepo-
SITHOCTHBIX 0OpeJIeBCKUX Mep (HEOTPUIIATENBHBIX C IIOJIHOI Mepoit 1) Ha oTpeske [a, b], *-cnabast
TOIIOJIOTYS TIOPOXKIAETCS OTKPBITHIMYU MHOKECTBAMU, COOTBETCTBYIOLUMY OTKpBIThIM V' C [a, D]

Uyo={v|v(V) > a}.

[[ B omuy cropony, npu ycinosuu v(V) > a nHaitpure HempepwiBHy®0 f : [a,b] — [0,1], y Koropoit
suppf CVu

/ab f(2)dv(z) > a.

B o6paTHyI0 CTOpOHY JOKa)KIUTE, YTO IIOCIeJHee HepaBeHCTBO AJI GUKCUPOBAHHOI HEIIPEPBIBHOM QYHKIIMN
rapaHTHUPYeTCs MPUHAJIEKHOCTBIO I/ IlepeceueHIIo KoHeuHoro Habopa mHoxecTB Uy, .. ]]

3adaua 9.118. JloKakuTe, UTO MHOYKECTBA BEPOSTHOCTHBIX OOpEIeBCKMX Mep Ha OTpe3Ke BUIa
{v | v(V) < a} He OTKpBITHI B 126011 TOMOJIOTUY [JIsI HEKOTOPBIX OTKPBITHIX V.

[[ Crenaiire KoHTpHpUMeDp U3 AeabTa-QYHKIMIL. ]]

3adaua9.119. * PaccMoTpum GOpeNeBCKy 0 MePY CO 3HAKOM /i OTPAHMYEHHON Bapuaumm Ha (—, 7],
KOTOPYI0 MOKHO PACCMOTPETh KaK 27-IIEPIONUYECKYI0 Mepy Ha IPAMOIi (C He 00513aTeIbHO Orpa-
HUUEHHOI1 Bapuarueir). [[J1s1 Heé MOKHO OnpeneauTb KoapduuneHnts Pypbe

1 —izn
cnw):%/( o

coorBeTcTByomue cyMmMbl Oypoe u eitepa, paccMarpuBaeMble KaK INIOTHOCTI MePBI (CO 3HAKOM).
Hoxaxure, 4To cyMMBbI Peiepa Mephbl CXOIATCS K Hell B *-c1aboii Torosoruy. O6s3aHbI 11 c1abo
CXOIUTHCI K Mepe e€ cyMMbI Pypbe?

[[ YrBepxnenme npo cymmpr Peitepa MOKHO JOKa3bIBATH 10 ONIPENENIEHNIO CI1ab0il CXOMMMOCTI HEOTPULIA-
TeJIbHBIX Mep, UCIIOIb3Ys HEOTPULIATENbHOCTS sipa Peliepa U peryIspHOCTb Mepbl U3 TeopeMsl ??. MHaue,
MO’KHO MCIIOJIb30BATh OIMCAHME Mepbl 13 BapuaHTa TeopeMbl Pucca ps C'(R/277Z) u unTepnipernposath
cymmy Deitepa Sy, (1) Kak QyHKIIOHAI

Sp()(f) = p(Sn(f)) -

IIpu paccMoTperny cymm Pypbe MOKHO HAIIVICATh aHAIOTMYHBIE (POPMYJIBL, ITOACTABUTS (L = O ¥ IOCMOT-
peTb, UTO MONYUNTCS. ]]

9.14. Pacnpenenenus (0600ménuple GpyHKIMM) U3 W2y g,

3adaua 9.120. Noxaxwure, uto dynkuu us W1?(R) ynosnersopsior ycnosumo [énbnepa |f () —
f ()| < Clz — y|*? c mexoTopoit koucrauToit C, saBucseit Tombko ot W 2-Hopmer dymrximm f.

[[ Ucmonsayiire popmyny Herorona-Jleitounma u HepaBercrso Komn—ByHsikoBckoro. |]

3adaua 9.121. * OmummnTe mpeobpasosanud Oypre dynxrmit us W2 qna k € N.

[[ Ucmons3yitre mpeobpasoBanme Pypbe IMpoU3BOLHOIN, HO AEMCTBYIITe aKKypaTHO, TaK Kak IIpeobpasoBa-
Hue Pypre mus Lo (R) onpeneneno vessHo. ]

3adaua 9.122. * IlpuBenuTe mpUMep TOIIOJIOTMUECKOTO IIPOCTPAHCTBA X, B KOTOPOM HeEIIPePHIB-
Hocth QpyHkiuu [ : X — R mo leitre He Bieuér HempepsiBHOCTH 10 Ko,

[[ B xauectBe X ymoGHO B3fiTh IIOMIIPOCTPAHCTBO HecuérHoro mpomssemenus {0,1}4, cocrosmree us
orobpaxenmit z : A — {0, 1}, y xoropsix mu6o x~1(0) ne 6onee uem cuétro, mubo (1) me Gomee uem
cuérHo. B kauectBe pyuxumn f : X — R MoxHO B3aTh QyHKIMIO, IprHMUMaonyio 3Hauerus 0 u 1 B
3aBMCUMOCTY OT BBIIIOJIHEHNSI OJHOI U3 aJIbTEPHATUB B OIIpefesieHny MHOKecTBa X . ]]
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3adaua 9.123. C nomomsio Biroxkenus WH 2 —m m| — C*[—m, m| noxaxkmure, uro MuHeiHbI
GYHKIMOHA, yAOBIETBOPSIOINII yCIOBUM (??), OKasbIBaeTCs TaKKe HellpepbIBHBIM JIMHETHBIM
dbyHKIMOHATIOM Ha W’““’Q[—m, M|, ¥ CIIe{0BATENBHO MIPENCTABIISETCS B BUIE

No) = [ (@) + @ @)+ o V@) da

—m
c mexotopoit f € WHL2[—m, m].

[[ Moxaxure HempepsiBHOCTS Broxkenus WFHL2[—m, m] — C¥[—m,m), onerus C-HOpMBI TPOM3BO.-
ueix opsanka 0, 1, .. ., k dysxmumu f € WHETL2[—m, m] uepes eé nopmy B arom WHH12[—m, m]. lokaxure
runsGepToBocTh mpocrpancrBa CoGorea WFHH2[—m, m], mpumenns monsory Lo[—m,m] k (0606IIéH-
HBIM) IPOM3BOHBIM (YHKIINIT 3 HEKOTOPOIT pyHIaMeHTaNbHOI ocaenosaTensaoctu 8 WHHL2[—m, m],
VMes B BUAY, UTO CKaJIIpHOE IIPOM3BeieHe B 9TOM IIPOCTPAHCTBE MIMeeT BUJ

(f.g) = /m (fg+f/g/+..._|_f(k+1)g(k+1)> dr,

—m

npuMeHure Teopemy ??. ]

3adaua 9.124. *(Teopema Bapa B £(R)) Hokaxute, uro £(R) Henb3s mpencTaBuTh B BUge 00benN-
HEHJS CYETHOTO YMCJIA 3aMKHYTBIX IIOAMHOKECTB C IIyCTHIMI BHYTPEHHOCTSIMIL.

[[ Kak B mokasarensctBe semmsbl ??, Haitnure B £(R) yObIBaOLIYIO 10 BKIIOUEHNIO TIOCIIEL0BATENEHOCTD
BBIITYKJIBIX OKpecTHOCTelt Hyns (U, ), Takyio uTo s1060e oTKpbiToe MHOKeCTBO U S () cOmepKUT HEKOTOpoe
U,,. IToToM mOBTOpMTE MOKA3ATENBCTBO TEOPEMBI Bapa It OTKPBITHIX MHOKECTB, MCIIONb3YsI BMECTO CTsI-
TUBAIOLIENICS MTOCIIEOBATEIHFHOCTY IAPOB YOBIBAIOIIYIO 10 BKIOYEHUIO IIOCIENOBATENIBHOCTh MHOKECTB
supa t,U, + ¢, ¢ t, < 1 u gokasaB PpyHIaMeHTAIBHOCTD (Cy ). ]

3adaua9.125. *(Teopema Banaxa-Illreitaraysa B £’ (R)) Ipepmonoxum, uro muoxectso Y C E'(R)
TaKoe, uTo 1yt 106011 pyHkuuu ¢ € E(R) muoxectso uncern {A(¢) | A € Y} orpannueno. [Joka-
JKIITe, UTO CyLIecTByeT KoHcTaHTa C' 1 KOHeUHbIT Habop HOpM || - ||k.0, - - -, || - || k& IpocTparcTBa
E(R), rak uro mus mo6oit pyukunu ¢ € E(R) n mroboro A € Y BbImONHSIETCS

Alp)l < Csupllgllxe | 0 < £ <k}
[[ IIpoBepsnTe, uTo MOKa3aTenbcTBO TeopeMsbl Banaxa-IlItertHray3sa qyst 6aHaXOBBIX IIPOCTPAHCTB IIPOXOIUT

I 3[1€Ch, TOJIBKO OKPECTHOCTM HYJISI HAMIO 3aaBaTh He OJHON HOPMOIL, & HECKOJIBKUMIL. |]

9.15. Pacnpenesnenust u3 D', peryysipHble U HeperyJsipHbIe 00001éHHbIE (OYHKI[NIIL.
3adaua 9.126. Tlpu KaKOM MMHIMATBHOM K MOKHO yTBEpKIaTh, 4TO d,, € W ~F2?

[[ Ilposepsre ompemeréHHOCTH 3JIEMEHTA Wk2 g rouke py pas3HbIX k, IIOTOM aKKypaTHO IIPOBEpPHTE
HEeNPEPHIBHOCTH (OrPaHMUYEHHOCTH) B3ITUS 3HAUEHNSI B TOUKe. ||

3adaua 9.127. * Onpenenny ¢ TOMOIIBIO aHAJIOTa MHTETPUPOBAHYIS B CMBICJIE TJIABHOTO 3HAUEHISI

OKOJIO HYJIS
= +00
M) = lim / @ dx —l—/ #lz) dx
5

6—+0 S X

JIokakuTe, UTO TO BBIpAXKEHNE BCETAa KOHEUHO I HEIIPEPHIBHO 3aBMUCUT OT (0 B CMBICIIE CXOIVI-
moctu B D(R). okaxkute, uro onpenenéHHbii tak pynkumonan A € D'(R) He peryiaspHsIiL.

[[ Mus mokasarenbcTBa KOPPEKTHOCTU OlpeneiieHus yaoOHo npeactaButh ¢(z) = ¢(0) + z1)(x) Ha HeKo-
TOPOM KOHEYHOM OoTpeske. [l M0KasaTeIbCTBa HEPEryNAPHOCTU IPOBEPbTE, UTO IPHU YCTOBUM A = Af
paBeHcTBO f = % OOJDKHO BBIIIOJHATHCS ITOUTH BCIOAY. [ 3TOr0 yoo6HO IPUMEHNTh pacCyKIeHNs 13
IOKa3aTenbCTBa IeMMBI ?? Ha oTpe3Kax, He comepskamux 0. ]]
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3adaua 9.128. * Onpenenum npocrparctso D, (R) C D(R) kak mpocTpaHcTBO GECKOHEUHO IIaf-
KuX (YHKIVI ¢ KOMIIAKTHBIM HOCUTeNeM Ha otpeske [—m, m|. Tonosxoruto Ha D,,(R) sagagum
Kak MHAynupoBaHHy BkiroueHueM D,,(R) C £(R). B o6bennuennn

DR) = | Du(R)

OTKpBITEIMYU MHOXecTBaMu o0bssBuM Takye U C D(R), uro mepeceuenne U N D,,(R) orkpeiro
B D,,(R) mns mo6oro m. [Jokakure, 4YT0 CXOAMMOCTb B 9TOJ TOIIOJOTMY MIMEHHO Ta, KOTOpas
npuBeseHa Bollle Kak cxogumocts B D(R) o onpenenenuso.

[[ IIpoBepbre uTO ComeprKaTesNbHAs YACTh YTBEPKAEHMS — 3TO HOKA3aTEIbCTBO TOTO, UTO CXOMSILASCT
B YKa3aHHOJ TOIIOJIOTMM IIOCJIEOBATENBHOCTh COMEPKUTCS IIONHOCTHI0 B HeKoTopoM D, (R). Tak kak
CIBUT SIBISETCA FOMEOMOP(U3MOM 3TOV TOIOJOTMY, JOCTATOYHO PAcCMOTPETh CXOAUMOCTb K HYJIO I
IIPEIIOTIOKUTH IPOTUBHOE — UTO I10CIEA0BATENLHOCTD PyHKUMIT (0, ) CTPEMUTCS K HYJIIO, HO 00be AV HEHIe
HocuTelell 9Tux GyHKUMiT HeorpanndeHo. OOOCHYyIITe, UTO Iepelifs K IOAIOCIeN0BaTeIbHOCTI, MOKHO
cunrarhb ©p(Ty) 7 0 AT HEKOTOPOII IOCIIEXOBATENBHOCTY YICEN Ty, — 0O. I[pOoBepbTe 110 OIIpefeeHNIO,
YTO MHOXKeCTBO QYHKIUIL (0, 3aJaHHOE yCIOBUEM

i ¢(Tn) <e,

= lon(an)l

otkpsITo B Tonosorun D(R) ms no6oro € > 0. [locTaBbTe 9T0 MHOXXECTBO B OIIpe/elIeHIe CTPEMIICHUS K
HYJIIO II0CJIeJOBATEIBHOCTH () B 9TOI TOIIOIOTMN. ]

9.16. IIpou3BoxHAA pacIpeeIeHIS U TOMOJIOIUs B mpocTpaHcTse D',

3adaua 9.129. Haitnure 1o onpeeeHUI0 IPOU3BOHYIO PETYIIIPHOro pacupenenenus In |z|. By-
OeT JIM 3Ta IIPOM3BOAHASI PETyJIIPHOI?

[[ C momoursio HempepsiBHOCTH MHTerpaia JleGera paccMmorpute nuTerpan ot — In |z|¢’ () kak npenen
uaTerpasoB 1o R \ (=4, ) mpu 6 — +0. ]]

3adaua 9.130. [Jokaxure, uto mroboe pacupenenenue A € D'(R) umeer nepBooGpasHyo, TO eCTh
takyto p € D'(R), uto

p=A
B cMbiciie nuddepeHmpoBaHus pacnpenenennii. JJoKakuTe, uTo J00ble [IBe IIePBOOOpasHbIE
OIHOTO U TOTO K€ pacrpeneseHus OTINYAIOTCS Ha KOHCTAHTY.

[[ O6parnre BHUMaHE, uTO B3sTME TepBOOOpasHoit B D(R) onpeneneno ue s Beex ¢ € D(R) n onmunre,
IUISL KaKIX  OHO OIpefesieHO ¥ Kak. [IoToM mpuMeHMTe CONpspKeHMe ISt TIOTyUeHNsI Ollepaliiyl B3sTIS
IepBO0Opa3HoI pacpeneneHus. ||

3adaua 9.131. AHAJIOTMYHO PACCY>KAEHUIO [JIS OTEPALU B3ATUs MPOU3BOAHOI B D' mokaxure,
yro conpsukénHoe A* 1 Q' — T’ k m06oMy HelpepbIBHOMY JIMHENTHOMY oToOpaxenuio A : T —
Q TONOJIOTMYECKUX BEKTOPHBIX IIPOCTPAHCTB HENIPEPHIBHO B *-CJIa607 TOMOIOT L.

[[ Paccmorpure mpoo6passr MHOKecTBa Tpen6assl rononorun { A € 7' | a < A(p) < b} orHOCUTENBEHO A*,

pasuble {\ € Q' | a < M(A(p)) < b} 1]

3adaua 9.132. * [oxaxure, uto eciu A : F — F sBisercs HelpepbIBHBIM JIMHENHBIM OTOG-
paskeHUeM 0aHAXOBBIX IIPOCTPAHCTB, TO HOPMA CONPSDKEHHOro oroOpakeHus A* paBHa HopMme
orobpaskenus A.

[[ Hepasencrso ||A*|| < ||A|| crenyer n3 onpenenenns A*\ xax xomnosniuu A u A. HepaBeHcrBo B
00OpaTHyI0 CTOpOHY I0TpebyeT npuMeHeHMs TeopeMbl XaHa-Banaxa 1t HeHyseBoro Bekropa || Ax||, ms
xoroporo [|Az|| = (1 —¢)[[All - [l]|. 1]
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3adaua 9.133. K uemy B D'(R) cxomurcst mocienoBaTtebHOCT PEryIsspHbIX (yHKIIIT

Do (x) = sin(;:n—l;;}é%x

npu n — oo?
9.17. YMHO>KeHMe pacnpefeneHns Ha GyHKIIIO.

3adaua 9.134. IlpoBepbTe BBHINOIHeHUe INpaBuia JleitOHMIIA OIS MPOM3BOLHON IIPOM3BEIEHIS

AeD(R)u f e ER):
(Af) = Nf+Af"

[[ IogeitctByitte pacupenenenueM Ha ¢ € D(R) u npuMeHNTe ONpeesIeHIIe YMHOKEHMS U IIPOYI3BOLHOII
pacnpenenenus. ||

3adaua 9.135. IlpoBepbre, uTO Mt yMHOXeHus pacupenenenns A € D'(R) Ha nBe GeckoHeuHO
rinagkue pyukuuu f u g Bermonssercs A - (fg) = (Af)g.

3adaua 9.136. IIpoBepsbre, UTO [l KOPPEKTHOCTY OnpeneieHns ymHoxerus fo i f € E(R) n
¢ € S(R) co 3nauennem B S(R) mocraTouno, utoOs! J1106as mpousBoaHas [ pocia He ObIcTpee
HEKOTOPOII CTeIIeHN T IPU & — OQ.

9.18. Hocurens pacupenesrenns u £’ Kak pacrpeneeHusi ¢ KOMIAKTHBIM HOCUTEJIEM.

3adaua 9.137. Ilpusenute npumep pacmpenenenus us D'(R), He sBiAOIIETOCS POUSBOTHOIN
(kaKOro-TO MOPAIKA) PErYNAPHOTO OMPENETIeHIs.

[[ Teopema ?? HameKaeT, UTO TaKoe paclpefeeHIe He MOXKeT IMeTh KOMITaKTHBII HOCUTENb. |]

3adaua 9.138. [okaxkute, 4TO JI000E paclpeesieHNe A C HOCUTeJIeM B OHOI TOUKe X IIPeICTaB-
JIsgeTcs B BUIeE

A = agby, + 10, + - + a, 0"

xo

c HeKoTopbM 1 € 7.

[[ Mocmorpure, kak Teopema ?? paGoTaer B 3TOM Ciiydae. |]

3adaua 9.139. * [IoKaKUTe, UTO €CIIM [TOCIIEAOBATENBHOCTD pactpenenenuit A, € D'(R) crpemurcs
K )\, a IOCJIe0BATeNbHOCTD ¢, € D(R) crpemurces x ¢, 10 A\, () — A(p).

[[ Ceenmmre x ciyuato A = 0 u ¢ = 0. [JomHOXbTEe \,, Ha pyHKuMIO f € D(R), TOXKIECTBEHHO PaBHYIO
eVIHIIIIE B OKPECTHOCTY HOCUTEJIEN BCEX 0y, He MEHsIsl 3HAYEHUS Ay, (p, ) M CBeIsI TAKMM 00pa3oM BOIIPOC K
E'(R). Ilpumennte nocie sroro reopemy Banaxa-Illreiiaraysa nis ' (R) (3amauy 9.125) u onernte Ay, (¢n).

1l

3adaua 9.140. * [JoKaKuTe, YTO €CIU IIOCIE0BATENBbHOCTD pactpeneneruit A, € D’'(R) takosa,
uro muist so6oit pyHkumm ¢ € D(R) cymecrByer koHeunsit npegen A(¢) = lim, o0 An(p), T0 A
sisercs anementom D' (R).

[[ Hamo moxasars HeNpepbIBHOCTH A, TO €CTh HOKa3aTh, YTO M3 CXOAUMOCTH ©n — ¢ B D crenmyer
cxomumocTb uncel A(¢y,) — A(pp); 13 O4eBUITHOI IMHETHOCTI A JOCTATOYHO PaCCMOTPETH ciryuaii ¢y = 0.
3amerbTe, YTO HOCUTEIN (p, 110 OIpeNesIeHNI0 CXORUMOocTy D jiexaT Ha OXHOM M TOM K€ OTpe3Ke; TOraa
IDOMHOXMUB \,, Ha HeKoTopyo 1) € D(R), paBHyIo equHuIEe B OKPECTHOCTI 9TOTO OTPE3Ka, MOYKHO IIEPENITH K
paccyxknernsam B E(R) u £'(R). Ilocie aToro MoskHO npuMeHuUTh TeopeMmy Banaxa—-Illreitnraysa mis ' (R)
(samauy 9.125). ]]
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3adaua 9.141. * Ilycts ¢ : R — R — HeorpumaTenpHas OeCKOHEUHO IyIagKas GyHKUMS, OTIMIHAST
OT HyJIs TONBKO 1pu || < 1 m mycTh fj;o o(x) dx = 1. Tonoxnm

pr(r) = kp(kz),
9T QYHKIUY TOKE UMEIOT eMHIYHbIE MHTETPANIBI U (O OTIUYHA OT HyJIs ToJbKo mpu |z| < 1/k.

Mnst mro6oro pacnipenenenus A € D'(R) ompenenum cBEPTKy A * ¢ KaK peryJsipHOe pacIpeere-
HIIe, COOTBETCTBYOIIee QyHKIUN

fe(z) = (A, or(y — 7)),

Ifle B IPaBoil YacTy MbI IpUMeHseM A K GyHKIuu oT y. [lokaxknTe, 4To QyHKUMHU f) [IagKue U
fr — A B cmbicie cxogqumoctu B D'(R).

[[ Hokaxkwure, uto (fx,?) = (X, pg * ¥) mna nwboit pyukunn ¢ € D(R), ecnu mns pyHKumit cBéprka
+o0o

omnpeneneHa crangapTHeIM obpasoM (@y * ¥)(y) = [~ pp(y — x)1(x) dx. Qg s1oro samersre, 4TO

nocieHAs CBEPTKa stBistercs npenesoM B D(R) nuHeltHpIX KOMOMHALNMIT CABUTOB (), COOTBETCTBYIOILINX

cymmam Pumana i mHTerpana B onpeneiaeHun cBéprku. [lorom Bcrromumre teopemsr ?? u ??. ]

3adaua9.142. * lokaxkute, uto noboe pacupenenenne A € £'(R) MOKHO IpUOGIU3UTE TMHETHBIMI
KOMOMHausaMu aenbra-pyHkuuit 8 cmbicie cxoaumoctu ' (R).

[[ BcmomHuTe, UTO MHTErpaN HENIPEPBIBHOI QYHKIN Ha OTpe3Ke MOXXHO IpUOIM3nuTs cyMmMamu PumaHa u
ITOK)XUTE, UTO IIPOM3BOIHYIO AeJbTa-(QyHKIVI MOKHO NIPUOINSUTD JIMHETHBIMY KOMOVHAIMSMI HeJIbTa-

bynxrmir. ]]

3adaua 9.143. * [lokaxkure, uto nwboe nuneitHoe oroopaxenne & : £'(R) — R, HenpepsiBHOE B
cmeicite Tononoruu E'(R), mpencrasnsercs B Bune £(\) = A(¢) mis Hexkoropoit ¢ € E(R).

[[ Onpegmenure o(x) = £(d,) n npogoiskure popmyiy A(¢) = £(N) ¢ menbra-pynkumit Ha Bce A € E'(R).

3adaua 9.144. * Pacupenenenue \ € D'(R) uassiBaercs HeompuyamenvHoim, ecnut N(p) > 0 nus
sr06011 Beroxy HeoTpuuareibHoit ¢ € D(R). lokaxuTe, YTO y HEOTPULATEIHHOTO PACIIPELEECHIIS
€CTh peryJsipHas IepBooOpasHas.

[[ Hepeitanre X pacmpefeneHNsIM ¢ KOMIAKTHBIM HOCHUTENEM C ITOMOLIBIO yMHOKEHNsI Ha HEOTpUIA-
TENBHYIO IVIafKyHo (QYHKLMIO C KOMIIAKTHBIM HOcuTeseM. Ilociie 9TOro, MCIOIb3yss MOHOTOHHOCTD \ 1
koHeuHocThb A(1), orpanuusre \(p)uepes ||| . Hanee npumenure reopemy Pucca. ]]

9.19. Pacnpenenenust u3 S’ u npeobpasosanue Pypsoe.
3adaua 9.145. lokaxure, uro ecnu ¢ € D(R) u npeobpasosanue Oypre F[p] € D(R), 10 p = 0.

[[ YcranoBmre, uto mpeobpasoBanue Pypbe PyHKIUM ( ¢ KOMIAKTHBIM HOCUTEIEM pPacKIaIbIBAETCS
B pan Teitnopa ¢ 6eCKOHEUHBIM pagMycoM cxoaumocti. O6paTuTe BHUMAHIE, UTO YMHOXeHMe ¢ Ha €'/%
COOTBETCTBYeT CABUTY npeobpasoBauns Pypee ¢ Ha ¢, ¥ CIBUHBTE () TaK, YTOOBI OHO CTAJIO TOKAECTBEHHBIM
HYyJIEM B HEKOTOPOII OKpecTHOCTHM 3HaueHus y = 0. ]]

3adaua 9.146. JlokaxuTe, 9To \f € S'(R) koppekrHO onpeneneno, eciau [ : R — C nokanpo ab-
comoTHO nHTerpupyema u gyrxums F(z) = [ |f(t)| dt orpaHnueHa HEKOTOPBIM MHOTOUIEHOM.

[[ IIpoumTerpupyiite Beipaskerme \f(p) = fjf: [ dz mo wacTam u ucnomwsyiite temmy ??. ]]

3adaua 9.147. Tlposepsre, urto mus mwoboit f € Ly(R) pacmpenenenne Ay € S'(R) xoppekrHo
OIpe/IeNeHo.

[[ Ucnompayitte npegsiayInyio 3agauy. ]]
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3adaua 9.148. TIpoBepbTe, UTO Ha PETYISIPHBIX A £, cooTBeTCTBYROLUX [ € Lo(R), mpeobpasoBanme
dypre Ay cooTBeTCcTBYET IpeobpasoBanuio Pypre f.

[[ Ucnomnsayitre Teopemy ?? u ciencraue ??. ]]

3adaua 9.149. Haitnure npeobpasosanue Pypove Gyukuuu e’ kak snemenrta S’ (R).

[[ O6parmure BHMMAaHMe, UTO IPY ITOIBITKE HATU TaKoe IpeobpasoBanme Pypbe Kak mpeoGpasoBaHiue
dypbe PyHKIUM [TOTyUATCI pacxonsimecs uHTerpaisl. [loaromy Hamo paborats ¢ e'” cpasy Kak ¢ pacrpe-
nmeneHveM. ||

3adaua 9.150. Haiinute npeo6pasoBanue Pypre pyHKIMN
0, ecmnx < 0;
) =< N
1, ecmumz > 0;
kak anemenTa S’ (R).
[[ Opencrasbre ¥ xak mpemen B S'(R) xapakrepuctuueckux ¢yHkumit orpeska [0, m| mnm kax mpemen

dbyHKIMIT

e, ecmuzx > 0;

0, ecnn x < 0;
Ue(z) = {

npu ¢ — +0. Vcnonsayiite pacnpenenenne ns 3agaun 9.127, paccmatpubaemoe Kak anemedt S’ (R). 1]

3adaua 9.151. loxaxure, uro ecnn y pyuxunn f € C*°(R) npoussognas no60oro mopsaka orpa-
HIUeHa I10 MOAYJII0 HEKOTOPHIM MHOTOUJIEHOM Ha BCeil IIPSIMOIL, TO YMHOXeHue Ha [ sBJsgeTcs
HenpepbIBHBIM oToOpaxkeHneM S(R) — S(R).

([ Ipumenute popmymny Jleitbuuna B onpeneneHnu S-HOpM. |]
3adaua 9.152. Ilposepbre paBeHcTBO F[A\1] = j:ig—;;\ mit A € §'(R) u onpenennre 3HaK B 3T0M
BBIPKEHIL.

[[ 3amersTe, uto mpeobpaszoBanue Pypbe, yMHOXKEHIE Ha T UM B3ATUE IIPOU3BOIHOI OIIpe/IesIeHbl (IOUTI
YTO) KaK CONpPSDKEHHBIE K COOTBETCTBYOIMM oneparusam ¢ pyukuusamu S(R). ]]

3adaua 9.153. Tokaxure, uro npeobpasoBanue Pypoe B S’ mepeBoanT pacrpeneneHe

+00 +oo
1
E Ooxn B pacmpefeieHme ——— E On-

[[ Bcnomuure popmyny cymmupoanns Ilyaccona ns sagaun 8.75. ]

3adaua 9.154. Jokaxure, uto npeodbpasoBanus Pypoe anemenToB £'(R) sBisioTcs aHAINTIYECKI-
MU QYHKIISIMU.

[[ 3amersre, uto aua A € &£'(R) oxaspisaerca A(y) = \/%)\(e_iym), a A € &(R) nosxkHO mepeBoRNTH

cxomauecs B £(R) psapt yHKUMIT B cXOnsIumecs pAgbl umncel. |]

3adaua 9.155. ycrtp pus pyuxmyu [ € C°(R) MoxHO ykasats Takoe 1enoe N, uTo st JI1000ro

nenoro k > 0
fB(x) = 0(|z["*), = — oo

Hoxaxute, 4to f MOXKHO cuntarh anemenToM us S’ (R), a mpeobpasosanue Dypse f(y) mpu y # 0
TOKe MOKHO CUUTATh PeryJsapHoil pyHkumei ot y npu y # 0, u mpu mobom M > 0

fly)=o(lyl™), y— .

[[ 3amerbre, uTO f(k) IIpU OOCTATOUHO OOJBIIIOM Kk OKasdbIBaeTcs OOBIUHOM (yHKUMEN, s KOTOPOil
npeobpasoBanue Pypbe ompemeseHo CTaHAApTHO. ]
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9.20. MHOTOMepHBI€e pacHpefe/IeHIs U paclpeaeeHIs HA MHOT000pa3usX.

3adaua 9.156. [lokaxure, uto aro6oit snement A € D'(R?) onpenenser HenpepbIBHOE JTUHEITHOE
orobpaxenue f : D(R) — D'(R).

[[ Ucmonssyitre popmyny f(v)(¥) = Al ® ¢), rne GyHKUMA ABYX NepeMeHHBIX ¢ ® 1) OlpeaesieHa Ha
nape (x,y) xak p(x)Y(y). JokaknTe HEPEPHIBHOCTH OINPeNeIEHHOTO TaK oToOpaskenus f. |]

3adaua 9.157. [Ins mo6oro BKIroueHUs OTKPHIThIX MHOkectB U C V C R" umeror mecro
sriouerue D(U) — D(V) (c moMoupio mpogosKeHUs HyJIEM) U OTOOpaskeHe OrpaHNUe s
E(V) — E(U). Onpenennre 1o CONPSKEHUIO COOTBETCTBYIOLIVIE OTOOPAKEHS

D'(V)—=D'(U), &U)—=E (V).
IIpoBepsbTe, UTO eCTh IMPOOIIEMBI C OIIpefiesieHIeM OTOOpaKeHNUIT B APYTYIO CTOPOHY
D'(V)«D'(U), &U)<«+E(V).

3adaua 9.158. Ilycte M mokpbiTo cBoMMU KoopanmHatHbIMU Kapramu {U, }. [lokaxunrte, uto A €
D;.(M) ogHO3HAUHO OIpe/essieTcss OTPAaHIUEHUMI Ay, .

[[ Ecmu mer, my p € D) (M) Bce orpaHuUeHns Te XKe, TO y PaSHOCTYM A — /i BCe OTPAHNUEHMs HyJIEBBIe.
[anee MCHONMB3yIiiTe PACCYKIEHMS 13 JIEMMBI ??. ]

3adaua 9.159. Iycts M moxpbiTo cBouMu KoopanHaTaHbiMu Kaptamu {U, }. [Jokaxure, uro HaGOp
Ao € Dy (Uy), Takoit uro Ha mo6om mepecedenun U, N U orpanmdenus \,|v,qnvs M Aglv.nu,
COBIIAJAIOT, OIIpeesIsieT OJJHO3HAUHO HEKOTOPBIN JIEMEeHT A\ € D;(M ).

[[ EmmucTBeHHOCTH JOKasaHa B IpebIAyILeN 3amaue. PaccMorpure pasOueHMe eqVIHULBL p wPa =1,
nogunHéHHOe MOKpeITHio {Uy, }, U JoKaxure, uT0 ) Aopo (€ciu a1y GopMyiy IpaBMIBHO IOHMMATE),
mact snement D) (M), orpaHnyeHMe KOTOPOro Ha K&XAYI0 Uy JaCT COOTBETCTBYIOLIMIL Ay . ]]

9.21. KoneuHO-agauTHUBHBIE MePHI U YIBTPaPILUIBTPHI.
3adaua 9.160. IIposepsTe, uto (1) = lo.

[[ Comep>kaTesnbHas UaCTh yTBEpPKAEHNS — JOKA3aTh, UTO €CIIM [IOCIIE0BATeIbHOCTS (b, ) HeorpaHuUeHa, TO
IS KaKoit-1o (ay) € £1 cymMma ) . apby, pacxogmrcest. ITO MOXKHO JOKA3aTh BPYUHYIO, & MOXKHO IIPYMEHNTH
NPUHLAI PABHOMEPHOT OrpaHUYEHHOCTH. ]

3adaua 9.161. [Jokaskure, YTO HA KOHEYHOM MHOXeCTBe 5 BCe yIbTPa(UIbTPHI IJIaBHBIE.

[[ MoxHO paccyXaaTb HEIIOCPEeNCTBEHHO KOMOMHATOPHO, & MOXKHO MCIIOJIB30BaTh PAa3BUBAEMYIO JaJlee
HeOONIBILIYIO TeOpHUo. |]

3adaua9.162. * IlocTpoiiTe IpyUMep TOIIOJIOTMUECKOTO IIPOCTPAHCTBA, B KOTOPOM He S9KBMBAJICHTHBI
CIIeRyIolye OlpeeeHus: 1) YaCTUUHBIN Ipee]l — HEKOTOopas IIOAIIOCIeOBATEIBHOCTD (L))
CTPEMUTCS K Too; 2) TOUKA CTYLIEHNS — B KKTOIM OKPECTHOCTU To, JIEKUT OECKOHEYHO MHOTO
9JIEMEHTOB I10CIIEeN0BATENBHOCTH (1, ). CpaBHuUTE ¢ tTemmamu ?? u ??.

[[ docrarouno B KauecTBe TOIOJIOIMYECKOrO IpocTpaHcTBa paccMarpusars N U {oo}, rne N npencrasiser
u3 cebs IOCIIeIOBATEIBHOCTD, & 00 — €€ IIpeJIIojaraeMyo IIpeJesIbHyI0 TOuKy. Bo3sMuTe Mepy m, cooT-
BETCTBYIOLIYIO HEIIABHOMY YJIbTpaguUiIbTpy, i onpenennte okpectHocty 0o kKak U U {oo} mus Bcex U C N
cmU = 1. Torpa mo6as OKpeCTHOCTb 0O OeCKOHeYHa I BBINIOJIHAeTCA onpenenenue (2). [Iposepsre ¢ momo-
IIBIO CBOVICTB MepBI 112, UTO IS JII00O0I IIOAIIOCIIe{OBATEIBHOCTH (TO eCTh O@CKOHEeUHOTO II0AMHOKeCTBa)
X C N nangércs okpectHocts U, Takast uto MHOkecTBO X \ U GeckoHeuHO. BriBeuTe 13 3T0r0, 4TO 00 HE
ABJIETCS IIpeieIoM IIOAIocaefoBaTeabHoCT X . ]]
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3adaua 9.163. [lokaskute, UTO MJIS JIIOOOI IOCIEOBATENBHOCTY [JEICTBUTENBHBIX UMCeN (T,) U
JI060T0 €€ YaCTUUHOTO MpeJieNa d CYIIeCTBYeT YAbTPAPUIbT, IPeIe L, II0 KOTOPOMY PaBeH d.

[[ Haunure c onpenenenus no (x,) u a nogxoxsitero ¢uiasrpa Ha N u npumenure reopemy ??. ]]

3aodaua 9.164. [Joxaxute, UTO ecay Mepa m Ha S COOTBETCTBYeT YJIbTPaUIbTPy, TO MHTErpaj
orpanmueHHsbIx pyukumit f, g : S — R mo Heit o61amgaeT He TOIBKO CBOVICTBOM aIUTUBHOCTH,
HO ¥ CBOJICTBOM MYJIBTUILIMKATUBHOCTIA:

/ngdm:</sfdm)-</sgdm).

[[ Unrepnpernpyiite nepasenctso a < [ f dm < bxak m{z € S| a < f(z) < b} = 1. Y samerpre, uTO
B JaHHBIX YCIOBUAX IlepeceueHIie MHOKeCTB Mepbl 1 06s13aTenbHO MeeT Mepy 1. ]]

3adaua 9.165. * Onmiumre Bce roMOMOP(U3MBI alIrebphl OrpaHNUeHHbIX QYHKIIT HA MHOKECTBE
S (c moToueyHbIM YMHOXeHUEM) B R.

[[ 3amersre, uto ecinu pyHKUs npuHuMaer 3HaueHus B {0, 1}, To romomopdusm ormpasiser eé B 0 mau
1. Cunras Takue yHKIMM XapaKTePUCTUUECKMMY QyHKIMAMM IIOJMHOXeCTB S CpaBHUTE 3TO C ONpeme-
JeHneM yibTpaduiabsTpa. s paccMOTpeHNs IPOU3BOIBHBIX QYHKIMIT 00paTiTe BHUMAHE, UTO HEOTPH-
IaTenbHas (PYHKIMA SBJIIETCA KBaApaTOM APYroil GyHKIMM M CJIef0BAaTeJIbHO Ipu romomopdusme B R
IIepPEeXOINT B HEOTPUIATEIbHOE UJICIIO; 3TO YCTaHABINBAaeT MOHOTOHHOCTD JII0OOTO TaKOr0 roMoMopdmsMa.

1]

3aodaua 9.166. 3adurcupyem HeKOTOPHI yiabTpaduiasTp Ha N. PaccMoTpuM mmociie1oBaTeIbHOCTI
IEICTBUTEIBHBIX UMCEIl ¥ OIPENENINM Ul HUX OTHOLIEHMEe 9KBUBAJIEHTHOCTH (a,) ~ (b,,), ecnn
a, = b, IV MHOXeCTBa HATypaJbHBIX UMCEN 1 Mepbl 1 OTHOCUTENBHO BBIOPAHHOTO YIJIBTpa-
unbrpa. [IposepbTe, uto B hakropmuoxkectse *R = RY/ ~ koppekTHO ompemneneHs! coxkeHne,
YMHOX€eHIIE, [eJIeHVe Ha HEHYJIEBOII 3JIEeMEHT U OTHOIIIEHME ITOPSKA.

[[ Yro6uo mepedopmynuposars (a,) ~ (by,) Kak «a, # b, Ha MHOeCTBe Mepbl HyJIb». [lJIs OnpeeneHus
CpaBHEHU 3aMeThTe, UTo JIubo a, < b, Ha MHOXeCTBe MephI 1, 1160 a,, > b, Ha MHOXecTBe MepsI 1, 1ubo
an = b, Ha MHOKecTBe MephI 1. ]]

3adaua 9.167. * BepHO 1M, UTO IMOTOUEUHBIN Ipege] PABHOMEPHO OTPAaHMUEHHON IOCJIeI0Ba-
TeJIBHOCTY M3MepuMbIX 110 Jlebery pynkuuit Ha R mo HekoTopomy yabrpadmisTpy 00s3aH OBITH
n3MepuMsIM 110 JleGery?

[[ PaccmoTpurte B KauecTBe IOCIeA0BaTeNbHOCTY GyHKIMIL ( f,,) KAK-TO 3aHYMepOBaHHbIE BCe MHOTOUJIEHbI
C pauuoHanbHBIMU KO3 UIMeHTaMy, 3HAUEHNs KOTOPhIX 00pe3aHbl orpe3koM |—1,1]. lokaxure, uto
3aMBbIKaHIe MHOXeCTBa { f,, } B Tomosoruu mexaprosa mpoussenenus [—1, 1]% copmamgaer co Bcem [—1, 1]%,
Yl B YaCTHOCTM COJEPKUT KaKylo-TO HemsMepumyio 1o Jlebery gpynkmmio f : R — [—1, 1]. Paccmarpusas
BCeBO3MOXKHBIE OKpecTHOCT U S f B TOIOJIOIMM J€KapToBa IPOU3BENEHMs, IIOKAKITE, UTO MHOXKECTBA
Xy ={n € N| f, € U} o6pasywor puiabTp u morpysure ero B HeKOTopsblil yibrpadunbtp. [Iposepsre,
yeMy paBeH mpemnein f, mo atomy yabrpaguibtpy. |]

3a0aua 9.168. * [Jokaxxute, uto ynpTpadmabTpoB Ha N CTOJIBKO jKe, CKOJIBKO 3JIEMEHTOB B MHOKe-
2N
cTBe 27 .

, N .
[[ JIo6oit yapTpadgmisTp — 370 3emMenT 22 MO ompeneneHuio. B cuty pesyibrata samaun 1.67, ocraéTes
OLIEHITD MOIITHOCTb MHOKeCTBa YIbTPapIUIbTPOB CHU3Y. B aTOM IToMoraet paccyskaeHme 13 JoKa3aTeJIbCTBa
IpebIayLIe 3agaun, conocrasisiomntee yiasrpaguistpy Ha N pynkumio R — [—1,1]. ]]

3aodaua 9.169. IIpogeMoHCTpMpYyIiTe, UTO Ipeaes 110 YIbTPapUIbTPY MOXKET IOMEHAThCS, eCIN Y
IIOCJIEJOBATEIbHOCTY OTOPOCUTD IIEPBBIIL 3JIeMeHT, CABMHYB HyMepaliio Ha eUHIILY.

[[ MocmoTpure, KaKkue Umcia MPeAIOUNTAET YIbTPAPIIBTP — UETHBIE MY HeUuETHbIE. ||



120

3aodaua 9.170. IIpoBepbTe KOHEUHYIO aAUTIBHOCTD IIOCTPOEHHO TaK MepBhl.

3adaua 9.171. IlocTpoiiTe eQMHNYHYI KOHEUHO-aAAUTUBHYIO M MHBAPMAHTHYIO OTHOCUTEIBHO
CIBUTOB MepY Ha IpyIIIIe LeJIOUNCIEHHBIX BEKTOPOB Z".

[[ MomuduimpyiiTe OnMcaHHYIO BbIIIe KOHCTPYKLIMIO. ]

3aodaua 9.172. IlocTpoiiTe eNVHNUHYI KOHEUHO-aAAVITUBHYIO M MHBAPUAHTHYI OTHOCUTEIBHO
CIBUTOB Mepy Ha palMoHaJIbHBIX unciax Q.

[[ Ipencrassre rpynny QQ o cnoskeHu o B BuAe 00beAMHEHNS TPYII, N30MOP(HBIX Z, TePeXOas K IIPeaery
o ynsrpaduiasTpy. |]

3adaua 9.173. * IlocTpoiiTe eAMHNYHYI0 KOHEUHO-aAAUTIBHYIO ¥ MTHBAPUAHTHYIO OTHOCUTEIHFHO
CIBUTOB MepY Ha JeMICTBUTEIbHBIX ynciax R.

[[ PaccmarpuBaiite R xak (Q-BeKTOpHOE IIPOCTPAHCTBO CO BIIOJIHE yIIOPSAOUEHHBIM 0asmcoM. [loKakure
yTBeprKAeHMe IS ero IOAIIPOCTPAHCTB, COOTBETCTBYIOIIVX HAUaJIbHBIM MHTEpBaJIaM 6asica, C IIOMOIIbIO
TpaHchuHUTHON MHAYKIMN. [Tlar MHAY KUK BBIIOTHIETCS JIN0O0 ¢ IIOMOILBIO IIpeesia Mep II0 YIbTpaduIb-
TPy Ha BIIOJIHe yIIOPSIOUeHHOM MHOKECTBe, COJep KallleMy BCe ero COOCTBEeHHbIE HaualbHbIe THTEPBAJIHI,
7160 ¢ MOMOIIBIO IPIMOro YMHOKeHus (Q-BeKTOpHOro npocrpaHcTBa Ha (Q, UTO MOXKHO CBeCTH K yMHOXe-
HIIO Ha 7 ¥ TIepexoAy K Ipefely 10 yIbTpaduibTpaM, Kak B IIpeAbIAYIIUX 3agauax. |]

3adaua 9.174. * Jokaxure, uro R’ Henb3s paspesaTh Ha KOHEUHOE UMCJIO YacTell ¥ CABUHYTD UX
IapajuieJIbHBIMY IIepeHOCaMM TaK, UTOOBI KaXKAast TOUKa IOKPBIBAIACH CIBUHYTHIMU YaCTIMU He
MeHee JIBYX pas.

[[ Ucnonbayitre yTBepKAeHE, AHAJIOTMUHOE YTBEPIKAEHUIO IIPEeIbIAYIIEl 3aau, IJIsl IUIOCKOCTY BMECTO
npsamoit. ]]

3adaua 9.175. ** [lokaxure, uto chepy S? MoKHO paspesaTh Ha KOHEUHOE UICIIO UaCTell ¥ IoBep-
HYTb UX TaK, YTOOBI Ka)K[asl TOUKa IIOKPBIBAJIACH IIOBEPHYTHIMI UaCTIMI He MeHee IBYX pas.

[[ Ucnonpayitte pedynbrar 3agaun 10.58, mpencrasiss cebe CBOGOMHYIO IPYIIITY U3 OBYX 3JIEMEHTOB B BUIE
GeCKOHEUHOTO JepeBa. |]

9.22. Mepa Xaapa.

3adaua 9.176. [Jokaxure, 4To B XaycmopdoBoil Tomojormueckoil rpymnme (G i JT00BIX ABYX
g # h € G naigérca okpectrocts Hyns U, takas uro gU N AU = ().

[[ PaccmoTrpure HemepeceKarolmecs OKPeCTHOCT! ¢ U h B CIITy XaycHOp(pOBOCTI, JIEBBIM CIBUTOM Ha ¢ U
h cmemnariTe MX OKPeCTHOCTAMM HYJIf, BOSBMUTE UX IlepecedeHue. ]]

3aodaua 9.177. SIBnsiercs nu JOKAIBHO KOMIIAKTHOV TPYIIIION I'PyIIa AeICTBUTENIBHBIX UMCe 10
ciokeHMo0? I'pynma paryoHaIBHBIX YMCeN IO CJIoKeHMo? ['pyIna BeKTOpoB IMIbOepToBa IIPo-
CTPaHCTBA II0 CJIOKEHUIO?

3adaua 9.178. IIpoBepbre, uTo MHOXKecTBO [ C S ¢ p*E' = 0 uamepumo o Kapareomopun.

3adaua 9.179. Ilycte f : G — R — GopeneBckast GyHKIMA Ha JOKAJIBHO KOMIIAKTHOI Xaycaopgo-
BoII Tomosorndeckoii rpymme G. ITycts nis moboro g € G miisa moutn BceX (OTHOCUTENIBHO MepbI
Xaapa A\) h € G semonusiercs f(gh) = f(h). Dokaxkure, uto f paBHA KOHCTAHTE ITOUTU BCIOAY.

[[ Paccmorpure muoxectBO map (g, h), mia koropsix He Beimonusercs f(gh) = f(h) B mpoussemeHun
G x G. O6ocHyiiTe ero 6opeseBOCTh 1 puMeHuTe Teopemy Pyomum. ]
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3adaua 9.180. ITocTpoiite Mepy Xaapa MHaUe Ha TOIIOJOTMYEeCKUX Ipymnnax (7, ABIMIOINXCS TIak-
KIIMJ MHOT000pasmMsMI C IVIAAKMMIY OIlEepalVisIMM YMHOKEHMS M B3ATUS OOpaTHOTO, BBIOpaB
HeHyJIeBOi JIeBOMHBAPMAHTHBII aneMeHT v € Q4 (),

[[ HocrarouHo ompemenuTs I Ha KacaTeabHOM npoctpaHncTie T, (7, a manee pacIpoCTPaHUTH Ha OCTAbHBIE
TOYKMU II0 JIEBOMHBAPUAHTHOCTH. |]

3aodaua 9.181. Ilycte G — xommakTHas rpymnna ¢ mepoit Xaapa p, a ¥ : G — C* — usmepumsiit
roMoMop}u3M B IPYIIIy KOMIUIEKCHBIX UMCEI 10 YMHOXeHMIo. [JokakuTe, uro mubo y = 1, mn6o

Jo x(9)du(g) = 0.

[[ Ucronp3yiiTe MHBAPMAHTHOCTH MHTETPATIa OTHOCUTENBHO CABUTOB. ||

3adaua 9.182. loxaxxure, uTo myst aneMeHTa ¢ € L1 (G) neBbuii casur Ha g € (G, 9 0 g, HEIIPEPHIBHO
3aBUCUT OT ¢ Kak asemeHT L (G).

[[ Amanormuno cayuato G = R” cBexure BOIpOC K XapaKTePUCTUUECKOI QYHKIIMI OTKPHITOIO MHOXKECTBA
U xoneuHoit Meps! Xaapa. Haigure komnaktHoe K C U, tak uto plU — pK < pU — »K < € u cBepguTe K
OKa3aTeNbCTBY YTBEP)KIEHMs 11 xapakrepuctudeckoit ¢pyukuun K. Ilocie aToro npuMenute temmy ??.

1]

3adaua 9.183. IIpoBepsbTe, UTO WIS P-aqMUECKUX YVICET ONpeeIeHO (1 HeIIpepBIBHO) TaKKe YMHO-
’KeHIe, IIpeBpallaiollee X B KOIBIIO.

[[ Ucnonsayiire ymHOXeHue B Z/ pF. 1]

3adaua 9.184. [{ns snemMeHTa & € Z, ONMUILNTE MHOXECTBO () 3JIEMEHTOB Z;, eJSIIINXCS Ha .
Haitnute ero mepy Xaapa.

[[ Hpencrasbre Z; B Bume 06beANHEHNS CABUIOB (T). ]

3adaua 9.185. IlocTpoiiTe ecTeCTBEHHOE BIOKEHME KOJeIL Ly : Z — Z,. B3gB uX mpousBeeHme o
BCeM IIPOCTBIM UMCJIaM, IIOJIyYMM BIIOKEHUE

LZZ—)HZP.
peP

Toxaxure, 4TO 3aMbIKaHue 06pasa ((Z) coBIIagaeT co BceM KOIbLOM [ [ o Z,.

peP

[[ BcmomHuTe KUTANICKYIO TEOpeMy 00 ocTaTKax. ||

10. KomIuiekcHBI aHAIN3
10.1. JuddepeHINpyeMOCTh B KOMILIEKCHOM CMEBICIIE.

3adaua 10.1. Cunras fdz xommiekcHosHauHOM quddepentmansroit popmoit na C = R2, noxa-
xure, uto u3 yciaosus Komm—-Pumana 0 f = 0 cnenyer d(fdz) = 0.

3adaua 10.2. Mposepsre, uto C-muueitusbiit oneparop C> — C? yxe He 06513aTeBHO COXPAHSAET

YIJIbI MEXKOY BEKTOPpaAMI, OI'IpeIIeI[éHHbIe IIO OTOXKIOECTBIICHINIO C2 C EBKJIMIOOBBIM IIPOCTPAHCTBOM
R%.

3adaua 10.3. Joxaxkure, uro ecnn f = u + v gupdepeHnpyeMa B KOMILUIEKCHOM CMBICTIE U
JIBaXIBI HEIIpephIBHO auddepeHImpyeMa, TO OHa TapMOHIUECKas, TO €CTh
o*f  O%f
Af =5+ 55 =Au+iAv=0.
ox dy
[[ Berpasure mmepBbIe IPOM3BOAHBIE U KaK IIepBbIe IPOM3BOLHBIE U U IPUMEHNITE HE3aBUCUMOCTb BTOPOIL
IIPOM3BORHOI OT IIopsanaKa audepeHUNPOBAHMI. |]
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3adaua 10.4. [lokakuTe, UTO eCIyM ABaXAbI HemnpepbIBHO auddepenimpyemas v : U — R rap-
MOHMUEeCKass B OMHOCBsI3HOM o6sactu U, TO OHA SBJISIETCS MeVICTBUTEIHHOI YacThi0O HEKOTOPOIL
nuddepennupyemoit B komiekcHoMm cmsicie f : U — C.

[[ Ob6patute BHMMaHMe, UTO I MCKOMOI MHUMOI uacty f, v = Im f, MbI 3Haem quddepeniuan dv
u B nomo1ubio yenosus Komm-Pumana mosker yeranosuts d(dv) = 0. B cuny pesynprarta sagaun 7.5 Ha
O[IHOCBSI3HOIT 00JIaCTH ¥ 10 JAaHHOMY dv [EICTBUTENBHO HAAETCS. |]

10.2. KpMBoJIMHEIHBIN MHTErpaJl (PYHKINN KOMILIEKCHOTO IIepeMEHHOI0 I MHTerpajb-
HaA Teopema Komm.

3adaua 10.5. *(Jlemma Koppmana s momaHbix) [Jokaskute, 4To 3aMKHyTas JJoMaHas ¥ C R? Ge3
caMoIlepeceueHIIT TeJUT IUIOCKOCTh Ha JBe YacTy, BHYTPEHHIOK ¥ BHEIIHIOK.

[[ MosxHo ucrnonab3osath 6oyiee obIIIE yTBepKIOeHM, TeopeMy ?? 1 3amady 7.27, HO MOXKHO IIPOBECTM W
yIIpOLIEHHOE paccyXeHue, paboTaliiee I IOMaHbIX. [[719 Hauama Halo [OKa3aTh, €CJIN {Be 3aMKHYThIE
JIoMaHbIe (BO3MOKHO C CAMOIIEPECEUEHISIM) IIEPECEKAIOT APYT OPYTa MPaHceepcanrbHo (TOIBKO 110 BHYTPEH-
HIIM TOYKaM pEGep, U MMaphl [epeceKaroIuXcs pédep He IapalIebHbI), TO KOJMUECTBO X TOUEK IIepeceye-
HISI, TOICYMTAHHOE C KPATHOCTHIO (eC/IM B OHOI TOUKe Iepecekarorcs Goiee AByx pébep) uérno. Orcroma
MO’KHO CHIeJIaTh BEIBOJ, UTO IUIsI JAHHON 3aMKHYTOII ToMaHoit P Ge3 camonepeceueHn T Ha IJIOCKOCTY €CTh
TOUKIU T, JIs1 KOTOPBIX JII00as yXOASIIas JOCTATOUHO JAJIEKO M TPaHCBepCalIbHO Ilepecekarolias P tomMaHas
n3 T mepecexaeT P ueTHOE YuCio pas, M TOUKM X, A KOTOPBIX JH00as YXOOAIas JOCTATOYHO HAJEKO I
TpaHCBepCaJIbHO Ilepecekarolnas P jomaHas 3 x nepecekaer P HeueTHOE Umciio pas. ITO 03HAYAET, UTO
P pasbuBaer m10CKOCTh KaK MUHMMYM Ha [ABe CBSI3Hble KOMIIOHEHTHI, 4 M3yUeHIEe CTPYKTYPhI JOCTATOUHO
MaJIoil MeTPIUeCKOI OKpeCTHOCT! PP Ha IIJIOCKOCTY IT03BOJIUT 3aKIIOUNTh, UTO KOMIIOHEHT He Oosiee ABYX.

1]

3adaua 10.6. [Jloxaxure, YTO B He0OSI3aTeJIbHO BBIITYKIOM MHOIOYTOJBHUKe P, eciy OH He Tpe-
YTOJIBHMK, MOKHO IIPOBECTY JMaroHajb, KOTOPasd COeAMHSIET JBE €ro BEPIUMHBI, HAXOANUTCI B €T
BHYTPEHHOCTU BCs, KPOME CBOMX KOHI[OB.

[[ HompoGyitTe MpoOBECTU U3 OJHOI BEPIIVHBI U IIOCMOTPUTE, UTO MOKET ITOMY ITOMELIATh. |]

3adaua 10.7. [JoxasknTe, YTO He0OSI3aTEJIHO BBITYKJIBIII MHOTOYTOJIBHUK [” MOKHO pa3pe3arhb Ha
TPpEYTOJIbHIUKI.

[[ HIpoBomuTe mUAroHAIM OO TEX IIOP, IOKA 9TO BO3SMOXKHO. ]

10.3. IlepBoobGpa3sHas GPyHKIMI KOMILUIEKCHOTO IIEPEMEHHOTO M YHUBEPCAIbHOE HAKPHI-
THe 00JIaCTIL.

3adaua 10.8. qokaxure, uto eciu mius obnactu U C C mwobas ynkuus In(z — a) npu a ¢ U
IOITyCKaeT OJ{HO3HauHOe ornpenaenenue Ha U, To o61acts U ofHOCBS3HA.

[[ IIpenmosnarast HEOXHOCBII3HOCTD, HatiauTe B U IIPOCTYIO 3aMKHYTYIO JIOMaHYI0, KOTOpast He CTATMBAETCS
B U B TOuKy, ucnoiussyiite teMmmy Kopmana. ]]

1

3adaua 10.9. Hokaxure, uro npu « € (0,2] npeoGpasoBanue Pypre ¢pyukuuu f(r) = e

HEOTpULATEJIbHO.

f—i-oo Ccos Yy
0 14z«
xurened npu y = 0, anpu y # 0 uw o € (0,1] cxommres ycIoBHO, UTO He MelLlIaeT BEPHOCTY (pOPMYJIIBI

IIpM OIIpENEIIEHNN Hpe06pasoBaHI/m (Dypbe KaK IMHTErpajga B CMbICJIE€ TJIABHOTO 3HAUE€HIIA. O6’bHCHI/ITe, uTo

+00 etYz o o
IIPY MHTETPUPOBAHUIL BhIPAXKEHUT fo 117 dz MOXHO IO MHTerpanbHOIl TeopeMme Komm mepeiitu ot
MHTErpaja 1o IeICTBUTEJIbHOI IIO.TIYHpSIMOI/"I K ITHTErpaiy I10 MHUMOII nonynp;lMoﬁ[, OLI€HVB MTHTETPAJI I10
nyre {Re'? | 0 < ¢ < m/2} nmpu R — +00. 3ameTbTe, UTO IOCIIE TOTO IO MHTErpaioM OyeT BbIpaXKeHe

C HEOTPULIATEIbHOM NeICTBUTEIBHOM YacThio. |]

[[ 3anummnre npeo6pasosanue Pypbe B Buge f (y) = \/% dz, Toe MHTerpajx O4eBMIHO II0JIO-
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10.4. MaTerpanpHas ¢popmyina Ko  aHaIMTUYHOCTD.

3adaua 10.10. [oxkaxkure, uto popmyna bmHoma HpioToHa

(14 2)% = 200 =5~ (@) 27
n
n=0

BBIIIOJIHSETCS C PAfIlyCOM CXOAMMOCTI He MeHee 1. 3nech s orapudma BeIOUpaeTcs 3HAUeHUe
apryMmeHTa B npefenax (—m /2, w/2).

[[ 3910 yrBep)meHME OBLIO TKENO OKA3aTh CPEACTBAMI HEICTBUTEIHHOTO aHANIN3a, & B KOMILUIEKCHOM
aHaJy3e JOCTATOUHO IPOBEPUTH AHATUTIUIHOCTH JIEBOIT YacT! B Kpyre paguyca 1. |]

3adaua 10.11. Mycts anamutuueckas ¢pynkuua [ : C — C rakosa, uto |f(2)| = O(|z|") npu
|z] = oco. [lokakuTe, UTO OHA SBJISETCS MHOTOWIEHOM OT 2 cTelleHn He Gosee N. B uactHOCTH,
orpaHnueHHas aHanuriueckas Ha C GyHKIIS ABIAETCT KOHCTAHTOIL.

[[ HMocumrarite K03pPuULMEHTHI €€ P IO CTENEHSIM 2 II0 MHTErPaIbHOI (opMyJle, B3sB MHTErpa IO
OKPYKHOCTSIM BC€ OOJIBIIIEro U GOJIBLIETo paguyca. ]

. +oo 22
3aodaua 10.12. Haiiqnre 3HaUeHMe YCIOBHO CXOMASIIETOCS MHTETpata fo e dz.

[[ Crauama moKaXuTe, YTO STOT MHTETPAN ABISETCS IPeNeIOM MHTErPanos e 1o myuam {re'# | r > 0}
npu ¢ — +0, NCIoIB3yTiTe AJIL ITOTO NMPU3HAK paBHOMEpHOI cxogumocTu AGess. [ToToM KokakuTe, UTO
MIHTETPAJ II0 JIy4y He 3aBUCUT OT BbIbopa jtyua ¢ 0 < ¢ < /2, ucrons3ys MHTerpanbHyo Teopemy Ko
1u1s1 06J1aCTH, OTpAaHMUEHHOI ABYyMs OTpe3Kamu u ayroii. [lorom paccmorpure styu ¢ p = w/4. ]]

3adaua 10.13. [Joxaxkure, yTo et f = u+ 1V aHAIUTIYECKASL, TO U I U IBJIIOTCS 2aPpMOHUHECKUMU,
2 2
TO ecTh 11 orepaTopa Jlamraca A = % + 83—312 BBITIOJIHIETCSI

Au= Av=0.

[[ Ucmonsayitre ycaosust Komu-Pumana. ||

3adaua 10.14. [Jokaskmre, 4TO J100ast IBaKIbI HEIIPEPBIBHO AU depeHnMpyeMas rapMOHIUecKas
byukunsg v : U — R B ogHocBA3HOM U sBiIeTCS AEVICTBUTENBHON YacThI0 HEKOTOPOI aHAJINTH-
yeckoit B U pyHKIunM.

[[ Ucnonsayitte yemosus Komm—Prumana u mocraTouHble yCIOBUS HATUUNUSA ITOTEHIMANA B OHOCBA3HON
00J1aCTH I HAXOKIEeHNs MOAXOIsIel v. ||

10.5. Pax JlopaHa u ocobeHHOCTH (PYHKIIMU B TOUKE.

3aodaua 10.15. Ilyctb PyHKUIMS [ MMeeT JIUIIb M30IMPOBAHHbBIE 0COOEHHOCTY 1 BCe OHY — ITOJIIOCA,
B TOM umcie U B 6eckoHeuHOCTH. [Jokakure, uto f — parmoHanpHas QyHKIUS.

[[ V3 xommakTHOCTM OCOOEHHOCTEN KOHEUHOE UMCIO0. YMHOXKMUB [ Ha MHOTOUJIEH, MOKHO HOOMTHCS WIC-
Ye3HOBEHMsI IIOJII0COB B KOHEUHBIX TOUKax. [anee mcnoasayiire 3agauy 10.11. ]]

10.6. KoHTypHBIE€ MHTErPAJIbI M BHIYETHI.

3adaua 10.16. Ilycts mHOrOuIeHb! P U () TakoBsl, uro deg P + 2 < deg () = n, a MHOTOWIEH ()

MeEET N paBJII/ILIHbIX KOpHeI?I Zlyeeey”n. I[OKa)KI/ITe, uTo
n
P(Zk)
E —Q/ ) =0.
k=1 (2

[[ Ucnomsayitte popmyny BbIUeTOB. |]
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3aodaua 10.17. Ilyctp ananutnueckas pyukius [ : C — C He umeer nyneit. [Jokaxute, uto Torga
oHa npefcTasnsercs B Bume f(2) = ) mua mexoropoit ananutmdyeckoit g(z).

[[ 3amerbre, uro unTerpan d Ln f(z) no a06oMy KOHTYpY paBeH HYJIO. |]

3adaua 10.18. Ilycts f aHammtudeckas B obsmactu U Kpome MoXKeT OBITh KOHEUHOTO KOJIMYEeCTBA
IIOJIFOCOB VI HEIIPEPBIBHO IIPOMOJIKAETCS Ha €€ KyCOYHO-IJIAAKYI0 IPAHUILY TaK, UTO Ha IpaHIE
f He obparaercst B Hyub. [loKaxuTe, UTo cymMMa k-X cTelleHell KopHeit ypaBHeHus f(z) = 0 ¢
yuéToM KpaTHOCTell Oy/eT paBHa

1 k
— dLn f(2).
omi [, 2 ()

[[ PaccyxpaiiTe Tak e, Kak IIpy JOKa3aTeJIbCTBe IPUHIIAIA apryMeHTa. |]

10.7. AHaIMTUYECKIE MPOXODKEHNS PyHKIIL.
3adaua 10.19. Haiingure pammyc CXOOQUMOCTH psAfa Ajd tg 2z ¢ LEHTPOM B HYIJIE.

[[ Haitgure Gnmkaitiuryo ocobeHHOCTD. |]

3adaua 10.20. IIpoBepshrTe, UTO

+oo
['(z) = / ¥ e " dx
0

KOPpPEKTHO ompenenseT ramma-¢yHkumio npu Re z > () kak aHaTUTHUECKYI0 QYHKIINIO, €CIIV MBI
cunrtaem 7! = ez nz HokakuTe, UTO OHA IIPOOJKAETCS 10 AaHAIMTIUECKOI QyHKIINH, OTIpe-
NeJIEHHON I BCeX KOMILIEKCHBIX UJICeJI, KpoMe ITOJIFOCOB B HEITOJIOXKMTEIbHBIX 1IeJIbIX UMCIIAX.

[[ Ucnonssyiire Bepuyto npu Rez > 0 popmyny 2I'(z) = I'(z + 1), uro6sl mociIeq0BaTeNbHO CTPONUTH
npopoipKkeHue Ha obnactu Re z > —n; wiu ncnonssyitre popmyny gononsenns I'(2)[(1—z) = n/sin(nz).

)

3adaua 10.21. IIpoBepshrTe, UTO

(z)=> n"

KOPpPEeKTHO oIlpeneiseT n3era-¢pyHkKiuo npu Re z > 1 kak aHaTUTHUYECKY0 QYHKLINIO, €CIV MBI
cuntaeMm n° = ™" [loka)kuTe, UTO €& MOKHO IIPOOJDKNTH Ha o6sacTs Re z > 0 Tak, uro y Heé
OymeT TOJIBKO OJIH IIOJIIOC B 2 = 1.

[[ Paccmorpure pasuocts ((z) — 1+°° T de = Y07 (n_z — fg“ x % d:n) M OOKaX!Te, YTO OHA

cxonuTes K aHanuTrueckoit npu Re z > 0 pynkuun. ]]

3adaua 10.22. Jokaxure, uto ecnu f € L;(R) nmeer KoMIakTHBI HOCUTEND, TO €€ IPeoOpasoBa-
uue Oypne aHamuTIuecku nponokaercsa Ha C.

[[ IIpoBepbTe aGCOMIOTHYIO CXOAMMOCTD I KOMIUIEKCHYIO AnpdepeHIMPyeMOCTh AJISL MHTErpaia B olpee-
seHnu npeobpasoBanus Pypre. ]

3adaua 10.23. Ooxaxure, uro ecnn [ € Ly(R) obpamaercs B vy npu = > 0, To eé peobpaso-
Banue Pypbe MaéT aHATUTMUECKYIO B BepxHell noaymwiockoctu H = {z | Imz > 0} dyuruwuro,
KOTOpasi HeIlpephIBHO mpojoinkaercs 1o 0H = R u ctpemures K HyII0, Koraa z — 00.

[[ IIpoBepbTe aGCOMIOTHYIO CXOAMMOCTD ¥ KOMIUIEKCHYIO qubdepeHIpyeMOoCTb I MHTerpaja B OlIpee-
neHun npeobpasosanug Pypbe, TakKe BCIIOMHITe JIeMMy PuMana 06 ocrymuiauym. ]
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10.8. OTKpBITOCTH M MPUHIIIII MAKCMYyMa.

3adaua 10.24. [okaxkure, uro mis aHanutudeckoit f : U — C noxkanbuelit MuanmyM | f(2)| Mmoxer
mocTurarsest Tosbko npu f(z) = 0.

[[ HevicTByiiTe aHAIOTMUHO qOKA3ATENbCTBY IPUHINUIIA MAKCUMyMa. ||

3adaua 10.25. [Joxaxure, uro mist aHanutudeckolt f : U — C gynxuwms | f(2)| cybrapmonnueckast.

[[ MoskHo 3ameruTs s Havaiua, uto In | f(2)| aBaseTcs rapmoHmyeckoit. |]

3adaua 10.26. lycre f(z) ananutuuna B Koublie © < |z| < R. [Jokakure, uto QyHKIMS qeCTBU-
TeJIBHOTO apTyMeHTa

g(x) = msup{[f(2)| | [2| = "}
Beinykia Ha (In7, In R).

[[ 3amerbre, uto dpynkums In |2|¥|f(2)| rapmMoHMUecKas 1 IpUMeHUTE Ui HE€ IPYHLUNII MAKCUMYMa IIpU
nogxomammx o € R. ]

10.9. CBOIICTBO KOMIIAKTHOCTY AJISI AaHAJMTUYECKNX (PYyHKIIMIA.
3adaua 10.27. Jokaxure, uro ycaosue f(zy) = 0 B popMynmpoBKe TeopeMbl He Tpebyercs.

[[ MoxHo B3sa1b KOMIo3uiuio f ¢ koHGopMHBIM IpeobpasoBanmeM kpyra Upy(0), mepesomsamum f(2) B
0, cm. pasmen ??. ]]

10.10. KondopmubIe 0TOOpasKeHMSI.

3adaua 10.28. [oxaxure, uto eciau aHanutndyeckas yuxuus f : U — V GueKTuBHA, TO MOXKHO
B3ATh 3aMKHYTHIIT KOHTYD Y C V u Ha BHyTpenHoctn f () Oyner BepHa dpopmyia
1)

71O = 5 Wmd%

[[ 9ro Ha camom pene 06obLIeHIe IPUHIUIIA apTYMeHTa ISl pellleHus ypasHenuit f(z) = (; uHaue aty
dopmyy MOxHO paccMaTpuBaTh Kak popmyny Komm s f~! ¢ samenénnoit mepemennoir. ]

3aodaua 10.29. [okaxure, uro KoHPOpMHbIe peobpaszoBanus [ : .S — S MOryT nepeBecTu J00yI0
YIIOPSIIOUEHHYIO TPOJIKY IOIIAPHO pasnmuHbIXx Touek {a,b,c} C S B m100y10 Apyryo ymopsamo-
YEeHHYIO TPOJIKY IONAapHO pasnnyHbix Touek {a’, b, ¢’} C S, u uro kondopmHOe npeobpasoBaHue
f S — S omHO3HAUHO ONpenenseTcs YIOPSITOUeHHBIM HabopoM

{{a,b, ¢}, {f(a), (), f(c)}}.

[[ HepeBemure OQHY TOUKY B HYJb, PYI'YI0 B OECKOHEUHOCTD, I IIOCMOTPUTE, UTO HEJIATH C OCTABILIEIICT
TOYKOIL, €CJIN HYJIb 1 OECKOHEUHOCTD YK€ HeJIb3s ABUTaTh. ||

3adaua 10.30. [Jokaxure, 4To KOHGOpPMHBIe IpeobpaszoBaHus f : S — S COXpaHIIOT 060liHOe
omHoueHue (AH2APMOHUUECKOe OMHOULeHUE) YTIOPIOUeHHOI YeTBEPKM ITOTIIAPHO PA3IMUHBIX TOUEK
(d—a)(b—c)

(b—a)(d—rc)

[[ 3ameTsTe, UTO 3TO JOCTATOUHO NOKA3aTh IJII IIpeoOpa3oBaHmil BUAA 2 — a2 + b (BBIpakeHUe OUEBUIHO

coxpansieTcs) U oToOpaskeHus z — 1/z. 3amersre Takke, uto D(a, b, c,d) € S mo HeNpPepBIBHOCTI MOXKHO
onpenenntd s ciyuaeB d = a, d = b, d = ¢, ecnu a, b, ¢ 0OCTAIOTCS ITOIIAPHO Pa3INUHBIMU. |]

D(a,b,c,d) =
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3adaua 10.31. [Jokaskure, 4TO Ipu PUKCUPOBAHHBIX IIOIIAPHO PA3IMUHBIX a, b, c € S ycioBue
D(a,b,c,z) € R

ollpefesfeT IPIMYI0 MU OKPY’KHOCTb, IIPOXOASINYIO Uepes a, b, c. BeiBegure, uTo KOHGOPMHBIE
npeobpa3oBaHusa S IepeBOIAT IPIMYIO MM OKPY>KHOCTD B IIPSMYIO VIV OKPYKHOCTb.

[[ Mo>XKHO IOCUUTATH B KOOpAmMHaTax, a MOKHO [JI HadaJa IIEPpEBECTN @, b, C Ha IIef/ICTBI/ITeJ’IbHym IIPpAMYIO.

1]

3adaua 10.32. Iyctb KoHPOPMHOE 0TOOpaKeHIE IEPEBOUT KOJIBLO 7 < |z| < R B Apyroe Koib1o
Ha KOMIUIEKCHO IIJIOCKOCTH ¥ IIPOJOJIKAETCsI IO HeIIpephIBHOT'O OTOOpaskKeHNA IPaHMIIbI KOJIbIIa B
IPaHUIy HOBOTO KOJIbLA. [[OKaKITe, YTO OTHOLLIEHME [ /7 Ipu TAKOM OTOOpayKEHUY COXPAHSETCS.

[[ C momorpio MHBEPCUIT U TEOPEMBI O CKIIEMBAHUY TpomosukuTe f Ha Bcio cdepy Pumana S. ]

3adaua 10.33. [Jokaxute, uTO HaliieHHbIe KOH(POpMHBIe oToOpaskeHns [ — [) COXpaHSIOT puMa-
HOBY METPUKY

(X,Y)

E = ey

ecyy BeKTopa X, Y HaxomdTcsa B TOUKE Z.

[[ Beimwuimure mpou3BOAHYI0 APOOHO-IMHENHOTo f M HaiguTe eé HeTEPMUHAHT KaK AeiICTBUTEIHHO-
IBYMEpPHOTO JIMHETHOTo orreparopa. |]

3adaua 10.34. * Ilycts mpu xoHpopMHOM oToOpaskenun f : () — C obpas equHUYHOrO KBagpara
() (MBI cunTaeM oToOpakeHNe HeIIPepPhIBHO IIPOMOJIKEHHBIM Ha TPAHUIYy) MMeeT IIomans S, 1
mycrs I u J — [Be ero IpoTHBONONIOKHEIE cTopoHsL. Jokaxkure, uro dist(f(1), f(J)) < VS

[[ 3amersre, uTO 32 M3MeHeHMe MIMHBI KPUBOIL Ipy KOHPOpMHOM oTobpaxkeHun otsedaer |f/(z)[, a sa
usmenenue momam — | f/(2)[2. 1]

3adaua 10.35. * IIycte f — aHanuTiueckas GyHKIMS Ha eAMHIYHOM Kpyre. [JOKaKuTe, UTOo JAIMHA
kpusoii ', = { f(re’?)}2Z, monoToHHO Bospacraer ¢ pocrom r € [0, 1).

[[ Bemmuiuere siHy™0 opMyy ISt IUIMHBI 1 3aMeTbTe, uto | f/(2)| aBnsercsa cybrapmonnueckoii. |]

10.11. Teopema Pumana 06 oToOpakeHNI.

3aodaua 10.36. Haiiqure xakoe-Hubynsp KoHpopmHOe oTobpaxkenume H — D, rme H — BepxHss
noxymiockocts H = {z | Im z > 0}.

[[ HMounre cpenn qpoOHO-IMHETHBIX. |]

3adaua 10.37. Haiinute kakoe-HNOyab KoHGOPMHOe oToOpakeHUe [ moaykpyra, H N D — D.

[[ Opo6Ho-nuHeitHBIM 06pa3oM mpeBpaTuTe MOIXYKpyT B KBagpaHt {z | Imz > 0, Re z > 0}. Ilpumenure
\/Z 1 manee meiCTByiiTe APOOHO-IMHENHO. |]

3adaua 10.38. [Jokaxkute, uTO KOHPOPMHBIE Ipe0OPa30BAHNS BEpXHEI MOTYILIOCKOCTY H MMeIoT
BUJ

az+b
f(Z)—m,

[[ MoxHo Bocmonb3oBaThes TeM, uTo H KOHPOPMHO sKBUBaseHTHA [D. ITO IMOKAKET, UTO TaKue rpeobpa-
30BaHMs 0053aHbI OBITH APOOHO-IMHEHBIMI, IIOCTIE YeT0 X JIETKO OIIMCATH ICHO. ]

a,b,c,d € R, ad — bc # 0.
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10.12. HakpbITHA MHOro0oOpa3smii M yHIBepcaJIbHOe HAKpPbITHE.

3adaua 10.39. B mokasarenbCcTBe IMpeabIAyIell TEOPEMBI IIPOBEPHTE CUETHOCTH 6a3bI TOIOIOTIN
YHUBEpPCAIBHOTO HAKPBITHS, YTOOBI MOXKHO OBIJIO CUMTATD €ro aOCTPaKTHBIM MHOT000pasueM.

[[ C momolpo KaKoi-TO pUMAHOBOI METPUKI MOKPOiiTe [N CUETHBIM UMCIOM T€OIe3MUECK BBITYKIIBIX
otkpeIThIX {U;}. 3aMerbTe, UTO MX MOMApPHBIE IIEPECEUEHMs] TOKE TeONe3MUeCK BBIMYKIbI WU ITYCTHI.
IToToM aKKypaTHO OOBACHIUTE, UTO BCIKUIL MYTh B /N TOMOTOIIEH KOHEUHOI KOHKATEHAIINY Te€0e3UUEeCKIX
(;tomanoti) 8 N, TOUuKM KOHKaTeHAIMU (M137I0Ma) IIPM ITOM JIEKAT B IIPEAIIIICAHHOM He 6ojiee ueM CUETHOM
MHOecTBe Touek PP C N, KoTopble BBIOPAHBI 110 OOHOI B KaxkaoM U; 1 B K&KIOM HEIyCTOM IIepecedeHnN

U;nUj. 1]

3aodaua 10.40. Toxaxxkute, uTo 01 Hakpeitsa 7 : M — N npu cBsi3HOM N KpaTHOCTb HaKPBITHS
Hax BceMu Toukamy N OHA U Ta Ke.

[[ Hocrpoitre 6uekmmo mexmy 7 ' (p) u 71 (p') ¢ MOMOIIBIO TTOXHATHA KAaKOrO-TO TyTH Y 13 p B p'. ]

3adaua 10.41. * TIpoBepsbTe, UTO €CIU Y IMOTHOTO OJHOCBA3HOIO N-MEPHOI0 pUMaHOBa MHOT000-
pasmsa M KpuBM3HA IIOCTOSIHHA M paBHA — 1, TO OHO M3oMeTpuuHO quddeomopduo H".

[[ Bocoms3yitrech ypaBHeHuaM Akobu (3amaua 7.120) n Teopemoit Xomnda—-Punosa ??, UToGbI TOHATH, UTO
SKCITOHEHIMaNbHOe oToOpaskeHme expy, : 1, M — M aBnaerca nakpbiTuem. M3 ogaocsasuoctu M Torma
Iocienyer, 4YTo exp,, aBisercs auddeomopdusmonm. PaccmoTpeB sxcnoHeHnmanbHblin udpdeopmodnsm
expyn : TpH"™ — H", M0XHO ITOKa3aTh, UTO €XPyn © €XP),; ABILETCI M30MeTPUIHBIM Auddeomopdusmom,
TaK KaK IIPY YCIOBMUM IIOCTOSIHHOI KPUBU3HBI ypaBHeHIs K061 M1t 060X MHOT000pa3uil B OIIpeReIEHHOM
CMBICJIE COBIIAAIOT. |]

3aodaua 10.42. * [IpoBepbTe, UTO €CIy y He 00513aTEJIBHO IOJIHOTO OAHOCBI3HOIO N-MEPHOTO pUMa-
HOBa MHOTro00pasus M KpuBM3HA IIOCTOSITHHA U paBHA — 1, TO €ro MOXHO JIOKQJIBHO I30METPIYHO,
HO He 003aTeIbHO MH'BbEKTUBHO, 0ToOpasnTs B H".

[[ ArasornuHO MpemBIAYIINM 3a7auaM, MOXHO oToOpaskats B H" mocrarouro Masnbie OKPECTHOCTH 0001
troukn M. 3apukcupyiire Touky p € M u mpogopKaiiTe Takye M30MEeTPUIU Ha OKPECTHOCTD ITyTH U3 P B
n100yI0 Apyryio Touky ¢ € M. IIpoBepbTe, YTO TaKOe IPOJOJDKEHIIE HE 3aBUCUT OT KJIacca FTOMOTOIINI Ty T,
U UCIIOJIB3YiiTe OqHOCBA3HOCTD M. ]]

3aodaua 10.43. * IIpoBepbTe, YTO €CIIM y IIOJIHOTO OJHOCBI3HOTO 1-MEPHOTI0 pMMaHOBa MHOT'000-
pasus M KpuBU3Ha ITIOCTOSIHHA UM paBHA 1, TO OHO M3oMeTpnuHO audpdeomopduo S”.

[[ Anamormumo mpenbIAylleil 3amade, SKCIIOHEHIIMAIBHOE 0TOOpaXKeHIe Haqo IIPUMEHATh K reofe3nue-
CKIM IJIMHBI MeHee T M CKJIeMBaTh YTBEp)KIeHUe IV BCETO MHOIrooOpasms M3 YTBEp)KOEeHWUIl MJIS ero
KYCKOB. ]]

3adaua 10.44. Mosker nu ypaBHeHue Au = ¢ uMeThb pelrleHNe Ha Beell IBYMEPHOI MIOCKOCTH
R??

[[ Bocmous3yitrecs 3agaueit 7.123, 4T0OBI MOHATH, UTO PelleHNE TAKOTO YPaBHEHNs BBEJIO ObI PIMaHOBY
CTPYKTYPY IOCTOSTHHO KpMBU3HBI — 1 Ha 110cKoCcTH. B cuny pesynbrarta 3amaun 10.42 910 03HAUAIO OBI Ha-
nane koupopmuoro nuddeomopdusma C — H2. Mcmombays momens [yaukape mis H?, 310 03Hauamo 651
HaJMYue HEIOCTOSHHOro aHanurmyeckoro nupdeomopdusma mexny C n guckom D, UT0 IpOTUBOpPEUUT
pesymnbrary 3amaun 10.11. ]]

3adaua 10.45. Moxer nu ypaBHenue Au = e?“ MMeThb pellleHUe Ha JBYMEpHOI IIIIOCKOCTH C

BBIKOJIOTOII Toukoit R? \ 0?

[[ AnamormuHo npegsrayLeil 3agade, HO C HOABEMOM PUMAHOBOI CTPYKTYPBI OTPULIATEIBHON KPUBI3HbI
Ha C ¢ momobro obparHoro o6pasa npu orobpakeHnyu komiuiekcHoi sxcronents: C — C\ {0}. ]]
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10.13. ®yHAaMeHTANbHAA IPYIIIa MHOTOO0pa3us.
3aodaua 10.46. [Joxaxure, uto cepa S" ogHocBsI3HA IIpu N > 2. Uto mpoucxomut npu n = 17

[[ Ipubanspre MPOU3BONBHYIO IETIIO TTIAKKOI, VI JaKe JIOMAHOIL, a IIOTOM CTIHUTE eé. |]

3adaua 10.47. Harinure pyHIaMEHTATBHYIO IPYIITY IIPOEKTUBHOTO IIpocTpancTBa RP" npnn > 2.

[[ BcrmomHuTe ero ompemeneHne u HaKpoiite ero cepoii. |]

3aodaua 10.48. Ilycts orobpakenme rpynm Jlu 7 : H — G umeer muckperHoe sigpo K, G =
H/K wu rpynna H opnocssizHa. [Iycts 7 : G—G— YHUBeEpCcaJIbHOE HaKpbITHe. [[oKa)KuTe, UTO
cyuiectByet nsomopdusm rpynmn Ju f : G — H, TaKoit uTo T o f=m

[[ IIpoBepsTe, UTO T ABNAETCA HAKPBITHEM, TOTIa roMeoMopduam (u gupdeomopdusm) f maércsa reopemoin

??. OcTaércs IpoBepuUTh, UTo 310 Gyaer romoMopdusm rpymi Jlu. Ilose3Ho MOCMOTpeTs Ha 0TOGpaskeHue
(g,h) — f(g)f(h)f(gh)~! u ero xommosummo c 7. ]]

3adaua 10.49. [Joxkasknre, UTO OIpefes€HHAs BBIIIe IPYIIIIOBAs Ollepalus Ha sSape YHUBEpCalb-

Horo HakpbITui G — (G cBA3HOI Tpymnisl JIu coBmamaer ¢ rpyIoBoil onepaiyeit Ha GyHIaMeH-
TanbHOI rpyme 7 (G).

[[ C nomousio mepemapameTpusaiy 3aMerbre, uTo Beskas neris v : [0,1] — G romoromnHa merie
Y : [0,1] — G, Takoit uto 79 = e Ha orpeske [0,1/2]. I romoronna nerre 7y, : [0,1] — G, Takoit uro
~1 = e Ha otpeske [1/2,1]. ]]

3adaua 10.50. [Tokaxute, UTO AUCKpeTHAs HOpMaiabHas noarpymnma K cessHoit rpynmst JIn G (B
YACTHOCTH, AP0 yHMBepcanbHOro HakpbITusi G — (3) mexxur B uentpe G.
[[ HompoGyiite conpsirate K amementamu rpynnst G. ]
3adaua 10.51. Haiigure dpynmamenTanpryso rpymry topa T = St x -+ x S,
—_———

n

[[ IpunymariTe yHUBepcalbHOE HAKpBITUE I TOpa. |]
3adaua 10.52. * [Joka)xure, UTO TPyIIa COOCTBEHHBIX BpAIleHNI TPEXMEPHOIO eBKJIMOAOBA IIPO-
crpancrBa SO(3) nmeer pynnamenranpHyo rpymmy 71 (SO(3)) 13 gByX 31€MeHTOB.
[[ PaCCMOTpI/ITe TpyIIly €AMTHINYHBIX KBAaTEPHIIOHOB
Sp(1) ={a+bi+cj+dk|a*+ >+ +d* =1},
YMHOKEHIIE B KOTOpOﬁ OoIIpenesaeTCda C IIOMOIIBIO ITPOJOJIPKEHHBIX ITO JVMHETHOCTU (bOpMY.TI
=2 =k=—1,ij=k, jk=1i, ki=j, ji=—k, kj = —i, ik =—].

3amersre, uto Sp(1) omHocBasHa u maa ¢ € Sp(1l) orobpaxkenme v — qug~ ! ABIAETCA COGCTBEHHBIM

OPTOTOHAJIBHBIM BpallleHueM IPOCTPAHCTBA MHMMBIX KBaTepHUOHOB {xi + yj + zk}. ]]

3adaua 10.53. * [lokakxure, YTO TpyIna COOCTBEHHBIX Bpall[eHUIT UeTHIPEXMEPHOrO eBKIMA0BA
npoctpancTea SO(4) Toxe numeer pynmamenranpayo rpymmy 71 (SO(4)) u3 aByX 271€MeHTOB.

[[ Ompenemure meitcrBue Sp(l) x Sp(l) Ha Bcex KBaTepHMOHAX KaK U — ¢1Uq, Ly nokaxwure, uro Tax
IIOJIyUarOTCSI BCe COOCTBEHHBIE UeThIpéxMepHble Bpatenus. Onpenesnre HEOQHO3HAYHOCTh TAKOTO IIpef-
CTaBJIeHNs BpallleHuit. |]

10.14. CBoOOgHBIE IPYIIIBI.

10.15. Yaudopmusanus u reopema Ilnkapa.

3adaua 10.54. Tokaxwure, uro C \ {0, 1} MoxHO HenpepbIBHO epOPMUPOBATH B «BOCBMEPKY» F,
KOTOpad ABJIAETCA IMapOil OKPYKHOCTEN, CKIIEEHHBIX 110 OJHO TOUKE.

[[ Hocrpoitre medpopmarnmio B KakoM-1160 IBHOM Buze. ||
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3aodaua 10.55. * [loKaXuTe, UTO 2 — 2 + 2 U 2 — 5=~ HOPOKTAIOT CBOOOTHYIO IPYIIIY U3 ABYX

2241
JIEMEHTOB.

[[ Hns Hauama MOXHO IONIPOOOBATH [OKAa3aTh €AMHCTBEHHOCTD PA3JIOKEeHNUS MPPALVIOHATBHOIO JeJICTBI-
TEeJIBHOT'O UMCJIa B HEIIPEPBIBHYIO IpO0b THUIIA

2k1 + 9
2ks +

2]{3 +

2k _
4+2]€5+...

rnek; € Zuk; € Z\ {0} npui > 2. ]]

3adaua 10.56. * [lokaskuTe, 4YTO Irpymnua 7 X 7 He MOKeT BIIOJIHEe pa3pbIBHO KOHPOPMHO EICTBO-
Batb Ha D nn H.

[[ Kiaccudpniupyiite koupopmusie npeobpasoanus H — H, KoTopble He MMEIOT HEIOBIKHBIX TOUEK,
IIOTOM OIMILITE Iapbl KOMMYTUPYIOIINX IpeoOpa3oBaHmit. |]

3adaua 10.57. * Jlokaskute, uTo JT106ast KOMIUIEKCHAs CTPYKTypa Ha Tope 1 (mexapToBOM Tpous-
BeIeHNU JBYX OKPY>KHOCTEI) IIPOMCXOOUT U3 KoMILTeKcHOI1 cTpyKTypbl C mocite B3sTus gaxropa
o HekoTopoit peurérke L C C, To ecTh AUCKPETHOI IOATPYIIIIBI, M30MOpdHOIL Z X Z.

[[ 3amerbre, uto 71(1?) = Z X 7 v BBIBeAUTE yTBEPKAEHIUE U3 T€OPEMbI 06 YHUGOPMU3AIINI 1 TIPE/IbI-
oyueit sagaun. |]

3adaua 10.58. ** [okaxnure, uro rpymmna SO(3) comepkut cBoOGOAHYIO TpyIILy Fo.

[[ MoxHo cTpomth Takyw F) BpyuHyI0, MOKHO MCIIOJIB30BAaTh pPAallIOHATIbHBIE KBATEPHMOHBI, MOKHO
3ameruThb, uto Komrutekcupukauyu SO(3) u PSL(2,R) coBmamaror m mosromy B ofemx rpynmax Her
HEeTPUBMATIBHBIX COOTHOIIIEHNIT Ha I1apy 3J€MeHTOB. ]]
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